
International s
ienti�
 journalSpe
tral and Evolution ProblemsVol. 17Ìiæíàðîäíèé íàóêîâèé æóðíàëÑïåêòðàëüíi òà åâîëþöiéíi çàäà÷iÒîì 17Ìåæäóíàðîäíûé íàó÷íûé æóðíàëÑïåêòðàëüíûå è ýâîëþöèîííûå çàäà÷èÒîì 17Editorial Board:N. D. Kopa
hevsky (editor-in-
hief, Simferopol, Ukraine)A. B. Antonevi
h (Minsk, Belarus)T. Ya. Azizov (Voronezh, Russia)Yu. V. Bogdansky (Kiyv, Ukraine)M. L. Gorba
huk (Kiyv, Ukraine)M. M. Malamud (Donetsk, Ukraine)I. V. Orlov (asso
iate editor, Simferopol, Ukraine)B. I. Ptashnik (Lviv, Ukraine)A. G. Rutkas (Kharkov, Ukraine)Yu. S. Samo��lenko (asso
iate editor, Kiyv, Ukraine)A. L. Skuba
hevskii (Mos
ow, Russia)Advisory Editorial Board:M. S. Agranovi
h (Mos
ow, Russia)B. Boyarsky (Warsaw, Poland)K. I. Chernyshov (Voronezh, Russia)V. A. Derka
h (Donetsk, Ukraine)V. I. Ov
hinnikov (Voronezh, Russia)S. N. Samborsky (Caen, Fran
e)V. I. Zhukovskiy (Mos
ow, Russia)Editorial and Te
hni
al SupportP. A. Starkov (Simferopol, Ukraine)
Simferopol, Ukraine



International S
ienti�
 JournalSPECTRAL AND EVOLUTIONPROBLEMSVolume 17

Simferopol, 2007



UDC 517+515International S
ienti�
 JournalSpe
tral and Evolution problems: Pro
eedings of the Seventeenth CrimeanAutumn Mathemati
al S
hool-Symposium. Vol. 17. /Group of authors. �Simferopol: Taurida National V. Vernadsky UniversityIt is addressed to tea
hers, s
ientists, senior and post-graduated students ofmathemati
al and physi
al spe
ialities.


©Taurida National V.Vernadsky University, 2007.

Please visit our site in the World Wide Web: www.kromsh.
rimea.edu



ÑîäåðæàíèåÎÁ ÓÑ�ÅÄÍÅÍÈÈ ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÔÓÍÊÖÈÎÍÀËÜ-ÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂÀíòîíåâè÷ À.Á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5ÊÎÌÏÀÊÒÍÛÅ ��ÓÏÏÛ Â LpÁåð À.Ô. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11ÄÈÑÑÈÏÀÒÈÂÍÛÅ È ÎÁ�ÀÒÈÌÛÅ ÎÒÍÎØÅÍÈß, ÏÎ-�ÎÆÄÅÍÍÛÅ ÍÅÎÒ�ÈÖÀÒÅËÜÍÎÉ ÎÏÅ�ÀÒÎ�ÍÎÉÔÓÍÊÖÈÅÉ È ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÌ ÂÛ�ÀÆÅÍÈÅÌÝËËÈÏÒÈ×ÅÑÊÎ�Î ÒÈÏÀÁðóê Â.Ì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18ÍÎ�ÌÀËÜÍÎÑÒÜ ÝËËÈÏÒÈ×ÅÑÊÈÕÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ ÎÏÅ�À-ÒÎ�ÎÂ Ñ ÊÎÍÅ×ÍÛÌ ×ÈÑËÎÌ Ï�ÅÎÁ�ÀÇÎÂÀÍÈÉÏÅ�ÅÌÅÍÍÛÕÂàð�îëîìååâ Å.Ì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22ÑÓÙÅÑÒÂÎÂÀÍÈÅ �À�ÀÍÒÈ�ÎÂÀÍÍÎ�Î ÄÅËÅÆÀÂ ÊÎÍÒ�ÑÒ�ÀÒÅ�ÈßÕÆóêîâñêèé Â.È, Êóäðÿâöåâ Ê.Í. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28Î Ê�ÀÒÍÎÑÒÈ ÌÓËÜÒÈÏËÈÊÀÒÎ�ÎÂ ÔËÎÊÅÆóðàâëåâ Í.Á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32"ÍÅÊÎÌÏÀÊÒÍÛÅ" ÇÀÄÀ×È �ÀÑÏÎÇÍÀÂÀÍÈß. ËÎ�È-×ÅÑÊÈÉ ÑÈÍÒÅÇ ÏÎ Ý. �ÈËÜÁÅ�ÒÓ�óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í. . . . . . . . . . . . . . . . . . . . 37ÈÑÑËÅÄÎÂÀÍÈÅ Ò��ÕÝËÅÌÅÍÒÍÎÉ ÑÌÎ Ñ ÎÒÊÀÇÀ-ÌÈ, ÎÁÑËÓÆÈÂÀÅÌÎÉ ÄÂÓÌß ÍÀËÀÄ×ÈÊÀÌÈÊîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï. . . . . . . . . . . . . . . . . . . . . 45Î ÑÕÎÄÈÌÎÑÒÈ �ÀÇËÎÆÅÍÈÉ ÏÎ ÑÎÁÑÒÂÅÍÍÛÌÔÓÍÊÖÈßÌ ÈÍÒÅ��ÀËÜÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂ Ñ ÏÅ�Å-ÌÅÍÍÛÌ Ï�ÅÄÅËÎÌ ÈÍÒÅ��È�ÎÂÀÍÈß Â Ï�ÎÑÒ�ÀÍ-ÑÒÂÀÕ ÄÈÔÔÅ�ÅÍÖÈ�ÓÅÌÛÕ ÔÓÍÊÖÈÉÊîðíåâ Â.Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47ÎÖÅÍÊÈ �ÅØÅÍÈÉ ÍÅÎÄÍÎ�ÎÄÍÛÕ ÍÅÉÒ�ÀËÜÍÛÕÓ�ÀÂÍÅÍÈÉËåñíûõ À.À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50�Å�ÓËß�ÈÇÀÖÈß ÍÅÊÎ��ÅÊÒÍÛÕ ÄÈÔÔÅ�ÅÍÖÈÀËÜ-ÍÛÕ ÇÀÄÀ× ÊÎØÈ Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕ Lp(R), p ≥ 1Lp(R), p ≥ 1Lp(R), p ≥ 1Ìåëüíèêîâà È. Â., Âäîâèí Ì. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56Î ÑÈËÜÍÛÕ �ÅØÅÍÈßÕ ÍÀ×ÀËÜÍÎ-Ê�ÀÅÂÎÉ ÇÀÄÀ-×È ÄËß �Å�ÓËß�ÈÇÎÂÀÍÍÎÉ ÌÎÄÅËÈ ÍÅËÈÍÅÉÍÎ-ÂßÇÊÎÉ ÂßÇÊÎÓÏ�Ó�ÎÉ Ñ�ÅÄÛÎðëîâ Â.Ï. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65ÝËËÈÏÒÈ×ÅÑÊÈÅ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ-�ÀÇÍÎÑÒÍÛÅÓ�ÀÂÍÅÍÈß Ñ ÂÛ�ÎÆÄÅÍÈÅÌÏîïîâ Â.À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73



4 ContentsÎ ÏÎËÍÎÒÅ ÑÎÁÑÒÂÅÍÍÛÕ ÔÓÍÊÖÈÉ ÎÄÍÎ�Î ÊËÀÑ-ÑÀ ÏÓ×ÊÎÂ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂ Ñ ÏÎ-ÑÒÎßÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ�ûõëîâ Â.Ñ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78ÒÎ×ÊÈ ÂÅÒÂËÅÍÈß ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉ ÎÏÅ-�ÀÒÎ�À Î��À � ÇÎÌÌÅ�ÔÅËÜÄÀÑêîðîõîäîâ Ñ. Ë. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84ÎÁ�ÀÒÍÀß ÇÀÄÀ×À ØÒÓ�Ì-ËÈÓÂÈËËßÒåðíîâñêèé Â.Â., Õàïàåâ Ì.Ì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93ÑÓÙÅÑÒÂÎÂÀÍÈÅ �À�ÀÍÒÈ�ÎÂÀÍÍÎ�Î ÄÅËÅÆÀÂ ÊÎÍÒ�ÑÒ�ÀÒÅ�ÈßÕÕîâàíñêèé Ä.Ñ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97Î ÂÅËÈ×ÈÍÅ ÑÅ×ÅÍÈß ÑÕÅÌ ÈÇ ÔÓÍÊÖÈÎÍÀËÜÍÛÕÝËÅÌÅÍÒÎÂØêàëèêîâà Í.À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103THE POINCARE�STOKES FORMULA IN AN INFINITEDIMENSIONAL SPACEBogdansky Yu. V., Tsytsura P. V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106RELATIONS BETWEEN MODERN AND CLASSICALSEMIGROUPSFreyberg I.A., Melnikova I.V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117ON NONLINEAR GINZBURG�LANDAU BOUNDARY VALUEPROBLEM FOR A SUPERCONDUCTING PLATE IN AMAGNETIC FIELDKonyukhova N.B., Kuro
hkin S.V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125



ÓÄÊ 519.833.7 Àíòîíåâè÷ À.Á.ÎÁ ÓÑ�ÅÄÍÅÍÈÈ ÊÎÝÔÔÈÖÈÅÍÒÎÂÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÎÏÅ�ÀÒÎ�ÎÂÂ ðàáîòå íà ïðèìåðå îïåðàòîðîâ âçâåøåííîãî ñäâèãà, ïîðîæäåííûõ èððàöèî-íàëüíûì ïîâîðîòîì îêðóæíîñòè, îáñóæäàåòñÿ, êàê ìîæåò âûãëÿäåòü àíàëîãòåîðèè óñðåäíåíèÿ èëè òåîðèè ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó äëÿ �óíêöèî-íàëüíûõ îïåðàòîðîâ. 1. ÂâåäåíèåÔóíêöèîíàëüíûìè îïåðàòîðàìè íàçûâàþò îïåðàòîðû, äåéñòâóþùèå â ðàçëè÷-íûõ ïðîñòðàíñòâàõ F (X) �óíêöèé íà ìíîæåñòâå X, è èìåþùèå âèä
Au(x) =

m∑

k=1

ak(x) u(αk(x)), u ∈ F (X), (1.1)ãäå αk : X → X åñòü çàäàííûå îòîáðàæåíèÿ, à ak åñòü çàäàííûå �óíêöèè. Ôóíêöè-îíàëüíûå îïåðàòîðû, èìåþùèå òîëüêî îäíî ñëàãàåìîå, ò.å. îïåðàòîðû âèäà
Au(x) = a(x) u(α(x)), (1.2)íàçûâàþòñÿ íàçûâàþò îïåðàòîðàìè âçâåøåííîãî ñäâèãà. Ñâîéñòâà �óíêöèîíàëü-íûõ îïåðàòîðîâ â ñâÿçè ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè èññëåäîâàëèñü ñ ðàçíûõòî÷åê çðåíèÿ ìíîãèìè àâòîðàìè.Ïðè èññëåäîâàíèè êîíêðåòíûõ óðàâíåíèé êîý��èöèåíòû ìîãóò îêàçàòüñÿ �óíê-öèÿìè ñ âåñüìà ñëîæíûì ïîâåäåíèåì è ðàñ÷åòû, èñïîëüçóþùèå òàêèå îïåðàòîðû,çàòðóäíåíû. Ïîýòîìó åñòåñòâåííî ïîïûòàòüñÿ ñâåñòè èññëåäîâàíèå ê ñëó÷àþ óðàâ-íåíèé ñ áîëåå ïðîñòûìè ïîâåäåíèåì êîý��èöèåíòîâ. Íàïðèìåð, â òåîðèè äè��å-ðåíöèàëüíûõ óðàâíåíèé èìååòñÿ ïî êðàéíåé ìåðå äâà âàðèàíòà òàêîãî ñâåäåíèÿ �ïðèâåäåíèå óðàâíåíèÿ ê êàíîíè÷åñêîìó âèäó è òåîðèÿ óñðåäíåíèÿ. Â ðàáîòå îá-ñóæäàåòñÿ ñëåäóþùèé âîïðîñ, êàê ìîæåò âûãëÿäåòü àíàëîã òåîðèè óñðåäíåíèÿ èëèòåîðèè ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó äëÿ �óíêöèîíàëüíûõ îïåðàòîðîâ?Â îáîèõ ñëó÷àÿ (ïðè óñðåäíåíèè êîý��èöèåíòîâ è ïðè ïðèâåäåíèè ê êàíîíè÷å-ñêîìó âèäó) çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû çàìåíèòü êîý��èöèåíòû �óíêöèî-íàëüíîãî îïåðàòîðà íà êîý��èöèåíòû ñ áîëåå ïðîñòûì ïîâåäåíèåì òàêèì îáðàçîì,÷òîáû ñîõðàíèëèñü (èëè ìàëî èçìåíèëèñü) îñíîâíûå ñâîéñòâà èñõîäíîãî îïåðàòîðà.Â ñ�îðìóëèðîâàííîì âèäå çàäà÷à íå ÿâëÿåòñÿ òî÷íî ïîñòàâëåííîé: òðåáóåò óòî÷íå-íèÿ, ÷òî ìîæíî â êîíêðåòíîé ñèòóàöèè ñ÷èòàòü êîý��èöèåíòàìè ñ áîëåå ïðîñòûìïîâåäåíèåì, è ñîõðàíåíèÿ êàêèõ ñâîéñòâ èñõîäíîãî îïåðàòîðà ìîæíî ïîòðåáîâàòü. Âðàáîòå ðàññìîòðåíî íåñêîëüêî âàðèàíòîâ òî÷íîé ïîñòàíîâêè çàäà÷è äëÿ ìîäåëüíîãîêëàññà �óíêöèîíàëüíûõ îïåðàòîðîâ � îïåðàòîðîâ âçâåøåííîãî ñäâèãà, ïîðîæäåí-íûõ, èððàöèîíàëüíûì ïîâîðîòîì îêðóæíîñòè.2. Îïåðàòîðû âçâåøåííîãî ñäâèãà, ïîðîæäåííûå èððàöèîíàëüíûìïîâîðîòîìÏóñòü S1 = R/Z, è α(x) = x + h , h � èððàöèîíàëüíîå ÷èñëî. Â ïðîñòðàíñòâå

L2(S
1) ðàññìîòðèì îïåðàòîð ñäâèãà Thu(x) = u(x + h) è ìíîæåñòâî îïåðàòîðîââçâåøåííîãî ñäâèãà âèäà

Au(x) = a(x) u(x+ h), x ∈ S1, (2.1)ãäå êîý��èöèåíò a ÿâëÿåòñÿ íåïðåðûâíîé êîìïëåêñíîçíà÷íîé �óíêöèåé, ïðè÷åì
a(x) 6= 0 äëÿ âñåõ x. Ìíîãèå âîïðîñû, âîçíèêàþùèå â ñâÿçè ïîñòàâëåííûìè çàäà÷à-ìè, äëÿ îïåðàòîðîâ âèäà (2.1) ðàññìàòðèâàëèñü ðàíåå â äðóãîì êîíòåêñòå. Ïîýòîìó



6 Àíòîíåâè÷ À.Á.÷àñòü ðåçóëüòàòîâ ÿâëÿåòñÿ èíòåðïðåòàöèåé èçâåñòíûõ ðàíåå �àêòîâ ñ òî÷êè çðå-íèÿ çàäà÷è óñðåäíåíèÿ èëè çàäà÷è ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó. Ïðè èððà-öèîíàëüíîì h äëÿ ñïåêòðàëüíîãî ðàäèóñà îïåðàòîðîâ âèäà (2.1) ñ íåïðåðûâíûìèêîý��èöèåíòàìè èìååò ìåñòî ðàâåíñòâî [3, 2℄
ln r(A) = exp

1∫

0

ln |a(x)| dx, (2.2)êîòîðîå îçíà÷àåò, ÷òî ñïåêòðàëüíûé ðàäèóñ ÿâëÿåòñÿ ñðåäíèì ãåîìåòðè÷åñêèì çíà-÷åíèåì ìîäóëÿ êîý��èöèåíòà. Èç �îðìóëû (2.2) ñëåäóåò, ÷òî äëÿ îïåðàòîðîâ âèäà(2.1) ïðàâèëî óñðåäåíèÿ êîý��èöèåíòà, ãàðàíòèðóþùåå ñîõðàíåíèå ñïåêòðàëüíîãîðàäèóñà, ìîæåò ñâîäèòñÿ ê çàìåíå êîý��èöèåíòà ïîñòîÿííîé � ñðåäíèì ãåîìåòðè-÷åñêèì åãî ìîäóëÿ.Íàèáîëåå ñóùåñòâåííûì ïðè ýòîì ÿâëÿåòñÿ òî, ÷òî â äåéñòâèòåëüíîñòè èìååò ìå-ñòî áîëåå ñèëüíûé ý��åêò óñðåäíåíèÿ: ñâÿçü èñõîäíîãî îïåðàòîðà è îïåðàòîðà ñóñðåäíåíûì êîý��èöèåíòîì îêàçûâàåòñÿ áîëåå ñóùåñòâåííîé, à èìåííî, ó óêàçàí-íûõ îïåðàòîðîâ ñîâïàäàþò ñïåêòðû è èíîãäà òàêèå îïåðàòîðû îêàçûâàþòñÿ ïîäîá-íûìè.Ïðåäëîæåíèå 1. Äëÿ êîý��èöèåíòà a ïîëîæèì
ã = exp

1∫

0

ln |a(x)| dxè îïðåäåëèì óñðåäíåííûé îïåðàòîð, êàê îïåðàòîð âçâåøåííîãî ñäâèãà ñ ïîñòîÿí-íûì êîý��èöèåíòîì: Ã = ãTh. Òîãäà
σ(Ã) = σ(A) = {λ ∈ C : |λ| = ã}.Ïðåäëîæåíèå ñëåäóåò èç èçâåñòíîãî ÿâíîãî îïèñàíèÿ ñïåêòðà îïåðàòîðà âçâåøåí-íîãî ñäâèãà âèäà (2.1) (ñì. [2, 3℄).3. Ïðèâîäèìîñòü: ñëó÷àé ïîëîæèòåëüíûõ êîý��èöèåíòîâÄâà îïåðàòîðà âèäà (2.1) áóäåì íàçûâàòü ïðèâîäèìûìè, åñëè îíè ïîäîáíû, ïðè-÷åì ïîäîáèå ìîæåò áûòü çàäàíî ñ ïîìîùüþ (îáðàòèìîãî) îïåðàòîðà óìíîæåíèÿ íà�óíêöèþ.Ïðåäëîæåíèå 2. Åñëè îïåðàòîð âçâåøåííîãî ñäâèãà âèäà (2.1) ïîäîáåí îïåðàòîðóâçâåøåííîãî ñäâèãà ñ ïîñòîÿííûì êîý��èöèåíòîì, òî ýòè îïåðàòîðû ïðèâîäèìû,ò.å. ñóùåñòâóåò òàêàÿ èçìåðèìàÿ �óíêöèÿ s(x), ÷òî îïåðàòîð S óìíîæåíèÿ íà�óíêöèþ s(x) ÿâëÿåòñÿ îãðàíè÷åííûì è îáðàòèìûì (ýêâèâàëåíòíî òîìó, ÷òî

s(x) è 1/s(x) ñóùåñòâåííî îãðàíè÷åíû) è
S−1aThS = CTh, C = 
onst. (1)Ëþáîé îãðàíè÷åííûé îáðàòèìûé îïåðàòîð M , äëÿ êîòîðîãî âûïîëíåíî ðàâåí-ñòâî

M−1aThM = CTh, (3.2)ò.å. çàäàþùèé ïîäîáèå, ìîæåò áûòü ïðåäñòàâëåí â âèäå M = SW, ãäå W �ïðîèçâîëüíûé îáðàòèìûé îïåðàòîð, ïåðåñòàíîâî÷íûé ñ Th.Äîêàçàòåëüñòâî. Ïðåæäå âñåãî ñäåëàåì ñëåäóþùåå çàìå÷àíèå. Åñëè ó ïðîèç-âîëüíîãî îïåðàòîðà âèäà (2.1) ñóùåñòâóåò ñîáñòâåííàÿ �óíêöèÿ s, òî ìíîæåñòâî
{x : s(x) = 0} èíâàðèàíòíî îòíîñèòåëüíî îòîáðàæåíèÿ x → x + h; â ñèëó ýðãîäè÷-íîñòè ýòîãî îòîáðàæåíèÿ ïîëó÷àåì, ÷òî µ({x : s(x) = 0}) = 0. Ýòî îçíà÷àåò, ÷òî
s(x) 6= 0 ïî÷òè âñþäó. Èç ïðèâåäåííûõ íèæå ðàññóæäåíèé ñëåäóåò, ÷òî â ñëó÷àåïîäîáèÿ (3.2) âûïîëíåíî áîëåå ñèëüíîå óñëîâèå: �óíêöèè s(x) è 1/s(x) ñóùåñòâåí-íî îãðàíè÷åíû. Áåç îãðàíè÷åíèÿ îáùíîñòè äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé C = 1.



Îá óñðåäíåíèè êîý��èöèåíòîâ �óíêöèîíàëüíûõ îïåðàòîðîâ 7Ôóíêöèè ek = exp[i2πkx], k ∈ Z, îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàí-ñòâå L2(S
1) è ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè îïåðàòîðà Th, ñîîòâåòñòâóþùèåñîáñòâåííûå çíà÷åíèÿ λk = exp[i2πkh] èìåþò êðàòíîñòü 1. Â ñèëó ïîäîáèÿ (3.2)�óíêöèÿ sk = Mek ÿâëÿåòñÿ ñîáñòâåííîé �óíêöèåé îïåðàòîðà aTh, à ñèñòåìà �óíê-öèé sk ÿâëÿåòñÿ áàçèñîì �èññà. Â ÷àñòíîñòè, âûïîëíåíî íåðàâåíñòâî

0 <
1

‖M−1‖ ≤ ‖sk‖ ≤ ‖M‖. (3.3)Ïóñòü uk(x) = s0(x) exp[i2πkx]. Äëÿ ëþáîãî k �óíêöèÿ uk òàêæå ÿâëÿåòñÿ ñîá-ñòâåííîé �óíêöèåé îïåðàòîðà aTh ñ ñîáñòâåííûì çíà÷åíèåì λk. Ñëåäîâàòåëüíî
sk = wkuk, ãäå wk � ïîñòîÿííàÿ. Òàê êàê ‖uk‖ = ‖s0‖, èç (3.3) ñëåäóåò, ÷òî

0 <
1

‖M−1‖ ≤ wk‖s0‖ ≤ ‖M‖.Ïîëó÷åííîå íåðàâåíñòâî îçíà÷àåò, ÷òî îïåðàòîð W, äåéñòâóþùèé ïî �îðìóëå
Wek = wkek, îãðàíè÷åí è îáðàòèì; êðîìå òîãî, îí ïåðåñòàíîâî÷åí ñ îïåðàòîðîì
Th. Ïóñòü S åñòü îïåðàòîð óìíîæåíèÿ íà ñîáñòâåííóþ �óíêöèþ s0. Òîãäà ïî ïî-ñòðîåíèþ Mek = SWek è ðàâåíñòâî Mu = SWu âûïîëíåíî íà âñþäó ïëîòíîììíîæåñòâå.Çíà÷èò Su = MW−1u íà âñþäó ïëîòíîì ìíîæåñòâå, îòêóäà ñëåäóåò, ÷òî îïåðàòîð
S îãðàíè÷åí íà âñþäó ïëîòíîì ìíîæåñòâå. Àíàëîãè÷íî, òàê êàê S−1u = WM−1u íàâñþäó ïëîòíîì ìíîæåñòâå, îïåðàòîð S−1îãðàíè÷åí íà âñþäó ïëîòíîì ìíîæåñòâå.Îñòàëîñü çàìåòèòü, ÷òî îïåðàòîð S óìíîæåíèÿ íà �óíêöèþ s îãðàíè÷åí íà âñþäóïëîòíîì ìíîæåñòâå â ïðîñòðàíñòâå L2(S

1) òîãäà è òîëüêî òîãäà, êîãäà �óíêöèÿ s(x)ñóùåñòâåííî îãðàíè÷åíà. Àíàëîãè÷íî, îïåðàòîð S−1 îãðàíè÷åí íà âñþäó ïëîòíîììíîæåñòâå òîãäà è òîëüêî òîãäà, êîãäà �óíêöèÿ 1/s(x) ñóùåñòâåííî îãðàíè÷åíà.×òî è òðåáîâàëîñü äîêàçàòü.Òàêèì îáðàçîì, ïîäîáèå îïåðàòîðà ñ ïåðåìåííûì êîý��èöèåíòîì îïåðàòîðó ñïîñòîÿííûì êîý��èöèåíòîì ýêâèâàëåíòíî ïðèâîäèìîñòè. Çàìåòèì, ÷òî â ñëó÷àåïîäîáèÿ äâóõ îïåðàòîðîâ âçâåøåííîãî ñäâèãà ñ ïåðåìåííûìè êîý��èöèåíòàìè ðàñ-ñóæäåíèÿ èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 1 íå ïðèìåíèìû è âîïðîñ î ïðèâîäèìîñòèîñòàåòñÿ îòêðûòûì. Ïðèâîäèìîñòü âèäà (3.1) ýêâèâàëåíòíà ñóùåñòâîâàíèþ îãðàíè-÷åííîé ñîáñòâåííîé �óíêöèè îïåðàòîðà aTh, ò.å. ðåøåíèÿ óðàâíåíèÿ
a(x) s(x+ h) = Cs(x).�àçðåøèìîñòü ýòîãî óðàâíåíèÿ ìîæíî çàïèñàòü êàê ñóùåñòâîâàíèå ò.í. �àêòîðèçà-öèè ñî ñäâèãîì êîý��èöèåíòà a � ïðåäñòàâëåíèÿ êîý��èöèåíòà â âèäå
a(x) = C

s(x)

s(x+ h)
, (3.4)ãäå �óíêöèè s(x) è 1/s(x) ñóùåñòâåííî îãðàíè÷åíû. Ïóñòü a ∈ C(S1) è a(x) > 0.Ââåäåì íîâûå �óíêöèè ϕ(x) = ln a(x) è d(x) = ln s(x)). Ëîãàðè�ìèðîâàíèå ðàâåí-ñòâà (3.4) ïðèâîäèò ê èçâåñòíîìó ãîìîëîãè÷åñêîìó óðàâíåíèþ

d(x) − d(x+ h) = ϕ1(x) − lnC. (3.5)Ýòî óðàâíåíèå âîçíèêàåò â ðÿäå äðóãèõ çàäà÷ è õîðîøî èññëåäîâàíî [1, 4 - 6℄. Ïîä-ïðîñòðàíñòâî â C(S1), ñîñòîÿùåå èç �óíêöèé , óäîâëåòâîðÿþùèõ óñëîâèþ
1∫

0

ϕ dx = 0,îáîçíà÷èì ÷åðåç C0(S
1). Íåîáõîäèìûì äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (3.5) ÿâëÿåòñÿóñëîâèå ϕ− lnC ∈ C0(S

1), èç êîòîðîãî ïîñòîÿííàÿ C îïðåäåëÿåòñÿ îäíîçíà÷íî:
C = exp

1∫

0

ϕ dx.



8 Àíòîíåâè÷ À.Á.Åñòåñòâåííî, ÷òî ýòà ïîñòîÿííàÿ ñîâïàäàåò ñî ñïåêòðàëüíûì ðàäèóñîì èñõîäíîãîîïåðàòîðà. Åñëè èñêàòü ðåøåíèå ãîìîëîãè÷åñêîãî óðàâíåíèÿ â âèäå ðÿäà Ôóðüå, òîïîëó÷àåì ðÿä:
d(x) =

∑

k 6=0

ϕk
1 − exp i2πkh

exp i2πkx, (3.6)ãäå ϕk åñòü êîý��èöèåíòû Ôóðüå �óíêöèè ϕ. Ýòîò ðÿä ñîäåðæèò ìàëûå çíàìå-íàòåëè, â ñâÿçè ñ ÷åì âîçíèêàþò èçâåñòíûå îñëîæíåíèÿ, â ÷àñòíîñòè, ðÿä ìîæåòîêàçàòüñÿ ðàñõîäÿùèìñÿ. Îãðàíè÷åííîå ðåøåíèå óðàâíåíèÿ (3.5) ñóùåñòâóþò òîëü-êî òîãäà, êîãäà �óíêöèÿ ϕ − lnC ïðèíàäëåæèò íåêîòîðîìó íåçàìêíóòîìó, âñþäóïëîòíîìó ïîäïðîñòðàíñòâó Mh â C0(S
1). Ïîäïðîñòðàíñòâî Mh íå èìååò ïðîñòîãîÿâíîãî îïèñàíèÿ, òàê êàê óñëîâèÿ ðàçðåøèìîñòè ãîìîëîãè÷åñêîãî óðàâíåíèÿ (3.5)äîñòàòî÷íî ñëîæíû è çàâèñèò îò ñâÿçè àðè�ìåòè÷åñêîé ïðèðîäû èððàöèîíàëüíîãî÷èñëà h (îöåíîê ìàëûõ çíàìåíàòåëåé) è ñâîéñòâ �óíêöèè ϕ. Èçâåñòíî, íàïðèìåð,÷òî, åñëè �óíêöèÿ ϕ äîñòàòî÷íî ãëàäêàÿ, íàïðèìåð, ϕ ∈ C4(S1), òî äëÿ ïî÷òè âñåõ

h ñóùåñòâóåò íåïðåðûâíîå ðåøåíèå ãîìîëîãè÷åñêîãî óðàâíåíèÿ, ò.å. C4(S1) ⊂ Mhäëÿ ïî÷òè âñåõ h. Óñëîâèå, ÷òî äâå �óíêöèè ϕ1 è ϕ2 ïîïàäàþò â îäèí êëàññ ýêâèâà-ëåíòíîñòè â �àêòîð-ïðîñòðàíñòâå C(S1)/Mh, ýêâèâàëåíòíî òîìó, ÷òî ñîîòâåòñòâó-þùèå îïåðàòîðû âçâåøåííîãî a1Th è a2Th ñäâèãà ïðèâîäèìû. Îäíàêî ïðèõîäèòñÿîòìåòèòü, ÷òî, åñëè íåêîòîðûé êëàññ ýêâèâàëåíòíîñòè íå ñîäåðæèò ïîñòîÿííîé, òîíåò äîñòàòî÷íî åñòåñòâåííîãî ñïîñîáà âûäåëèòü â êëàññå ïðîñòåéøèé ýëåìåíò, ò.å.óêàçàòü íåêîòîðûé êàíîíè÷åñêèé âèä îïåðàòîðîâ, ïðèíàäëåæàùèõ äàííîìó êëàññóïðèâîäèìûõ ìåæäó ñîáîé îïåðàòîðîâ. Êàê óæå îòìå÷àëîñü, âîïðîñ î òîì, ñëåäóåò ëèâ îáùåì ñëó÷àå èç ïîäîáèÿ äâóõ îïåðàòîðîâ âçâåøåííîãî ñäâèãà èõ ïðèâîäèìîñòü,òðåáóåò äîïîëíèòåëüíîãî èññëåäîâàíèÿ. Çàìåòèì, ÷òî óñëîâèå C = r(aTh) = 1 ýê-âèâàëåíòíî òîìó, ÷òî ϕ = ln a ∈ C0(S
1). Â ñëó÷àå C = 1 ïîäîáèå (3.1) îçíà÷àåò, â÷àñòíîñòè, ÷òî îïåðàòîð aTh ïîäîáåí óíèòàðíîìó îïåðàòîðó Th. Òàê êàê óíèòàðíûåîïåðàòîðû è ïîäîáíûå ê íèì îáðàçóþò êëàññ îïåðàòîðîâ ñî ñðàâíèòåëüíî ïðîñòîéñòðóêòóðîé, âîçíèêàåò âîïðîñ: âñåãäà ëè èç óñëîâèÿ C = 1 ñëåäóåò, ÷òî îïåðàòîð aThïîäîáåí íåêîòîðîìó óíèòàðíîìó îïåðàòîðó. Îòâåò îòðèöàòåëüíûé; èç íåãî ñëåäóåò,÷òî ñðåäè îïåðàòîðîâ âèäà aTh åñòü îïåðàòîðû ñ áîëåå ñëîæíîé ñòðóêòóðîé.Ïðåäëîæåíèå 3. Äëÿ ëþáîãî èððàöèîíàëüíîãî h ñóùåñòâóåò òàêàÿ íåïðåðûâíàÿ�óíêöèÿ ϕ ∈ C0(S

1), , ÷òî îïåðàòîð aTh, ãäå a = expϕ, íå ïîäîáåí óíèòàðíîìóîïåðàòîðó.Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî êàæäûé îïåðàòîð âçâåøåííîãî ñäâèãà ñíåïðåðûâíûì ïîëîæèòåëüíûì êîý��èöèåíòîì, óäîâëåòâîðÿþùèé óñëîâèþ r(A) =
1, ïîäîáåí íåêîòîðîìó óíèòàðíîìó îïåðàòîðó.Òàê êàê âñå ñòåïåíè óíèòàðíîãî îïåðàòîðà ñäâèãà îãðàíè÷åíû â ñîâîêóïíîñòè,äëÿ êàæäîãî èç ðàññìàòðèâàåìûõ îïåðàòîðîâ A îãðàíè÷åíû â ñîâîêóïíîñòè ïî íîð-ìå âñå ñòåïåíè An. Òîãäà èç îãðàíè÷åííîñòè ïîëîæèòåëüíûõ ñòåïåíåé âûòåêàåò, ÷òîäëÿ ëþáîé �óíêöèè ϕ ∈ C0(S

1) ïîñëåäîâàòåëüíîñòü
n−1∑

0

ϕ(x+ kh)ðàâíîìåðíî îãðàíè÷åíà ñâåðõó. À èç îãðàíè÷åííîñòè îòðèöàòåëüíûõ ñòåïåíåé âû-òåêàåò, ÷òî äëÿ ëþáîé �óíêöèè ϕ ∈ C0(S
1) ïîñëåäîâàòåëüíîñòü

n−1∑

0

ϕ(x+ kh)ðàâíîìåðíî îãðàíè÷åíà ñíèçó. Òàê êàê
n−1∑

0

ϕ(x+ kh) = (Snϕ)(x),



Îá óñðåäíåíèè êîý��èöèåíòîâ �óíêöèîíàëüíûõ îïåðàòîðîâ 9ãäå Sn =
∑n−1

0 T kh , èç òåîðåìû Áàíàõà � Øòåéíãàóçà ñëåäóåò, ÷òî ïîñëåäîâàòåëü-íîñòü îïåðàòîðîâ Sn îãðàíè÷åíà ïî íîðìå â ïðîñòðàíñòâå C0(S
1). Íî ëåãêî ïðîâå-ðèòü, ÷òî ||Sn|| = n, ïîëó÷àåì ïðîòèâîðå÷èå, îòêóäà è ñëåäóåò óòâåðæäåíèå.Òàêèì îáðàçîì, âîçíèêàåò èåðàðõèÿ ñëîæíîñòè îïåðàòîðîâ aTh. Â ñëó÷àå, êîãäà

r(aTh) = 1 è ñïåêòðîì îïåðàòîðà ÿâëÿåòñÿ åäèíè÷íàÿ îêðóæíîñòü, òàêàÿ èåðàðõèÿèìååò ñëåäóþùèé âèä: îïåðàòîðû, ïîäîáíûå íåêîòîðîìó îïåðàòîðó 
 ïîñòîÿííûìêîý��èöèåíòîì âèäà CTh, ãäå |C| = 1 (íàèáîëåå ïðîñòûå); îïåðàòîðû, ïîäîáíûåóíèòàðíîìó, íî íå ïîäîáíûå îïåðàòîðàì âèäà Th; îïåðàòîðû, íå ïîäîáíûå óíèòàð-íîìó.Îòìåòèì, ÷òî ïðèåì �àêòîðèçàöèè ñî ñäâèãîì äëÿ èññëåäîâàíèÿ ñïåêòðà îïåðà-òîðîâ âèäà (2.1) áûë ïðèìåíåí Í.Ê. Êàðàïåòÿíöåì â [6℄.4. Ïðèâîäèìîñòü. Ñëó÷àé êîìïëåêñíîçíà÷íûõ êîý��èöèåíòîâÅñëè êîý��èöèåíò a ÿâëÿåòñÿ êîìïëåêñíîçíà÷íîé �óíêöèåé, òî ïðåäûäóùèåðàññóæäåíèÿ ñëåäóåò ìîäè�èöèðîâàòü. Ìîæåò îêàçàòüñÿ, ÷òî ïðè ãëàäêîì êîý��è-öèåíòå a íåïðåðûâíàÿ âåòâü ëîãàðè�ìà íå ñóùåñòâóåò, òîãäà �óíêöèÿ ϕ(x) = ln a(x)èìååò ðàçðûâ ïåðâîãî ðîäà, à ïðè ãëàäêîé �óíêöèè a ãîìîëîãè÷åñêîå óðàâíåíèå ñòàêîé ïðàâîé ÷àñòüþ íå èìååò ðåøåíèé äàæå â ïðîñòðàíñòâå L2(S
1) (êîý��èöèåíòûðÿäà (3.6) íå ñòðåìÿòñÿ ê íóëþ). Ïðåïÿòñòâèåì ê ñóùåñòâîâàíèþ íåïðåðûâíîé âåò-âè ëîãàðè�ìà äëÿ �óíêöèè a ÿâëÿåòñÿ åå èíäåêñ Êîøè χ(a) � íåïðåðûâíàÿ âåòâüëîãàðè�ìà ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà χ(a) = 0. Íàïîìíèì, ÷òî èí-äåêñîì Êîøè �óíêöèè íà îêðóæíîñòè íàçûâàåòñÿ ïðèðàùåíèå àðãóìåíòà �óíêöèèïðè îáõîäå îêðóæíîñòè, äåëåííîå íà 2π. Ïðè χ(a) 6= 0 ìîæíî ðàññìîòðåòü äðóãóþ�àêòîðèçàöèþ ñî ñäâèãîì:

a(x) = Czm
s(x)

s(x+ h)
, (4.1)ãäå m = χ(a), z = exp[i2πx].Äåéñòâèòåëüíî, ó �óíêöèè a(x)z−m ñóùåñòâóåò íåïðåðûâíàÿ âåòâü ëîãàðè�ìà,ïðè÷åì ýòà âåòâü èìååò òó æå ãëàäêîñòü, ÷òî è �óíêöèÿ a. Ïîñëå çàìåíû ϕ(x) =

ln[a(x)z−m], d(x) = ln s(x)) ïîëó÷àåì ãîìîëîãè÷åñêîå óðàâíåíèå (3.5). Ïîýòîìó,åñëè ñóùåñòâóåò îãðàíè÷åííîå ðåøåíèå ãîìîëîãè÷åñêîãî óðàâíåíèÿ, òî èìååò ìåñòîïðèâîäèìîñòü:
SaThS

−1 = CzmTh. (4.2)Îïåðàòîð CzmTh â ðàññìàòðèâàåìîì ñëó÷àå ìîæíî ñ÷èòàòü êàíîíè÷åñêîé �îðìîéîïåðàòîðà aTh ñ ïåðåìåííûì êîý��èöèåíòîì. Çàìåòèì, ÷òî ïðè m 6= 0 îïåðàòîð
zmTh ÿâëÿåòñÿ óíèòàðíûì, íî îí íå ïîäîáåí îïåðàòîðó âçâåøåííîãî ñäâèãà ñ ïî-ñòîÿííûì êîý��èöèåíòîì. Ýòî ñëåäóåò, íàïðèìåð, èç òîãî, ÷òî ó òàêîãî îïåðàòîðàíåò ñîáñòâåííûõ çíà÷åíèé. 5. ÂûâîäûÈç ïðèâåäåííûõ ðàññóæäåíèé è èçâåñòíûõ ðåçóëüòàòîâ î ðàçðåøèìîñòè ãîìîëî-ãè÷åñêîãî óðàâíåíèÿ ïîëó÷àåì ñëåäóþùèå âûâîäû.5.1. Åñëè ïðè çàìåíå êîý��èöèåíòà áîëåå ïðîñòûì òðåáîâàòü òîëüêî ñîõðàíåíèåñïåêòðàëüíîãî ðàäèóñà îïåðàòîðà, òî êîý��èöèåíò ìîæíî çàìåíèòü íà ïî-ëîæèòåëüíóþ ïîñòîÿííóþ � ñðåäíåå ãåîìåòðè÷åñêîå ìîäóëÿ êîý��èöèåíòàè ïðè ýòîì ó èñõîäíîãî è óñðåäíåííîãî îïåðàòîðà ñïåêòðû ñîâïàäàþò.5.2. Ïðîöåäóðà óñðåäíåíèÿ, â êîòîðîé îïåðàòîðó A = aTh ñòàâèòñÿ â ñîîòâåò-ñòâèå îïåðàòîð Ã = CzmTh, ãäå m = χ(a) � èíäåêñ Êîøè êîý��èöèåíòà,

C = exp

∫
ln[z−ma(x)] dx,áîëåå åñòåñòâåííà ñî ñëåäóþùåé òî÷êè çðåíèÿ � ïðè òàêîì óñðåäíåíèè íåòîëüêî ñîõðàíÿåòñÿ ñïåêòð îïåðàòîðà, íî òàêæå äëÿ äîñòàòî÷íî ãëàäêèõ



10 Àíòîíåâè÷ À.Á.(êëàññà C4) êîý��èöèåíòîâ ïðè ïî÷òè âñåõ h îïåðàòîð A ïðèâîäèòñÿ êîïåðàòîðó Ã.5.3. Îãðàíè÷åíèÿ íà ãëàäêîñòü êîý��èöèåíòà è íà ïðèðîäó èððàöèîíàëüíîñòè÷èñëà h â 5.2 ñóùåñòâåííû:5.3a. ëþáîé �óíêöèè ϕ, íå ÿâëÿþùåéñÿ òðèãîíîìåòðè÷åñêèì ìíîãî÷ëåíîì(äàæå ñêîëü óãîäíî ãëàäêîé èëè àíàëèòè÷åñêîé) ñóùåñòâóåò òàêîå èð-ðàöèîíàëüíîå h, ÷òî ãîìîëîãè÷åñêîå óðàâíåíèå íå èìååò îãðàíè÷åííûõðåøåíèé è ñîîòâåòñòâóþùèé îïåðàòîð A íå ïðèâîäèòñÿ ê îïåðàòîðó Ã.5.3b. Äëÿ ëþáîãî èððàöèîíàëüíîãî h ñóùåñòâóåò òàêàÿ íåïðåðûâíàÿ ïîëî-æèòåëüíàÿ �óíêöèÿ a, ÷òî r(aTh) = 1, íî îïåðàòîð aTh íå òîëüêî íåïîäîáåí îïåðàòîðó Ã = Th, íî îí íå ïîäîáåí êàêîìó-ëèáî óíèòàðíîìóîïåðàòîðó.5.4. Ìíîæåñòâî âñåõ îïåðàòîðîâ âèäà aTh îòíîøåíèåì ïðèâîäèìîñòè ðàçáèâà-þòñÿ íà îáøèðíîå ñåìåéñòâî êëàññîâ ýêâèâàëåíòíîñòè, ýòî ñåìåéñòâî ïàðà-ìåòðèçóåòñÿ ýëåìåíòàìè ìíîæåñòâà Z×C(S1)/Mh. Ïðè ýòîì íåò äîñòàòî÷íîåñòåñòâåííîãî ñïîñîáà âûäåëèòü â êàæäîì êëàññå ïðîñòåéøèé ýëåìåíò, ò.å.óêàçàòü íåêîòîðûé êàíîíè÷åñêèé âèä îïåðàòîðîâ, ïðèíàäëåæàùèõ äàííîìóêëàññó. Ñïèñîê ëèòåðàòóðû[1℄ Ä.Â. Àíîñîâ Îá àääèòèâíîì ãîìîëîãè÷åñêîì óðàâíåíèè, ñâÿçàííîì ñ ýðãîäè÷åñêèì ïîâîðîòîìîêðóæíîñòè. Èçâ. ÀÍ ÑÑÑ�, ñåð. ìàò. 37 (1973), 1259-1274.[2℄ À.Á.Àíòîíåâè÷ Ëèíåéíûå �óíêöèîíàëüíûå óðàâíåíèÿ. Îïåðàòîðíûé ïîäõîä. Ìèíñê, Óíè-âåðñèòåòñêîå, 1988.[3℄ À.Á.Àíòîíåâè÷ è Â.Á.�ûâêèí Î íîðìàëüíîé ðàçðåøèìîñòè çàäà÷è î ïåðèîäè÷åñêèõ ðåøåíèÿõëèíåéíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì., Äè��åðåíö. óðàâí.10 (1974), 1347-1353.[4℄ Â.È. Àðíîëüä Äîïîëíèòåëüíûå ãëàâû òåîðèè îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé.Ìîñêâà, Íàóêà, 1978.[5℄ À.ß. �îðäîí Äîñòàòî÷íîå óñëîâèå íåðàçðåøèìîñòè àääèòèâíîãî ãîìîëîãè÷åñêîãî óðàâíåíèÿ,ñâÿçàííîãî ñ ýðãîäè÷åñêèì ïîâîðîòîì îêðóæíîñòè. Ôóíêö. àíàëèç è åãî ïðèë. 9 (1975), no. 4,71-72.[6℄ Í.Ê. Êàðàïåòÿíö Îá îäíîì êëàññå äèñêðåòíûõ îïåðàòîðîâ ñâåðòêè ñ îñöèëëèðóþùèìè êîý�-�èöèåíòàìè. ÄÀÍ ÑÑÑ�, 216 (1974), 28-31.



Áåð À.Ô.ÊÎÌÏÀÊÒÍÛÅ ��ÓÏÏÛ Â LpÏóñòü (X,Σ, µ) � èçìåðèìîå ïðîñòðàíñòâî ñ êîíå÷íîé ñ÷åòíî-àääèòèâíîé ïîë-íîé ìåðîé, p ∈ [1,∞], Lp = Lp((X,Σ, µ)) � áàíàõîâî ïðîñòðàíñòâî âñåõ èçìåðè-ìûõ êîìïëåêñíîçíà÷íûõ �óíêöèé f , çàäàííûõ íà (X,Σ, µ), äëÿ êîòîðûõ ‖f‖p =

(
∫
|f |pdµ)1/p <∞ (�óíêöèè, ðàâíûå ïî÷òè âñþäó, ñ÷èòàþòñÿ ðàâíûìè).Â äàííîé ðàáîòå äàåòñÿ îïèñàíèå òàêèõ ïîäìíîæåñòâ èç Lp, êîòîðûå ÿâëÿþò-ñÿ ãðóïïàìè îòíîñèòåëüíî ïîòî÷å÷íîãî óìíîæåíèÿ â Lp è êîòîðûå êîìïàêòíû â

(Lp, ‖ · ‖p) (åäèíèöà ãðóïïû - �óíêöèÿ, òîæäåñòâåííî ðàâíàÿ 1). Êðîìå òîãî äàåòñÿêðèòåðèé îòíîñèòåëüíîé êîìïàêòíîñòè â òîïîëîãèè ñõîäèìîñòè ïî ìåðå ïîäãðóïïûãðóïïû óíèòàðíûõ îïåðàòîðîâ â êîììóòàòèâíîé àëãåáðå �îí Íåéìàíà ñ òî÷íûìíîðìàëüíûì êîíå÷íûì ñëåäîì.�àññìîòðèì êîíå÷íîå èëè ñ÷åòíîå äèçúþíêòíîå ðàçáèåíèå Λ = {Xi}i∈I ïðîñòðàí-ñòâà X íà ïîäìíîæåñòâà Xi ∈ Σ, µ(Xi) > 0, i ∈ I (â ñëó÷àå p = ∞ ñ÷èòà-åì, ÷òî I � êîíå÷íî). Ïîëîæèì GΛ = {f ∈ Lp : |f | = 1, f(x) = αi äëÿ âñåõ
x ∈ Xi, αi ∈ C, i ∈ I}.Òåîðåìà 1. GΛ � êîìïàêòíàÿ ãðóïïà â Lp.Äîêàçàòåëüñòâî. �àññìîòðèì åñòåñòâåííûé àëãåáðàè÷åñêèé èçîìîð�èçì φ : TI →
GΛ, îïðåäåëÿåìûé ðàâåíñòâîì φ(λ1, ..., λn, ...) =

∑
i∈I

λiχXi (ãðóïïó T ìû àññîöèè-ðóåì ñ åäèíè÷íîé îêðóæíîñòüþ â C). Íà TI ðàññìîòðèì ìåòðèêó ρ((λ1
i ), (λ

2
i )) =

(
∑
i∈I

µ(Xi)|λ1
i −λ2

i |p)1/p ïðè p <∞ è ρ((λ1
i ), (λ

2
i )) = maxi∈I |λ1

i −λ2
i | ïðè p = ∞. Òîãäà

φ - èçîìåòðèÿ.Ïîêàæåì, ÷òî ìåòðèêà ρ ñîãëàñîâàíà ñ òîïîëîãèåé ïðîèçâåäåíèÿ â TI . Ýòî î÷å-âèäíî ïðè p = ∞, òàê êàê I - êîíå÷íîå ìíîæåñòâî â ýòîì ñëó÷àå.Ïóñòü p < ∞. Âîçüìåì ïðîèçâîëüíîå ε > 0. Â ñèëó êîíå÷íîñòè ìåðû µ íàéäåòñÿòàêîå êîíå÷íîå ïîäìíîæåñòâî I ′ â I, ÷òî ∑
i/∈I′

µ(Xi) < εp/2p+1. Òîãäà îòêðûòûé øàðñ öåíòðîì â åäèíèöå è ðàäèóñîì ε îòíîñèòåëüíî ìåòðèêè ρ ñîäåðæèò ìíîæåñòâî
{(λi) :

∑
i∈I′

|λi − 1|pµ(Xi) < εp/2}, ÿâëÿþùååñÿ îòêðûòûì îòíîñèòåëüíî òîïîëîãèèïðîèçâåäåíèÿ.Îáðàòíî. Ïóñòü I ′ � êîíå÷íîå ïîäìíîæåñòâî â I è ïóñòü V =
∏
i∈I

{Si : Si = Tïðè i /∈ I ′ è Si � ε-îêðåñòíîñòü åäèíèöû ïðè i ∈ I ′}. ßñíî, ÷òî ïîäìíîæåñòâàòàêîãî âèäà îáðàçóþò áàçó òîïîëîãèè ïðîèçâåäåíèÿ â TI . Êðîìå òîãî, V ñîäåðæèò
δ-îêðåñòíîñòü åäèíèöû â ìåòðèêå ρ, ãäå δ = εmini∈I′ µ(Xi)

1/p. Èç ýòîãî ñëåäóåò, ÷òîìåòðèêà ρ ñîãëàñîâàíà ñ òîïîëîãèåé ïðîèçâåäåíèÿ â TI . Ïîýòîìó GΛ òîïîëîãè÷åñêèèçîìîð�íà êîìïàêòíîé ãðóïïå TI .Èç òåîðåìû 1, î÷åâèäíî, ñëåäóåò, ÷òî ëþáàÿ çàìêíóòàÿ ïîäãðóïïà ëþáîé ãðóïïûâèäà GΛ òàêæå áóäåò êîìïàêòíîé ãðóïïîé â Lp. Íàøåé îñíîâíîé öåëüþ ÿâëÿåòñÿäîêàçàòåëüñòâî îáðàòíîãî óòâåðæäåíèÿ: ëþáàÿ êîìïàêòíàÿ ãðóïïà â Lp ÿâëÿåòñÿçàìêíóòîé ïîäãðóïïîé ãðóïïû âèäà GΛ.Òàê êàê ëþáàÿ êîìïàêòíàÿ ãðóïïà G â Lp ÿâëÿåòñÿ êîìïàêòíîé è â L1, òî âñåíàøè äàëüíåéøèå ðàññóæäåíèÿ ìû áóäåì ïðîâîäèòü äëÿ p = 1.Äëÿ óäîáñòâà äàëüíåéøèõ ðàññóæäåíèé ââåäåì ñëåäóþùèå îïðåäåëåíèÿ:�ðóïïó G â L1 áóäåì íàçûâàòü U-ãðóïïîé, åñëè |f | = 1 ï.â. äëÿ âñåõ f ∈ G.�ðóïïó G â L1 áóäåì íàçûâàòü D-ãðóïïîé, åñëè ñóùåñòâóåò òàêîå êîíå÷íîå èëèñ÷åòíîå äèçúþíêòíîå ðàçáèåíèå Λ = {Xi}i∈I ïðîñòðàíñòâà X íà ïîäìíîæåñòâà Xi ∈
Σ, µ(Xi) > 0, i ∈ I, ÷òî f(x) = αi äëÿ âñåõ x ∈ Xi, αi ∈ C äëÿ ëþáûõ f ∈ G.



12 Áåð À.Ô.�ðóïïó G â L1 áóäåì íàçûâàòü UD-ãðóïïîé, åñëè îíà îäíîâðåìåííî ÿâëÿåòñÿ è
U -ãðóïïîé, è D-ãðóïïîé. ßñíî, ÷òî ãðóïïà G åñòü UD-ãðóïïà òîãäà è òîëüêî òîãäà,êîãäà îíà ÿâëÿåòñÿ ïîäãðóïïîé íåêîòîðîé ãðóïïû GΛ.Òàêèì îáðàçîì, íàì íóæíî äîêàçàòü, ÷òî ëþáàÿ êîìïàêòíàÿ ãðóïïà â L1 ÿâëÿåòñÿ
UD-ãðóïïîé.Ïðåäëîæåíèå 1. Ïóñòü G � êîìïàêòíàÿ ãðóïïà â L1. Òîãäà G � U -ãðóïïà.Äîêàçàòåëüñòâî. Ïóñòü f ∈ G. Ïîëîæèì X+ = {x ∈ X : |f(x)| > 1}, X− = {x ∈
X : |f(x)| < 1}. Ïðåäïîëîæèì, ÷òî µ(X+) > 0. Òàê êàê X+ åñòü îáúåäèíåíèå ìíî-æåñòâ Xm = {x ∈ X : |f(x)| > 1 + 1/m} ïî âñåì íàòóðàëüíûì m, òî íàéäåòñÿ òàêîå
m, ÷òî µ(Xm) > 0. Òîãäà ‖fn‖1 ≥ (1 + 1/m)nµ(Xm), ò.å. ‖fn‖1 � íåîãðàíè÷åííàÿïîñëåäîâàòåëüíîñòü. À ýòî ïðîòèâîðå÷èò êîìïàêòíîñòè G. Ïîýòîìó µ(X+) = 0.Äîêàçàòåëüñòâî µ(X−) = 0 ñâîäèòñÿ ê ïðåäûäóùåìó çàìåíîé �óíêöèè f íà f−1.Äàëåå ìû èññëåäóåì ñðåäíèå
sn1...nm(x1, ..., xm) = (n1 · ... · nm)−1

n1∑
k1=1

...
nm∑
km=1

| sin(π(k1x1 + ...+ kmxm))|,ãäå x1, ..., xm ∈ [0, 1[, m∑
i=1

xi 6= 0. Ìû äîêàæåì ñóùåñòâîâàíèå ïðåäå-ëà s(x1, ..., xm) = limmin(ni)→∞ sn1...nm(x1, ..., xm) ýòèõ ñðåäíèõ è ïîêàæåì, ÷òî
s(x1, ..., xm) ≥ 1/2.Ëåììà 1. Åñëè õîòÿ áû îäíî èç ÷èñåë x1, ..., xm èððàöèîíàëüíî, òî ïðåäåë
s(x1, ..., xm) ñóùåñòâóåò è ðàâåí 2/π.Äîêàçàòåëüñòâî. Ìû äîêàæåì áîëåå îáùåå óòâåðæäåíèå: ïóñòü f � íåïðåðûâíàÿ1-ïåðèîäè÷åñêàÿ �óíêöèÿ. Òîãäà ïðåäåë ñðåäíèõ sn1...nm(f ;x1, ..., xm) = (n1 · ... ·
nm)−1

n1∑
k1=1

...
nm∑
km=1

f(k1x1 + ...+ kmxm) ñóùåñòâóåò è ðàâåí ∫ 1
0 f(x)dx.Ïóñòü f(x) = exp(2πikx), ãäå k ∈ Z, k 6= 0. Òîãäà sn1...nm(f ;x1, ..., xm) =

m∏
i=1

n−1
i

ni∑
ki=1

exp(2πikikxi). Ïî óñëîâèþ îäíî èç ÷èñåë x1, ..., xm èððàöèîíàëüíî, ïóñòüýòî áóäåò, íàïðèìåð, x1. Òîãäà |sn1...nm(f ;x1, ..., xm)| ≤ n−1
1 |(exp(2πik(n1 + 1)x1) −

1)(exp(2πikx1) − 1)−1| ≤ 2n−1
1 | exp(2πikx1) − 1|−1 → 0 ïðè n1 → ∞. Êðîìå òîãî∫ 1

0 exp(2πikx)dx = 0. Ïîýòîìó íàøå óòâåðæäåíèå âåðíî äëÿ f(x) = exp(2πikx).Ñëåäîâàòåëüíî, îíî âåðíî è äëÿ âñåõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ âèäà f(x) =
t∑

k=−s

ck exp(2πikx).Ëþáóþ íåïðåðûâíóþ 1-ïåðèîäè÷åñêóþ �óíêöèþ ìîæíî ðàññìàòðèâàòü êàêíåïðåðûâíóþ �óíêöèþ íà êîìïàêòå T. Ïîýòîìó èç òåîðåìû Ñòîóíà-Âåéåðøòðàññàñëåäóåò, ÷òî ëþáàÿ íåïðåðûâíàÿ 1-ïåðèîäè÷åñêàÿ �óíêöèÿ àïïðîêñèìèðóåòñÿ òðè-ãîíîìåòðè÷åñêèìè ïîëèíîìàìè óêàçàííîãî âûøå âèäà.Ïóñòü f - ïðîèçâîëüíàÿ íåïðåðûâíàÿ 1-ïåðèîäè÷åñêàÿ �óíêöèÿ. Äëÿ ëþáîãî
ε > 0 íàéäåòñÿ òàêîé òðèãîíîìåòðè÷åñêèé ïîëèíîì p, ÷òî |f(x) − p(x)| < ε äëÿëþáûõ x ∈ [0, 1[. Ñóùåñòâóåò òàêîé íîìåð N , ÷òî äëÿ âñåõ n1, ..., nm > N áóäåò
|sn1...nm(p;x1, ..., xm) −

∫ 1
0 p(x)dx| < ε. Òîãäà |sn1...nm(f ;x1, ..., xm) −

∫ 1
0 f(x)dx| <

2ε+ |sn1...nm(p;x1, ..., xm) −
∫ 1
0 p(x)dx| < 3ε, îòêóäà ñëåäóåò, ÷òî óòâåðæäåíèå âåðíîè äëÿ f .Ïðèìåíèâ ýòî óòâåðæäåíèå äëÿ f(x) = | sin(πx)|, ïîëó÷èì, ÷òî ïðåäåë

sn1...nm(x1, ..., xm) ñóùåñòâóåò è ðàâåí ∫ 1
0 | sin(πx)|dx =

∫ 1
0 sin(πx)dx = 2/π.Ëåììà 2. Ïóñòü âñå ÷èñëà x1, ..., xm - íåíóëåâûå ðàöèîíàëüíûå, ò.å. xi =

pi/qi, (pi, qi) = 1 äëÿ âñåõ i = 1, ...,m. Òîãäà ïðåäåë s(x1, ..., xm) ñóùåñòâóåò èðàâåí (q1 · ... · qm)−1
q1−1∑
k1=0

...
qm−1∑
km=0

| sin(π(k1/q1 + ...+ km/pm))|.



Êîìïàêòíûå ãðóïïû â Lp 13Äîêàçàòåëüñòâî. Îáîçíà÷èì si = [ni/qi], ri = ni − siqi äëÿ âñåõ i =
1, ...,m. Çàìåòèì, ÷òî ìíîæåñòâà {{n(pi/qi)}, {(n + 1)(pi/qi)}, ..., {(n + q1 −
1)(pi/qi)}} è {0, 1/qi, ..., (qi − 1)/qi} ñîâïàäàþò äëÿ ëþáîãî öåëîãî n. Ïîýòî-ìó (n1 · ... · nm)−1

s1q1∑
k1=1

...
smqm∑
km=1

| sin(π(k1p1/q1 + ... + kmp1/q1))| = (s1/n1) · ... ·

(sm/nm)
q1−1∑
k1=0

...
qm−1∑
km=0

| sin(π(k1/q1 + ... + km/pm))| = (1/q1 + θ1) · ... · (1/qm +

θm)
q1−1∑
k1=0

...
qm−1∑
km=0

| sin(π(k1/q1 + ... + km/pm))|, ãäå |θi| < n−1
i äëÿ âñåõ i = 1, ...,m.Ñëåäîâàòåëüíî, (n1 · ... · nm)−1

s1q1∑
k1=1

...
smqm∑
km=1

| sin(π(k1p1/q1 + ...+ kmp1/q1))| → (q1 · ... ·

qm)−1
q1−1∑
k1=0

...
qm−1∑
km=0

| sin(π(k1/q1 + ...+ km/pm))| ïðè min(ni) → ∞.Îñòàâøàÿñÿ ÷àñòü ñóììû sn1...nm(x1, ..., xm) íå ïðåâîñõîäèò S1 + ...+Sm, ãäå Si =

(n1 · ... · nm)−1
n1∑
k1=1

...
ni∑

ki=siqi+1

...
nm∑
km=1

| sin(π(k1x1 + ...+ kmxm))| ≤ qi/ni äëÿ âñåõ i =

1, ...,m. Ñëåäîâàòåëüíî, ýòà ÷àñòü ñóììû ñòðåìèòñÿ ê íóëþ ïðè min(ni) → ∞.Ëåììà 3. n−1∑
k=0

| sin(π(k/n + a))| = cos(π(n−1{{a}n} − (2n)−1))/ sin(π/(2n)) ≥
ctg(π/(2n)) äëÿ ëþáîãî âåùåñòâåííîãî a ïðè n ≥ 2.Äîêàçàòåëüñòâî. Ïóñòü r = [n{a}]. Òîãäà n−1∑

k=0

| sin(π(k/n + a))| =

−r+n−1∑
k=−r

| sin(π(k/n+{a}))| =
−r+n−1∑
k=−r

sin(π(k/n+{a})), òàê êàê r/n ≤ {a} < (r+1)/n.Ïîñëåäíÿÿ ñóììà ðàâíà Im−r+n−1∑
k=−r

exp(iπ(k/n + {a})) = 2Im exp(iπ({a} − r/n))(1 −

exp(iπ/n))−1 = 2Im exp(iπ({a} − r/n))(1 − exp(−iπ/n))(1 − exp(iπ/n))−1(1 −
exp(−iπ/n))−1 = (sin(π({a} − r/n)) − sin(π({a} − r/n − 1/n)))/(2 sin2(π/(2n)))−1 =
cos(π({a}−r/n−1/(2n)))/ sin(π/(2n)). Çàìåòèì, ÷òî {a}−r/n = n−1(n{a}−[n{a}]) =
n−1{n{a}}. Òàê êàê 0 ≤ n−1{n{a}} < n−1, òî |n−1{n{a}}− (2n)−1| ≤ (2n)−1. Ïîýòî-ìó cos(π(n−1{n{a}} − (2n)−1)) ≥ cos(π/(2n)).Ïðåäëîæåíèå 2. Ïîñëåäîâàòåëüíîñòü sn1...nm(x1, ..., xm) = (n1 · ... ·
nm)−1

n1∑
k1=1

...
nm∑
km=1

| sin(π(k1x1 + ... + kmxm))| ñõîäèòñÿ ïðè min(ni) → ∞äëÿ ëþáûõ x1, ..., xm ∈ [0, 1[, òàêèõ, ÷òî m∑
i=1

xi 6= 0. Ïðè ýòîì ïðåäåë
s(x1, ..., xm) = limmin(ni)→∞ sn1...nm(x1, ..., xm) ≥ 1/2.Äîêàçàòåëüñòâî. Åñëè õîòÿ áû îäíî èç ÷èñåë x1, ..., xm èððàöèîíàëüíî, òî óòâåð-æäåíèå ñëåäóåò èç ëåììû 1. Îñòàëîñü äî êîíöà ðàçîáðàòü ñëó÷àé, êîãäà âñå ÷èñëà
x1, ..., xm ðàöèîíàëüíû. Ïóñòü i1, ..., il - âñå òå èíäåêñû, äëÿ êîòîðûõ ÷èñëà xi1 , ..., xil- íåíóëåâûå. Ëåãêî âèäåòü, ÷òî sn1...nm(x1, ..., xm) = sni1

...nil
(xi1 , ..., xil). Ïóñòü xi1 =

p/q, (p, q) = 1, q ≥ 2. Òîãäà èç ëåìì 2 è 3 ñëåäóåò, ÷òî ïðåäåë s(x1, ..., xm) =
limmin(ni)→∞ sn1...nm(x1, ..., xm) ñóùåñòâóåò è s(x1, ..., xm) ≥ q−1 ctg(π/(2q)). Îñòà-ëîñü ïîêàçàòü, ÷òî inf{n−1ctg(π/(2n)) : n ∈ N, n ≥ 2} = 1/2. Î÷åâèäíî, ÷òî
limn→∞ n−1 ctg(π/(2n)) = 2/π. Êðîìå òîãî �óíêöèÿ f(x) = x · ctg(x) óáûâàåò íàïîëóèíòåðâàëå ]0, π/4], òàê êàê f ′(x) = (sin(2x) − 2x)/(2 sin2(x)) < 0 íà ýòîì ïîëó-èíòåðâàëå. Ñëåäîâàòåëüíî, inf{n−1 ctg(π/(2n)) : n ∈ N, n ≥ 2} = 2−1 ctg(π/4) = 1/2.Ñ�îðìóëèðóåì îñíîâíîå òåõíè÷åñêîå



14 Áåð À.Ô.Ïðåäëîæåíèå 3. Ïóñòü g1, ..., gn -== èçìåðèìûå �óíêöèè, îòîáðàæàþùèå Xâ [0, 1[. Òîãäà äëÿ ëþáîãî ε > 0 íàéäóòñÿ òàêèå ÷èñëà n1, ..., nm ∈ N, ÷òî
‖ exp(2πin1g1) · ... · exp(2πinmgm) − 1‖1 > µ(

m⋃
i=1

supp(gi)) − ε.Äîêàçàòåëüñòâî. �àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé fn(x) =
sn...n(g1(x), ..., gm(x)). Èç ïðåäëîæåíèÿ 2 ñëåäóåò, ÷òî ýòà ïîñëåäîâàòåëüíîñòüñõîäèòñÿ â êàæäîé òî÷êå x ∈ X, ïðè ýòîì limn→∞ fn(x) ≥ 1/2 äëÿ âñåõ
x ∈

m⋃
i=1

supp(gi). Òîãäà ïî òåîðåìå Ëåáåãà �óíêöèÿ f(x) = limn→∞ fn(x) èçìåðèìàè limn→∞

∫
fn(x)dµ(x) =

∫
f(x)dµ(x) ≥ µ(

m⋃
i=1

supp(gi))/2. Ïîýòîìó äëÿ ëþáîãî
ε > 0 íàéäåòñÿ òàêîå N ∈ N, ÷òî ∫ fN (x)dµ(x) > µ(

m⋃
i=1

supp(gi))/2 − ε/2. Íîëåâûé èíòåãðàë åñòü ñðåäíåå àðè�ìåòè÷åñêîå èíòåãðàëîâ ∫
| sin(π(k1g1(x) +

... + kmgm(x)))|dµ(x), ïîýòîìó íàéäóòñÿ òàêèå ÷èñëà n1, ..., nm ∈ N, ÷òî
∫
| sin(π(n1g1(x)+ ...+nmgm(x)))|dµ(x) > µ(

m⋃
i=1

supp(gi))/2−ε/2. Îñòàëîñü çàìåòèòü,÷òî ‖ exp(2πin1g1)·...·exp(2πinmgm)−1‖1 = 2
∫
| sin(π(n1g1(x)+...+nmgm(x)))|dµ(x).Ó ïðåäëîæåíèÿ 3 åñòü äâà âàæíûõ ñëåäñòâèÿ. Ïåðâîå èç íèõ ýòîÏðåäëîæåíèå 4. Ïóñòü G � ñåïàðàáåëüíàÿ U -ãðóïïà. Òîãäà íàéäåòñÿ òàêîå ìíî-æåñòâî XG ∈ Σ, ÷òî (i). µ(XG) ≤ sup{‖f − 1‖1 : f ∈ G}; (ii). f(x) = 1 äëÿ ïî÷òèâñåõ x ∈ X\XG è ëþáûõ f ∈ G.Äîêàçàòåëüñòâî. Ïóñòü {fn : n ∈ N} � ïëîòíîå ïîäìíîæåñòâî â G; gn - òàêàÿ èç-ìåðèìàÿ �óíêöèÿ, îòîáðàæàþùàÿ X â [0, 1[, ÷òî fn(x) = exp(2πign(x)) äëÿ ëþáîãî

n ∈ N. Ïîëîæèì XG =
∞⋃
n=1

supp(gn). Ïîêàæåì, ÷òî XG óäîâëåòâîðÿåò óñëîâèÿì (i)è (ii).(i). Âîçüìåì ïðîèçâîëüíîå ε > 0. Íàéäåòñÿ òàêîå N ∈ N, ÷òî µ(
N⋃
n=1

supp(gn)) >
µ(

∞⋃
n=1

supp(gn)) − ε. Òîãäà èç ïðåäëîæåíèÿ 3 ñëåäóåò, ÷òî äëÿ íåêîòîðûõ ÷è-ñåë n1, ..., nN âûïîëíÿåòñÿ íåðàâåíñòâî ‖fn1
1 · ... · fnN

N − 1‖1 = ‖ exp(2πin1g1) ·

... · exp(2πinNgN ) − 1‖1 > µ(
N⋃
i=1

supp(gi)) − ε > µ(
∞⋃
n=1

supp(gn)) − 2ε. Ïîýòîìó
µ(XG) − 2ε < sup{‖f − 1‖1 : f ∈ G}. Â ñèëó ïðîèçâîëüíîñòè ε ìû ïîëó÷àåì
µ(XG) ≤ sup{‖f − 1‖1 : f ∈ G}.(ii). Ïóñòü f ∈ G. Ïðåäïîëîæèì, ÷òî µ({x ∈ X\XG : f(x) 6= 1}) > 0. Òîãäàíàéäåòñÿ òàêîå ε > 0, ÷òî µ({x ∈ X\XG : |f(x)− 1| > ε}) = λ > 0. Íî â ýòîì ñëó÷àå
‖f − fn‖1 ≥ ελ > 0 äëÿ ëþáîãî n ∈ N, ÷òî ïðîòèâîðå÷èò ïëîòíîñòè {fn : n ∈ N}.Ïîýòîìó µ({x ∈ X\XG : f(x) 6= 1}) = 0.Âòîðûì ñëåäñòâèåì ïðåäëîæåíèÿ 3 ÿâëÿåòñÿÏðåäëîæåíèå 5. Ïóñòü g : [a, b] −→ [0, 1[ � ñòðîãî âîçðàñòàþùåå îòîáðàæåíèå.Òîãäà ïîäìíîæåñòâî {exp(2πing) : n ∈ Z} â L1[a, b] íå ÿâëÿåòñÿ îòíîñèòåëüíîêîìïàêòíûì.Äîêàçàòåëüñòâî. Èç ïðåäëîæåíèÿ 3 ñëåäóåò, ÷òî äëÿ ëþáîãî t ∈]0, (b − a)/4[íàéäåòñÿ òàêîå n ∈ N, ÷òî b−(b−a)/4∫

a
| exp(2πing(x + t)) − exp(2πing(x))|dx =

b−(b−a)/4∫
a

| exp(2πin(g(x+ t) − g(x))) − 1|dx > (b− a− (b− a)/4) − t > (b− a)/2.Ïðåäïîëîæèì, ÷òî ïîäìíîæåñòâî {exp(2πing) : n ∈ Z} îòíîñèòåëüíî êîìïàêòíîâ L1[a, b]. Òîãäà ïî êðèòåðèþ Ì.�èññà îòíîñèòåëüíîé êîìïàêòíîñòè â L1[a, b] [2℄



Êîìïàêòíûå ãðóïïû â Lp 15èíòåãðàëû b−(b−a)/4∫
a

| exp(2πing(x+ t))− exp(2πing(x))|dx äîëæíû ñõîäèòüñÿ ê íóëþïðè t→ 0 ðàâíîìåðíî ïî n. À ýòî ïðîòèâîðå÷èò ïðåäûäóùåìó íåðàâåíñòâó. Ïîýòîìóïîäìíîæåñòâî {exp(2πing) : n ∈ Z} â L1[a, b] íå ÿâëÿåòñÿ îòíîñèòåëüíî êîìïàêòíûì.Ëåììà 4. Ïóñòü g � èçìåðèìàÿ âåùåñòâåííàÿ �óíêöèÿ íà X, g∗(t) = inf{c :
µ{x : g(x) ≤ c} ≤ t} - íåóáûâàþùàÿ ïåðåñòàíîâêà �óíêöèè g(x) [3℄. Òî-ãäà äëÿ ëþáîé èçìåðèìîé îãðàíè÷åííîé �óíêöèè f íà R âûïîëíÿåòñÿ ðàâåíñòâî∫
f(g(x))dµ(x) =

∫ µ(X)
0 f(g∗(t))dt.Äîêàçàòåëüñòâî. Ïóñòü A � èçìåðèìîå ïîäìíîæåñòâî â R, f = χA. Òîãäà â ñèëóðàâíîèçìåðèìîñòè g è g∗ [3℄ ëåâûé è ïðàâûé èíòåãðàëû â óòâåðæäåíèè ëåììû ðàâ-íû µ(g−1(A)). Ñëåäîâàòåëüíî, óòâåðæäåíèå âåðíî è äëÿ ëþáûõ ïðîñòûõ �óíêöèé

f . Òîãäà â îáùåì ñëó÷àå äîêàçûâàåìîå ðàâåíñòâî ñëåäóåò èç ðàâíîìåðíîé àïïðîê-ñèìèðóåìîñòè ëþáîé îãðàíè÷åííîé èçìåðèìîé �óíêöèè ïðîñòûìè �óíêöèÿìè.Ïóñòü X0 ∈ Σ è µ(X0) > 0. Îáîçíà÷èì ΣX0 = {A ∈ Σ : A ⊂ X0}, LX0
1 =

L1(X0,ΣX0 , µ), GX0 = {f1 ∈ LX0
1 : f1 = f |X0 äëÿ íåêîòîðîé �óíêöèè f ∈ G}. ßñíî,÷òî åñòåñòâåííîå îòîáðàæåíèå ñóæåíèÿ èç L1 â LX0

1 ÿâëÿåòñÿ íåïðåðûâíûì.Ïðåäëîæåíèå 6. Ïóñòü g � òàêàÿ èçìåðèìàÿ �óíêöèÿ, îòîáðàæàþùàÿ X â
[0, 1[, ÷òî ïîäìíîæåñòâî {exp(2πing) : n ∈ Z} îòíîñèòåëüíî êîìïàêòíî â L1.Òîãäà íà íåêîòîðîì ïîäìíîæåñòâå ïîëíîé ìåðû â X �óíêöèÿ g ÿâëÿåòñÿ ïðîñòîé.Äîêàçàòåëüñòâî. Ìíîæåñòâî S = {λ ∈ [0, 1[: µ(g−1({λ})) > 0} íå áîëåå, ÷åìñ÷åòíî, òàê êàê ÿâëÿåòñÿ ñ÷åòíûì îáúåäèíåíèåì êîíå÷íûõ ìíîæåñòâ {λ ∈ [0, 1[:
µ(g−1({λ})) > 1/n} ïî âñåì n ∈ N. Ïîýòîìó {Xλ = g−1({λ}) : λ ∈ S} - íå áîëåå, ÷åìñ÷åòíîå äèçúþíêòíîå ñåìåéñòâî èçìåðèìûõ ïîäìíîæåñòâ âX. Íàì íóæíî ïîêàçàòü,÷òî µ(X0) = 0, ãäå X0 = X\ ⋃

λ∈S

Xλ.Ïðåäïîëîæèì, ÷òî µ(X0) > 0. Òàê êàê ìíîæåñòâî ñóæåíèé íà X0 �óíêöèé
{exp(2πing) : n ∈ Z} òàêæå ÿâëÿåòñÿ îòíîñèòåëüíî êîìïàêòíûì â LX

0

1 , òî äëÿóäîáñòâà, íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî X0 = X è âñå ìíîæå-ñòâà g−1({λ}) èìåþò íóëåâóþ ìåðó. Ïóñòü g∗ - íåóáûâàþùàÿ ïåðåñòàíîâêà �óíêöèè
g(x). �àññìîòðèì îòîáðàæåíèå F : {exp(2πing) : n ∈ Z} −→ L1[0, µ(X)], ïîëîæèâ
F (exp(2πing)) = exp(2πing∗). Èç ëåììû 4 ñëåäóåò, ÷òî F - èçîìåòðèÿ. Ïîýòîìó ìíî-æåñòâî {exp(2πing∗) : n ∈ Z} îòíîñèòåëüíî êîìïàêòíî â L1[0, µ(X)]. Êðîìå òîãî g∗- ñòðîãî âîçðàñòàþùàÿ �óíêöèÿ, èíà÷å, åñëè a < b è g∗(a) = g∗(b) = λ0, òî â ñèëóðàâíîèçìåðèìîñòè g è g∗ [3℄ áûëî áû 0 = µ(g−1({λ0})) ≥ b − a. Íî ýòà ñèòóàöèÿïðîòèâîðå÷èò óòâåðæäåíèþ ïðåäëîæåíèÿ 5. Ïîýòîìó µ(X0) = 0.Ïðåäëîæåíèå 7. Ïóñòü G � êîìïàêòíàÿ ãðóïïà â L1, ñîäåðæàùàÿ ïëîòíóþêîíå÷íîïîðîæäåííóþ ïîäãðóïïó. Òîãäà G åñòü UD-ãðóïïà.Äîêàçàòåëüñòâî. Èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî êàæäàÿ �óíêöèÿ f ∈ G èìååòâèä f(x) = exp(2πig(x)) äëÿ íåêîòîðîé èçìåðèìîé �óíêöèè g ñî çíà÷åíèÿìè â [0, 1[.Ïóñòü �óíêöèè f1, ..., fn ïîðîæäàþò ïëîòíóþ ïîäãðóïïó â G. Èç ïðåäëîæåíèÿ6 ñëåäóåò, ÷òî âñå ýòè �óíêöèè � ïðîñòûå íà íåêîòîðîì ïîäìíîæåñòâå X ′ ⊂
X, µ(X ′) = µ(X). Òàê êàê ýòèõ �óíêöèé - êîíå÷íîå ÷èñëî, òî ñóùåñòâóåò òàêîåíå áîëåå, ÷åì ñ÷åòíîå äèçúþíêòíîå ðàçáèåíèå Λ = {Xi ∈ Σ : i ∈ I, µ(Xi) > 0}ìíîæåñòâà X ′, ÷òî ëþáàÿ �óíêöèÿ fk, k = 1, ..., n ïîñòîÿííà íà êàæäîì Xi, i ∈ I.Íî òîãäà è ëþáàÿ �óíêöèÿ f èç ïîäãðóïïû, ïîðîæäåííîé f1, ..., fn, òàêæå áóäåò ïî-ñòîÿííîé íà êàæäîì Xi, i ∈ I. Ëåãêî âèäåòü, ÷òî â ñèëó ïëîòíîñòè ýòîé ïîäãðóïïûâ G ëþáàÿ �óíêöèÿ f ∈ G áóäåò ïîñòîÿííîé íà êàæäîì Xi, i ∈ I.Òåïåðü âñå ãîòîâî, ÷òîáû äîêàçàòü íàøå îñíîâíîå óòâåðæäåíèå:Òåîðåìà 2. Ëþáàÿ êîìïàêòíàÿ ãðóïïà G â L1 åñòü UD-ãðóïïà.



16 Áåð À.Ô.Äîêàçàòåëüñòâî. Ïóñòü G � êîìïàêòíàÿ ãðóïïà â L1. Èç [1, Òåîðåìà 24.7℄ ñëå-äóåò, ÷òî äëÿ ëþáîãî ε > 0 â ε-îêðåñòíîñòè åäèíèöû ãðóïïû G ñóùåñòâóåò òàêàÿçàìêíóòàÿ ïîäãðóïïà G1 ãðóïïû G, ÷òî G/G1
∼= Tn × F , ãäå n - íåîòðèöàòåëüíîåöåëîå ÷èñëî, à F - êîíå÷íàÿ ãðóïïà. Òàê êàê ãðóïïà G1, åñòåñòâåííî, ÿâëÿåòñÿ ñåïà-ðàáåëüíîé, òî èç ïðåäëîæåíèÿ 4 ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå ìíîæåñòâî Xε ∈ Σ,÷òî µ(Xε) ≤ ε è f |X\Xε

= 1 ï.â. äëÿ ëþáîé �óíêöèè f ∈ G1. Ñëåäîâàòåëüíî, G1ëåæèò â ÿäðå ãîìîìîð�èçìà ñóæåíèÿ èç G â GX\Xε
. Ñëåäîâàòåëüíî, ãðóïïà GX\Xεåñòü íåïðåðûâíûé ãîìîìîð�íûé îáðàç ãðóïïû Tn × F (ñì. [1, Òåîðåìà 5.35℄). Íîãðóïïà Tn×F ñîäåðæèò ïëîòíóþ êîíå÷íîïîðîæäåííóþ ïîäãðóïïó, òàê êàê T ñîäåð-æèò ïëîòíóþ öèêëè÷åñêóþ ïîäãðóïïó. Ïîýòîìó è ãðóïïà GX\Xε

ñîäåðæèò ïëîòíóþêîíå÷íîïîðîæäåííóþ ïîäãðóïïó. Òîãäà èç ïðåäëîæåíèÿ 7 ñëåäóåò, ÷òî GX\Xε
åñòü

UD-ãðóïïà. Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîåìíîæåñòâî Xε ∈ Σ, µ(Xε) ≤ ε, ÷òî äëÿ åãî äîïîëíåíèÿ X\Xε ñóùåñòâóåò íå áîëåå,÷åì ñ÷åòíîå äèçúþíêòíîå ðàçáèåíèå Λε, íà êàæäîì ýëåìåíòå êîòîðîãî âñå �óíêöèè
f ∈ G ïîñòîÿííû ï.â..Ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü ïîäìíîæåñòâ X1/n ñ óêàçàííûì âûøåñâîéñòâîì, ÷òî X1/n ⊆ X1/(n−1) ïðè n ≥ 2. Òîãäà ïåðåñå÷åíèå ýòèõ ìíîæåñòâ èìååòíóëåâóþ ìåðó, à äîïîëíåíèå ýòîãî ïåðåñå÷åíèÿ åñòü äèçúþíêòíîå îáúåäèíåíèå ìíî-æåñòâ X\X1, X1\X1/2, ..., X1/n\X1/(n+1), .... Êàæäûé ýëåìåíò ýòîãî ðàçáèåíèÿ, âñâîþ î÷åðåäü ðàçáèâàåòñÿ íà íå áîëåå, ÷åì ñ÷åòíîå ÷èñëî ïîäìíîæåñòâ, íà êîòîðûõâñå �óíêöèè f ∈ G ïîñòîÿííû ï.â..Ïðèâåäåì îñíîâíîé ðåçóëüòàò â îáùåé �îðìóëèðîâêå:Òåîðåìà 3. Ëþáàÿ êîìïàêòíàÿ ãðóïïà G â Lp ÿâëÿåòñÿ çàìêíóòîé ïîäãðóïïîéíåêîòîðîé ãðóïïû GΛ.Äîêàçàòåëüñòâî. Â ðàáîòå [4℄ ïîêàçàíî, ÷òî ëþáàÿ êîìïàêòíàÿ ïîäãðóïïà â êîì-ìóòàòèâíîé C∗ àëãåáðå ïîðîæäàåò êîíå÷íîìåðíóþ ïîäàëãåáðó. Îòñþäà ñëåäóåòóòâåðæäåíèå äëÿ p = ∞.Âûøå óæå áûëî çàìå÷åíî, ÷òî êîìïàêòíàÿ ãðóïïà â Lp áóäåò êîìïàêòíîé ãðóïïîéè â L1. Ïîýòîìó óòâåðæäåíèå òåîðåìû äëÿ p <∞ âûòåêàåò èç òåîðåìû 2.Ñëåäñòâèå 1. Ïóñòü G � êîìïàêòíàÿ ãðóïïà â Lp, äåéñòâóþùàÿ íà ïðîñòðàí-ñòâå L2 = L2(X,Σ, µ) ïîòî÷å÷íûì óìíîæåíèåì. Òîãäà áèêîììóòàíò G′′ â àëãåáðå
B(L2) âñåõ îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ â L2 åñòü àòîìè÷åñêàÿ àëãåáðà �îíÍåéìàíà (â ñëó÷àå p = ∞ ýòà àëãåáðà êîíå÷íîìåðíà).Äîêàçàòåëüñòâî. Èç òåîðåìû 3 ñëåäóåò, ÷òî â B(L2) íàéäåòñÿ òàêàÿ íå áîëåå, ÷åìñ÷åòíàÿ (â ñëó÷àå p = ∞ � êîíå÷íàÿ) ñèñòåìà ïîïàðíî îðòîãîíàëüíûõ ïðîåêòîðîâ
{Pi : i ∈ J}, ∑

i∈J

Pi = I, ÷òî ëþáîé ýëåìåíò A ∈ G èìååò âèä A =
∑
i∈J

λiPi, |λi| = 1äëÿ âñåõ i ∈ J . Ïîýòîìó G âõîäèò â àòîìè÷åñêóþ àëãåáðó �îí Íåéìàíà, ïîðîæ-äåííóþ ïðîåêòîðàìè Pi, i ∈ J . Ñëåäîâàòåëüíî, G′′ åñòü ïîäàëãåáðà �îí Íåéìàíàâ àòîìè÷åñêîé àëãåáðå �îí Íåéìàíà. Ïîýòîìó G′′ ñàìà åñòü àòîìè÷åñêàÿ àëãåáðà�îí Íåéìàíà.Ñëåäñòâèå 2. Ïóñòü A � êîììóòàòèâíàÿ àëãåáðà �îí Íåéìàíà ñ òî÷íûì íîð-ìàëüíûì êîíå÷íûì ñëåäîì τ , tτ - òîïîëîãèÿ ñõîäèìîñòè ïî ìåðå â A, ïîðîæäåí-íàÿ ñëåäîì τ [6℄; U(A) - ãðóïïà óíèòàðíûõ îïåðàòîðîâ â A. Òîãäà òîïîëîãèÿ tτíà U(A) ñîâïàäàåò ñ òîïîëîãèåé, èíäóöèðîâàííîé íà U(A) íîðìèðîâàííîé òîïî-ëîãèåé, ïîðîæäåííîé íîðìîé ‖a‖p = (τ(|a|p))1/p, a ∈ A, äëÿ ëþáîãî p ∈ [1,∞[, è äëÿïîäãðóïïû G ∈ U(A) ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:(i) G îòíîñèòåëüíî êîìïàêòíî â òîïîëîãèè tτ (ñîîòâåòñòâåííî, G - îòíîñè-òåëüíî êîìïàêòíî â ðàâíîìåðíîé òîïîëîãèè A).(ii) Áèêîììóòàíò G′′ åñòü àòîìè÷åñêàÿ àëãåáðà �îí Íåéìàíà (ñîîòâåòñòâåí-íî, êîíå÷íîìåðíàÿ).



Êîìïàêòíûå ãðóïïû â Lp 17Äîêàçàòåëüñòâî. Õîðîøî èçâåñòíî [5℄, ÷òî êîììóòàòèâíàÿ àëãåáðà �îí Íåéìà-íà ñ òî÷íûì íîðìàëüíûì êîíå÷íûì ñëåäîì èçîìîð�íà àëãåáðå L∞(X,Σ, µ), äåé-ñòâóþùåé íà ãèëüáåðòîâîì ïðîñòðàíñòâå L2(X,Σ, µ) ïîòî÷å÷íûì óìíîæåíèåì, ãäå
(X,Σ, µ) - èçìåðèìîå ïðîñòðàíñòâî ñ êîíå÷íîé ñ÷åòíî-àääèòèâíîé ïîëíîé ìåðîé,à ñëåäó ñîîòâåòñòâóåò èíòåãðàë ïî ìåðå µ. Ïðè ýòîì òîïîëîãèÿ ñõîäèìîñòè ïî ìå-ðå îòíîñèòåëüíî ñëåäà (èíòåãðàëà) ñîâïàäàåò ñ îáû÷íîé òîïîëîãèåé ñõîäèìîñòè ïîìåðå â àëãåáðå èçìåðèìûõ �óíêöèé. Íà ëþáîì îãðàíè÷åííîì ìíîæåñòâå �óíêöèéýòà òîïîëîãèÿ ñîâïàäàåò ñ òîïîëîãèåé Lp-íîðìû äëÿ ëþáîãî p ∈ [1,∞[. Ïîýòîìó ìûìîæåì èñïîëüçîâàòü L1-íîðìó � áîëåå óäîáíóþ äëÿ íàñ.Ïóñòü G � íåêîòîðàÿ ãðóïïà òàêèõ èçìåðèìûõ �óíêöèé f íà X, ÷òî |f | = 1 ï.â..(i)⇒(ii). Ïóñòü ìíîæåñòâî G îòíîñèòåëüíî êîìïàêòíî â L1. Òîãäà åãî çàìûêàíèå
G åñòü êîìïàêòíàÿ ãðóïïà â L1. Äåéñòâèòåëüíî, åñëè f = lim fn, g = lim gm, òî
‖fg − fngm‖1 = ‖fg − fgm + fgm − fngm‖1 ≤ ‖fg − fgm‖1 + ‖fgm − fngm‖1 =
‖g − gm‖1 + ‖f − fn‖1, òàê êàê |f(x)| = |gm(x)| = 1 ï.â.. Ïîýòîìó óòâåðæäåíèåñëåäóåò èç ñëåäñòâèÿ 1.(ii)⇒(i). Ýòî ñëåäóåò èç òåîðåìû 1.Ñïèñîê ëèòåðàòóðû[1℄ Ý. Õüþèòò, Ê. �îññ Àáñòðàêòíûé ãàðìîíè÷åñêèé àíàëèç. Ò.1, Ì., "Íàóêà", 1975, 656ñ.[2℄ Ë.À. Ëþñòåðíèê, Â.È. Ñîáîëåâ Êðàòêèé êóðñ �óíêöèîíàëüíîãî àíàëèçà. Ì., "Âûñøàÿ øêîëà",1982, 272ñ.[3℄ Ñ.�. Êðåéí, Þ.È. Ïåòóíèí, Å.Ì. Ñåìåíîâ Èíòåðïîëÿöèÿ ëèíåéíûõ îïåðàòîðîâ. Ì., "Íàóêà",1978, 400ñ.[4℄ À.Ô. Áåð Êîìïàêòíûå àáåëåâû ãðóïïû â C∗ è â W ∗ àëãåáðàõ. Ñîâðåìåííûå ïðîáëåìû è àêòó-àëüíûå âîïðîñû �óíêöèîíàëüíîãî àíàëèçà, Ìàòåðèàëû �åñïóáë. íàó÷íîé êîí�åðåíöèè, Òàø-êåíò 2006, ññ.8-11.[5℄ J. Dixmier Von Neumann Algebras. North-Holland Mathemati
al Library, 27. North-HollandPublishing Co., Amsterdam-New York,1981.[6℄ F.J. Yeadon Non-
ommutative L P -spa
es. Math. Pro
. Camb. Phil. So
.- 1975.- � 77.- P. 91,�102.



Â.Ì.ÁðóêÄÈÑÑÈÏÀÒÈÂÍÛÅ È ÎÁ�ÀÒÈÌÛÅ ÎÒÍÎØÅÍÈß,ÏÎ�ÎÆÄÅÍÍÛÅ ÍÅÎÒ�ÈÖÀÒÅËÜÍÎÉÎÏÅ�ÀÒÎ�ÍÎÉ ÔÓÍÊÖÈÅÉ ÈÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÌ ÂÛ�ÀÆÅÍÈÅÌÝËËÈÏÒÈ×ÅÑÊÎ�Î ÒÈÏÀÂ òåðìèíàõ ãðàíè÷íûõ çíà÷åíèé îïèñûâàþòñÿ äèññèïàòèâíûå, àêêóìóëÿ-òèâíûå è îáðàòèìûå ðàñøèðåíèÿ ìèíèìàëüíîãî îòíîøåíèÿ, ïîðîæäåííîãîíåîòðèöàòåëüíîé îïåðàòîðíîé �óíêöèåé è äè��åðåíöèàëüíî-îïåðàòîðíûì âû-ðàæåíèåì ýëëèïòè÷åñêîãî òèïà.Linear relations generated by a nonnegative operator fun
tion and an ellipti
operator di�erential expression are studied. A des
ription of dissipative, a

umulativeand invertible extensions of a minimal relation in the terms of boundary values isgiven.Â äàííîé ðàáîòå ñ ïîìîùüþ ãðàíè÷íûõ çíà÷åíèé îïèñûâàþòñÿ äèññèïàòèâíûå,àêêóìóëÿòèâíûå è îáðàòèìûå ðàñøèðåíèÿ ìèíèìàëüíîãî îòíîøåíèÿ, óêàçàííîãî âçàãîëîâêå. Íàëè÷èå íåîãðàíè÷åííîãî îïåðàòîðíîãî êîý��èöèåíòà â äè��åðåíöè-àëüíîì âûðàæåíèè è íàëè÷èå âåñîâîé îïåðàòîðíîé �óíêöèè òðåáóþò ïðè ïîñòðîå-íèè ãðàíè÷íûõ çíà÷åíèé âûõîäà çà ðàìêè èñõîäíîãî ïðîñòðàíñòâà.Ïóñòü H - ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(·, ·). Íà êîíå÷íîì îòðåçêå [0, b] ðàññìîòðèì äè��åðåíöèàëüíîå âûðàæåíèå l[y] =
−y′′ + A1(t)y, ãäå îïåðàòîðíàÿ �óíêöèÿ A1(t) óäîâëåòâîðÿåò óñëîâèÿì: ïðè ëþáîì
t ∈ [0, b] îïåðàòîð A1(t) ïîëîæèòåëüíî îïðåäåëåí è ñàìîñîïðÿæåí â H; îïåðàòîðû
A1(t) èìåþò ïîñòîÿííóþ îáëàñòü îïðåäåëåíèÿ D(A1(t)) = D(A1); äëÿ ëþáîãî x ∈
D(A1) �óíêöèÿ A1(t)x ñèëüíî íåïðåðûâíî äè��åðåíöèðóåìà.Çà�èêñèðóåì òî÷êó t0 ∈ [0, b]. Ïóñòü {Ĥτ} (−1 6 τ 6 1) - ãèëüáåðòîâà øêàëàïðîñòðàíñòâ, ïîðîæäåííàÿ îïåðàòîðîì A1(t0). Øêàëà {Ĥτ} íå çàâèñèò îò âûáîðàòî÷êè t0 â ñëåäóþùåì ñìûñëå. Åñëè {Ĥ ′

τ} - øêàëà, ïîðîæäåííàÿ îïåðàòîðîì A1(t
′
0)

(t′0 ∈ [0, b]), òî ìíîæåñòâà Ĥτ è Ĥ ′
τ ñîâïàäàþò, à íîðìû â íèõ ýêâèâàëåíòíû. Ïðèêàæäîì t îïåðàòîð A1(t) îòîáðàæàåò íåïðåðûâíî è âçàèìíî îäíîçíà÷íî Ĥ+1 íà H.Cîïðÿæåííûé ê A1(t) îïåðàòîð A+

1 (t) îòîáðàæàåò íåïðåðûâíî è âçàèìíî îäíîçíà÷-íî H íà Ĥ−1 è ÿâëÿåòñÿ ðàñøèðåíèåì A1(t). Îáîçíà÷èì l+[y] = −y′′ + A+
1 (t)y.Ïóñòü A(t) - ñèëüíî èçìåðèìàÿ íà [0, b] îïåðàòîðíàÿ �óíêöèÿ, çíà÷åíèÿìè êî-òîðîé ÿâëÿþòñÿ îãðàíè÷åííûå íåîòðèöàòåëüíûå îïåðàòîðû â H. Ïðåäïîëàãàåòñÿ,÷òî íîðìà ‖A(t)‖ ñóììèðóåìà íà [0, b]. Íà ìíîæåñòâå íåïðåðûâíûõ íà [0, b] �óíêöèéñî çíà÷åíèÿìè â H ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå: (y, z)B =

∫ b
0 (A(t)y(t), z(t))dt.Îòîæäåñòâëÿÿ ñ íóëåì �óíêöèè y ñî ñâîéñòâîì (y, y)B = 0 è ïðîèçâîäÿ ïîïîëíåíèå,ïîëó÷èì ãèëüáåðòîâî ïðîñòðàíñòâî, îáîçíà÷àåìîå B = L2(H,A(t); 0, b). Ýëåìåíòàìè

B ÿâëÿþòñÿ êëàññû �óíêöèé, îòîæäåñòâëåííûõ ïî íîðìå ‖·‖B. Äàëåå ỹ îáîçíà÷àåòêëàññ �óíêöèé ñ ïðåäñòàâèòåëåì y. Ïðî �óíêöèþ y áóäåì òàêæå ãîâîðèòü, ÷òî yïðèíàäëåæèò B.Ïóñòü G0(t) - ìíîæåñòâî òàêèõ ýëåìåíòîâ x ∈ H, ÷òî A(t)x = 0, H(t) - îðòîãî-íàëüíîå äîïîëíåíèå â H ê G0(t), A0(t) - ñóæåíèå A(t) íà H(t), {Hξ(t)} - ãèëüáåðòîâàøêàëà ïðîñòðàíñòâ, ïîðîæäåííàÿ îïåðàòîðîì A−1
0 (t). Îïåðàòîð A0(t) ðàñøèðÿåò-ñÿ ïî íåïðåðûâíîñòè äî îïåðàòîðà Ã0(t), îòîáðàæàþùåãî íåïðåðûâíî è âçàèìíîîäíîçíà÷íî H−α(t) íà H1−α(t) (0 6 α 6 1). ×åðåç Ã(t) îáîçíà÷èì îïåðàòîð, îïðåäå-ëåííûé íà H−α(t) ⊕G0(t), ðàâíûé Ã0(t) íà H−α(t) è íóëþ íà G0(t). Îïåðàòîð Ã(t)ÿâëÿåòñÿ ðàñøèðåíèåì A(t). Â [1℄ äîêàçàíî, ÷òî B ñîñòîèò èç êëàññîâ �óíêöèé ñïðåäñòàâèòåëÿìè âèäà Ã−1

0 (t)A1/2(t)h(t), ãäå h(t) ∈ L2(H; 0, b).



Äèññèïàòèâíûå è îáðàòèìûå îòíîøåíèÿ 19Îáîçíà÷èì ÷åðåç D′ ìíîæåñòâî �óíêöèé y(t) ∈ B ñî ñâîéñòâàìè: i) y(t) ñèëü-íî íåïðåðûâíî äè��åðåíöèðóåìà íà [0, b] â H è y′(t) àáñîëþòíî íåïðåðûâíà â
Ĥ−1; ii) l+[y](t) ∈ H1/2(t) ïðè ïî÷òè âñåõ t è Ã−1

0 (t)l+[y] ∈ B. Ïîñòàâèì â ñîîò-âåòñòâèå êàæäîìó êëàññó �óíêöèé, îòîæäåñòâëåííûõ â B ñ y ∈ D′, êëàññ �óíê-öèé, îòîæäåñòâëåííûõ â B ñ Ã−1
0 (t)l+[y]. Òàêèì îáðàçîì, ïîëó÷èì ëèíåéíîå îò-íîøåíèå L′ ⊂ B ⊕ B, çàìûêàíèå êîòîðîãî îáîçíà÷èì ÷åðåç L è íàçîâåì ìàêñè-ìàëüíûì îòíîøåíèåì. Ìèíèìàëüíîå îòíîøåíèå L0 îïðåäåëèì êàê ñóæåíèå L íàìíîæåñòâî ýëåìåíòîâ ỹ ∈ B, îáëàäàþùèõ ïðåäñòàâèòåëÿìè y ∈ D′ ñî ñâîéñòâîì

y(0) = y′(0) = y(b) = y′(b) = 0. Äàëåå îáîçíà÷àåì: {·, ·} - óïîðÿäî÷åííàÿ ïàðà, KerL- ìíîæåñòâî ïàð âèäà {z, 0} ∈ L, kerL - ìíîæåñòâî ýëåìåíòîâ z òàêèõ, ÷òî {z, 0} ∈ L.Ïóñòü G(t, s) - �óíêöèÿ �ðèíà [2℄ çàäà÷è l[y] = g(t), y′(0) = y′(b) = 0. Îáîçíà÷èì÷åðåç U(t) îïåðàòîðíóþ îäíîñòðî÷íóþ ìàòðèöó U(t) = (U1(t), U2(t)), ãäå U1(t) =
G(t, 0), U2(t) = G(t, b). Ïóñòü Q0 - ìíîæåñòâî òàêèõ ýëåìåíòîâ c ∈ H ⊕ H, ÷òî
A(t)U(t)c = 0 ïðè ïî÷òè âñåõ t; Q - îðòîãîíàëüíîå äîïîëíåíèå â H ⊕ H ê Q0.Ââåäåì íà Q ñêàëÿðíîå ïðîèçâåäåíèå

(c1, c2)− =

b∫

0

(A(s)U(s)c1, U(s)c2)ds (c1, c2 ∈ Q).Ïóñòü Q− - ïîïîëíåíèå Q ïî íîðìå, ïîðîæäåííîé ýòèì ñêàëÿðíûì ïðîèçâåäåíèåì,
Q+ - ïîçèòèâíîå ïðîñòðàíñòâî ïî îòíîøåíèþ ïî îòíîøåíèþ ê Q, Q−. Ñèìâîë Ũ(t)c
(c ∈ Q−) îáîçíà÷àåò êëàññ �óíêöèé, ê êîòîðîìó ñõîäèòñÿ â B ïîñëåäîâàòåëüíîñòü
{Ũ(t)cn} (cn ∈ Q), êîãäà {cn} ñõîäèòñÿ â Q− ê c. Ïóñòü V : Q− → B - îïåðàòîð,îïðåäåëåííûé ðàâåíñòâîì V c = Ũ(t)c. Òàê êàê kerV = {0} è îáëàñòü çíà÷åíèé Vçàìêíóòà, òî ñîïðÿæåííûé îïåðàòîð V ∗f̃ =

∫ b
0 U

∗(s)Ã(s)f(s)ds íåïðåðûâíî îòîáðà-æàåò B íà Q+.Ëåììà 1. Îòíîøåíèå L ñîñòîèò èç ìíîæåñòâà òàêèõ ïàð {ỹ, f̃} ∈ B⊕B, ÷òî
ỹ = Ũ(t)c+ F̃ , (1)ãäå c ∈ Q−, F̃ - êëàññ �óíêöèé, îòîæäåñòâëåííûõ â ïðîñòðàíñòâå B ñ �óíêöèåé

F (t) =
∫ b
0 G

∗(s, t)Ã(s)f(s)ds.Çàìå÷àíèå 1. Ýëåìåíò c ∈Q− è �óíêöèÿ F îïðåäåëÿþòñÿ ïî ïàðå {ỹ, f̃} ∈ Låäèíñòâåííûì îáðàçîì. Ïàðà {ỹ, f̃} ∈ L′ òîãäà è òîëüêî òîãäà, êîãäà c ∈ Q. Âýòîì ñëó÷àå c = {−y′(0), y′(b)}.Çàìå÷àíèå 2. V ∗f̃ = {F (0), F (b)}.Çàìå÷àíèå 3. Ïðè îòñóòñòâèè îïåðàòîðíîãî âåñà (ò.å. ïðè A(t) = E, ãäå E -òîæäåñòâåííûé îïåðàòîð) ñïðàâåäëèâî ðàâåíñòâî Q−=Ĥ−3/4 ⊕ Ĥ−3/4 [3, ñ. 256℄.Ëåììà 2. L0 - çàìêíóòîå ñèììåòðè÷åñêîå îòíîøåíèå è L∗
0 = L.Ñîïîñòàâèì êàæäîé ïàðå {ỹ, f̃} ∈ L ïàðó ãðàíè÷íûõ çíà÷åíèé ïî �îðìóëå

Γ{ỹ, f̃} = {c, V ∗f̃} ∈ Q− ⊕ Q+ (c òàêîå æå, êàê â ëåììå 1). Îáîçíà÷èì Γi = PiΓ
(i = 1, 2), ãäå P1, P2 - ïðîåêòîðû Q− ⊕Q+ íà Q−, Q+ ñîîòâåòñòâåííî.Òåîðåìà 1. Äëÿ ëþáûõ ïàð {ỹ, f̃}, {z̃, g̃} ∈ L ñïðàâåäëèâà "�îðìóëà �ðèíà":

(f̃ , z̃)B − (ỹ, g̃)B = (Y2, Z1) − (Y1, Z2),ãäå {Y1, Y2} = Γ{ỹ, f̃}, {Z1, Z2} = Γ{z̃, g̃}.Òåîðåìà 1 âëå÷åò, ÷òî ÷åòâåðêà (Q−, Q+,Γ1,Γ2) ÿâëÿåòñÿ ïðîñòðàíñòâîì ãðàíè÷-íûõ çíà÷åíèé (Ï�Ç) â ñìûñëå ðàáîò [4, 5℄ (ðåçóëüòàòû [4, 5℄ èçëîæåíû â [3℄). Ìåæäóîòíîøåíèÿìè θ ⊂ Q−⊕Q+ è îòíîøåíèÿìè Lθ ñî ñâîéñòâîì L0 ⊂ Lθ ⊂ L ñóùåñòâóåòâçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå, çàäàâàåìîå ðàâåíñòâîì ΓLθ = θ. Îòíîøåíèÿ θ è
Lθ îäíîâðåìåííî ÿâëÿþòñÿ èëè íåò çàìêíóòûìè, ìàêñèìàëüíûìè äèññèïàòèâíûìè(àêêóìóëÿòèâíûìè, ñèììåòðè÷åñêèìè), ñàìîñîïðÿæåííûìè. Èçîìåòðè÷åñêèé îïå-ðàòîð Ib, îòîáðàæàþùèé Q− íà Q+, îïðåäåëèì ðàâåíñòâîì Ib =

∫ b
0 U

∗(s)Ã(s)Ũ(s)ds.Îáîçíà÷èì I
1/2
b = (Ib |Q)1/2 :Q →Q+, Î1/2

b :Q−→Q - ðàñøèðåíèå I1/2
b íà Q−. Òîãäà
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Ib = I

1/2
b Î

1/2
b . Ïîëîæèì Ŷ1 = Î

1/2
b Γ1{ỹ, f̃}, Ŷ2 = I

−1/2
b Γ2{ỹ, f̃}. Èç [4, 5℄ è òåîðåìû 1ñëåäóåòÒåîðåìà 2. Äëÿ ëþáîãî ñæàòèÿ K â ïðîñòðàíñòâå Q⊕Q ãðàíè÷íûå óñëîâèÿ

(K − E)Ŷ2 + i(K + E)Ŷ1 = 0, (K − E)Ŷ2 − i(K + E)Ŷ1 = 0 (2)îïðåäåëÿþò â B ⊕ B ñîîòâåòñòâåííî ìàêñèìàëüíîå äèññèïàòèâíîå è ìàêñèìàëü-íîå àêêóìóëÿòèâíîå ðàñøèðåíèå îòíîøåíèÿ L0. Îáðàòíî, âñÿêîå ìàêñèìàëüíîåäèññèïàòèâíîå (ìàêñèìàëüíîå àêêóìóëÿòèâíîå) ðàñøèðåíèå îòíîøåíèÿ L0 îïðå-äåëÿåòñÿ óñëîâèåì (2), ãäå K - ñæàòèå (ïðåäïîëàãàåòñÿ, ÷òî D(K) = Q ⊕ Q).Ìàêñèìàëüíûå ñèììåòðè÷åñêèå (ñàìîñîïðÿæåííûå) ðàñøèðåíèÿ L0 îïèñûâàþòñÿóñëîâèÿìè (2), â êîòîðûõ K èçîìåòðè÷åñêèé (óíèòàðíûé) îïåðàòîð.Îòìåòèì, ÷òî ëèíåéíûå îòíîøåíèÿ âïåðâûå áûëè ïðèìåíåíû ê îïèñàíèþ ñàìîñî-ïðÿæåííûõ ðàñøèðåíèé äè��åðåíöèàëüíûõ îïåðàòîðîâ Ô.Ñ. �î�å-Áåêåòîâûì.Ïðè îòñóòñòâèè îïåðàòîðíîãî âåñà îòíîøåíèå L ÿâëÿåòñÿ îïåðàòîðîì è îïèñàíèåïåðå÷èñëåííûõ â òåîðåìå 2 ðàñøèðåíèé äàíî â ðàáîòàõ Ô.Ñ.�î�å-Áåêåòîâà, Ì.Ë.�îðáà÷óêà, Â.Ì.Áðóêà, Ë.È. Âàéíåðìàíà (Ýòè ðåçóëüòàòû èçëîæåíû â [3℄). �ðàíè÷-íûå çíà÷åíèÿ â ýòèõ ðàáîòàõ ñòðîèëèñü èíà÷å, ÷åì çäåñü.Ïóñòü ïàðà {ỹ, f̃} ∈ L. Òîãäà {ỹ, f̃ − λỹ} ∈ L − λE. Ïîëîæèì Γ(λ){ỹ, f̃ − λỹ} =

Γ{ỹ, f̃}, Γi(λ){ỹ, f̃ − λỹ} = Γi{ỹ, f̃} (i = 1, 2). Îáîçíà÷èì ÷åðåç ρ0 ìíîæåñòâî ÷èñåë
λ ∈ C, äëÿ êîòîðûõ îïåðàòîð λGA−E èìååò îãðàíè÷åííûé îáðàòíûé â L2(H; 0, b)(çäåñü GA - èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì A1/2(t)G(t, s)A1/2(s)). Ìíîæåñòâî ρ0ñîäåðæèò âñå íåäåéñòâèòåëüíûå, îòðèöàòåëüíûå ÷èñëà è íóëü. Äàëåå âñåãäà ñ÷èòà-åì, ÷òî λ ∈ ρ0. Ïðè òàêèõ λ îïåðàòîð Γ(λ) íåïðåðûâíî îòîáðàæàåò ïðîñòðàíñòâî
L − λE íà Q− ⊕ Q+ è ñóæåíèå Γ1(λ) íà Ker(L − λE) ÿâëÿåòñÿ âçàèìíî îäíîçíà÷-íûì îòîáðàæåíèåì íà Q−. Ñëåäîâàòåëüíî, ÷åòâåðêà (Q−, Q+,Γ1(λ),Γ2(λ)) ÿâëÿåòñÿÏ�Ç äëÿ îòíîøåíèÿ L− λE â ñìûñëå ðàáîò [6, 7℄. Îïåðàòîð Φ(λ) :Q− → Q+ îïðå-äåëèì ðàâåíñòâîì Φ(λ) = Γ2(λ)(Γ1(λ)|Ker(L−λE))

−1 (îòìåòèì, ÷òî ìîæíî âûïèñàòüÿâíûé âèä Φ(λ) ñ èñïîëüçîâàíèåì �óíêöèè �ðèíà çàäà÷è Íåéìàíà äëÿ âûðàæåíèÿ
l+[y] − λy). Èç [7℄ ñëåäóåòÒåîðåìà 3. Äëÿ ïðèíàäëåæíîñòè òî÷êè λ òî÷å÷íîìó ñïåêòðó σp(Lθ) îòíîøå-íèÿ Lθ íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ker(θ − Φ(λ)) 6= {0}. Ïóñòü îòíîøåíèå
θ çàìêíóòî. Òî÷êà λ ïðèíàäëåæèò îñòàòî÷íîìó ñïåêòðó σr(Lθ) (íåïðåðûâíîìóñïåêòðó σc(Lθ)) òîãäà è òîëüêî òîãäà, êîãäà îòíîøåíèå (θ − Φ(λ))−1 ÿâëÿåòñÿíåïëîòíî îïðåäåëåííûì (ïëîòíî îïðåäåëåííûì è íåîãðàíè÷åííûì) îïåðàòîðîì.Òî÷êà λ ïðèíàäëåæèò ðåçîëüâåíòíîìó ìíîæåñòâó ρ(Lθ) îòíîøåíèÿ Lθ â òîì èòîëüêî òîì ñëó÷àå, êîãäà (θ−Φ(λ))−1 ÿâëÿåòñÿ îãðàíè÷åííûì âñþäó îïðåäåëåííûìîïåðàòîðîì.Ïóñòü îòíîøåíèå θ èìååò âèä θ = S−1

2 ◦ S1, ãäå S2 : Q+ → B0 - îãðàíè÷åííûéîïåðàòîð, S1 ⊂ Q− ⊕ B0 - ëèíåéíîå îòíîøåíèå, B0 - êàêîå-ëèáî áàíàõîâî ïðîñòðàí-ñòâî. Åñëè S1 ÿâëÿåòñÿ îïåðàòîðîì, òî îòíîøåíèå θ ñîñòîèò èç âñåõ ïàð {g1, g2},óäîâëåòâîðÿþùèõ óñëîâèþ S1g1 = S2g2. Îòíîøåíèÿ θ è S1 îäíîâðåìåííî çàìêíóòûèëè íåò. Îòíîøåíèå C(λ) îïðåäåëèì ðàâåíñòâîì C(λ) = S1 − S2Φ(λ).Òåîðåìà 4. Äëÿ ïðèíàäëåæíîñòè òî÷êè λ òî÷å÷íîìó ñïåêòðó σp(Lθ) íåîáõîäè-ìî è äîñòàòî÷íî, ÷òîáû kerC(λ) 6={0}. Ïóñòü îòíîøåíèå S1 çàìêíóòî. Òî÷êà λïðèíàäëåæèò îñòàòî÷íîìó ñïåêòðó σr(Lθ) (íåïðåðûâíîìó ñïåêòðó σc(Lθ)) òîãäàè òîëüêî òîãäà, êîãäà C−1(λ) ÿâëÿåòñÿ îïåðàòîðîì è îïåðàòîð C−1(λ)S2 íåïëîò-íî îïðåäåëåí (ïëîòíî îïðåäåëåí è íåîãðàíè÷åí). Òî÷êà λ ïðèíàäëåæèò ρ(Lθ) â òîìè òîëüêî òîì ñëó÷àå, êîãäà C−1(λ) ÿâëÿåòñÿ îïåðàòîðîì ñ îáëàñòüþ îïðåäåëåíèÿ,ñîäåðæàùåé îáëàñòü çíà÷åíèé S2.Ïóñòü ỹ èìååò âèä (1), ãäå c ∈ Q. Òîãäà, ñîãëàñíî çàìå÷àíèÿì 1, 2, ïàðà {ỹ, f̃} ∈ L′è çíà÷åíèÿ y(0), y′(0), y(b), y′(b) îïðåäåëÿþòñÿ ïî ïàðå {ỹ, f̃} åäèíñòâåííûì îáðàçîì.Äëÿ êàæäîé òàêîé ïàðû {ỹ, f̃} ïîëîæèì
L1(y) = α11y(0) + α12y

′(0) + β11y(b) + β12y
′(b),

L1(y) = α21y(0) + α22y
′(0) + β21y(b) + β22y

′(b),



Äèññèïàòèâíûå è îáðàòèìûå îòíîøåíèÿ 21ãäå αij , βij (i, j = 1, 2) - îãðàíè÷åííûå ëèíåéíûå îïåðàòîðû â ïðîñòðàíñòâå H.Îáîçíà÷èì ÷åðåç Lθ0 îòíîøåíèå, ñîñòîÿùåå èç óïîðÿäî÷åííûõ ïàð {ỹ, f̃} ∈ L′,óäîâëåòâîðÿþùèõ ðàâåíñòâó L1(y) = L2(y) = 0. Ýòî óñëîâèå ñ ó÷åòîì (1) ìîæåòáûòü çàïèñàíî â ìàòðè÷íîì âèäå(
α11 β11

α21 β21

)[(
U1(0) U2(0)
U1(b) U2(b)

)(
−y′(0)
y′(b)

)
+

(
F (0)
F (b)

)]
+

(
−α12 β12

−α22 β22

)(
−y′(0)
y′(b)

)
=

(
0
0

)
.Îòñþäà, èç îïðåäåëåíèÿ ãðàíè÷íûõ îïåðàòîðîâ Γ1, Γ2 è èç ðàâåíñòâ U ′

1(0) = −E,
U ′

1(b) = U ′
2(0) = 0, U ′

2(b) = E èìååì
(
L1(U1) L1(U2)
L2(U1) L2(U2)

)
Γ1{ỹ, f̃} +

(
α11 β11

α21 β21

)
Γ2{ỹ, f̃} =

(
0
0

)
.Òàêèì îáðàçîì, îòíîøåíèå θ0 = Γ(Lθ0) ñîñòîèò èç óïîðÿäî÷åííûõ ïàð {g1, g2},óäîâëåòâîðÿþùèõ óñëîâèþ S1g1 = S2g2, ãäå S1, S2 - îïåðàòîðû, ïîðîæäàåìûå âïðîñòðàíñòâå B0 = H ⊕H ñîîòâåòñòâåííî ìàòðèöàìè(

L1(U1) L1(U2)
L2(U1) L2(U2)

)
,

(
−α11 −β11

−α21 −β21

)
.Âûÿñíèì, êîãäà 0 ∈ σp(Lθ0) (ñëó÷àé λ ∈ σp(Lθ0) ìîæåò áûòü ðàññìîòðåí àíàëî-ãè÷íî ñ èñïîëüçîâàíèåì �óíêöèè �ðèíà çàäà÷è Íåéìàíà äëÿ âûðàæåíèÿ l+[y]−λy).Èç îïðåäåëåíèÿ îïåðàòîðîâ Γ1, Γ2 è èç ëåììû 1 ñëåäóåò, ÷òî Φ(0) = 0. Ïîýòîìó îïå-ðàòîð C(0) = S1. Èç òåîðåìû 4 âûòåêàåò, ÷òî îòíîøåíèå Lθ0 îáðàòèìî (ò.å. L−1

θ0
-îïåðàòîð), òîãäà è òîëüêî òîãäà, êîãäà îòíîøåíèå S−1

1 ÿâëÿåòñÿ îïåðàòîðîì. Îòìå-òèì, ÷òî â ñëó÷àå îòñóòñòâèÿ îïåðàòîðíîãî âåñà ïîñëåäíåå óòâåðæäåíèå äîêàçàíî â[2℄. Ëèòåðàòóðà[1℄ Áðóê Â.Ì., Î ëèíåéíûõ îòíîøåíèÿõ â ïðîñòðàíñòâå âåêòîð-�óíêöèé. - Ìàòåì.çàìåòêè, ò. 24, � 4 (1978), ñ. 499 - 511.[2℄ Ëàïòåâ �.È., Ñèëüíî ýëëèïòè÷åñêèå óðàâíåíèÿ âòîðîãî ïîðÿäêà â ãèëüáåðòî-âîì ïðîñòðàíñòâå. - Ëèòîâñêèé ìàòåì. ñá., ò. 8, � 1 (1968), ñ. 87 - 99.[3℄ �îðáà÷óê Â.È., �îðáà÷óê Ì.Ë., �ðàíè÷íûå çàäà÷è äëÿ äè��åðåíöèàëüíî-îïå-ðàòîðíûõ óðàâíåíèé, Êèåâ, Íàóêîâà Äóìêà, 1984.[4℄ Êî÷óáåé À.Í., Î ðàñøèðåíèÿõ ñèììåòðè÷åñêèõ îïåðàòîðîâ è ñèììåòðè÷åñêèõáèíàðíûõ îòíîøåíèé. - Ìàòåì. çàìåòêè, ò. 17, � 1 (1975), ñ. 41 - 48.[5℄ Áðóê Â.Ì. Îá îäíîì êëàññå êðàåâûõ çàäà÷ ñî ñïåêòðàëüíûì ïàðàìåòðîì âãðàíè÷íîì óñëîâèè. - Ìàòåì. ñá., ò. 100, � 2 (1976), ñ. 210 - 216.[6℄ Áðóê Â.Ì. Îá îáðàòèìûõ ñóæåíèÿõ çàìêíóòûõ îïåðàòîðîâ â áàíàõîâûõ ïðî-ñòðàíñòâàõ. - Ôóíêöèîíàëüíûé àíàëèç, � 28, Óëüÿíîâñê, 1988, ñ. 17 - 22.[7℄ Áðóê Â.Ì. Î ñïåêòðå ëèíåéíûõ îòíîøåíèé, ñâÿçàííûõ ñ ðàâíîìåðíî êîððåêò-íûìè çàäà÷àìè. - Äè��åðåíöèàëüíûå óðàâíåíèÿ, ò. 43, � 1 (2007).Áðóê Â.Ì., Ñàðàòîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,Ñàðàòîâ, 410054, �îññèÿ;E-mail: bruk�san.ru èëè E-mail: vladislavbruk�mail.ru



ÓÄÊ 517.956.45, 517.983.36 Âàð�îëîìååâ Å.Ì.ÍÎ�ÌÀËÜÍÎÑÒÜ ÝËËÈÏÒÈ×ÅÑÊÈÕÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕÎÏÅ�ÀÒÎ�ÎÂ Ñ ÊÎÍÅ×ÍÛÌ ×ÈÑËÎÌÏ�ÅÎÁ�ÀÇÎÂÀÍÈÉ ÏÅ�ÅÌÅÍÍÛÕ11. ÂâåäåíèåÂ íåëèíåéíûõ îïòè÷åñêèõ ñèñòåìàõ ñ ïðåîáðàçîâàíèåì ïîëÿ â äâóìåðíîé îáðàò-íîé ñâÿçè âîçíèêàþò âðàùàþùèåñÿ âîëíîâûå ñòðóêòóðû, èñïîëüçóåìûå äëÿ êî-äèðîâàíèÿ è ïåðåäà÷è èí�îðìàöèè [13, 14℄. Ýòîò ý��åêò îïèñûâàåòñÿ áè�óðêà-öèåé Àíäðîíîâà�Õîï�à ïåðèîäè÷åñêèõ ðåøåíèé êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî�óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî ïðåîáðàçîâàíèå ïðî-ñòðàíñòâåííûõ ïåðåìåííûõ. Â ðàáîòàõ [2, 6, 10℄ òàêàÿ çàäà÷à ðàññìàòðèâàëàñü âïðîñòûõ ïðîñòðàíñòâåííûõ îáëàñòÿõ ñ îäíèì ïðåîáðàçîâàíèåì ïåðåìåííûõ, íàèáî-ëåå ÷àñòî èñïîëüçóåìûì íà ïðàêòèêå: ïîâîðîòîì íà ïîñòîÿííûé óãîë è ðàäèàëüíûìñæàòèåì. Ñëó÷àé ïðîèçâîëüíûõ îáëàñòè Q ⊂ R2 è ïðåîáðàçîâàíèÿ ïåðåìåííûõ èçó-÷àëñÿ â ðàáîòàõ [7, 11℄ ïðè óñëîâèè íîðìàëüíîñòè ëèíåàðèçîâàííîãî ýëëèïòè÷åñêîãî�óíêöèîíàëüíî-äè��åðåíöèàëüíîãî îïåðàòîðà çàäà÷è. Îáùèé ñëó÷àé áåç ïðåäïî-ëîæåíèÿ íîðìàëüíîñòè ðàññìàòðèâàëñÿ â ðàáîòàõ [1, 9℄.Â ðàáîòå [8℄ áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íîðìàëüíîñòèòàêîãî îïåðàòîðà, ñîäåðæàùåãî îäíî ïðåîáðàçîâàíèå ïåðåìåííûõ. Ïðè íåêîòîðûõóñëîâèÿõ áûëî äîêàçàíî, ÷òî îïåðàòîð íîðìàëåí òîãäà è òîëüêî òîãäà, êîãäà ïðå-îáðàçîâàíèå ïåðåìåííûõ ïðèíàäëåæèò êëàññó à��èííûõ ïðåîáðàçîâàíèé ñ îðòîãî-íàëüíûìè ìàòðèöàìè.Íîðìàëüíîñòü òàêîãî îïåðàòîðà â ñëó÷àå äâóõ ïðåîáðàçîâàíèé ïåðåìåííûõ èçó-÷àëàñü â ðàáîòàõ [3, 4, 12℄. �àññìàòðèâàëèñü ðàçëè÷íûå âàðèàíòû âçàèìîäåéñòâèÿäâóõ ïðåîáðàçîâàíèé. Â ÷àñòíîñòè, âàæíóþ ðîëü èãðàåò èõ êîììóòàòèâíîñòü. �å-çóëüòàòû ðàáîòû [8℄ î êëàññå ïðåîáðàçîâàíèé, äîïóñêàþùèõ íîðìàëüíîñòü, áûëèîáîáùåíû ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà êîý��èöèåíòû çàäà-÷è.Â íàñòîÿùåé ðàáîòå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íîðìàëüíîñòèëèíåàðèçîâàííîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî îïåðàòîðà çàäà÷è ñ ëþáûìêîíå÷íûì ÷èñëîì ïðåîáðàçîâàíèé ïåðåìåííûõ.2. Ïîñòàíîâêà çàäà÷èÏóñòü Q ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Q ⊂ C∞, n ≥ 2. Îáîçíà÷èì
gi, i = 1, . . . , N, N ≥ 2, âçàèìíî-îäíîçíà÷íûå ïðåîáðàçîâàíèÿ êëàññà C3, òàêèå ÷òî

gi : V ⊂ Rn → gi(V ) ⊂ Rn, |Jgi(x)| 6= 0, x ∈ V,ãäå V � îãðàíè÷åííàÿ îáëàñòü, Q ⊂ V, Jgi(x) = [∂gip/∂xq]
n
p,q=1 � ìàòðèöà ßêîáèïðåîáðàçîâàíèÿ gi, |Jgi(x)| = |detJgi(x)|, i = 1, . . . , N. Áóäåì ïðåäïîëàãàòü, ÷òîâûïîëíåíî ñëåäóþùåå óñëîâèå:

gi(Q) ⊂ Q, i = 1, . . . , N.Ââåäåì íåîãðàíè÷åííûé îïåðàòîð
A0 : L2(Q) → L2(Q), A0v = ∆v,ñ îáëàñòüþ îïðåäåëåíèÿ D(A0) = {v ∈ W 2

2 (Q) : Bv = 0}. Çäåñü W k
2 (Q) îáîçíà-÷àåò ïðîñòðàíñòâî Ñîáîëåâà êîìïëåêñíîçíà÷íûõ �óíêöèé, ïðèíàäëåæàùèõ L2(Q)1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò �04-01-00256.



Íîðìàëüíîñòü ýëëèïòè÷åñêèõ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ îïåðàòîðîâ 23âìåñòå ñî âñåìè îáîáùåííûìè ïðîèçâîäíûìè âïëîòü äî ïîðÿäêà k âêëþ÷èòåëüíî,îïåðàòîð Bv = v|∂Q èëè Bv = (∂v/∂ν)|∂Q çàäàåò êðàåâûå óñëîâèÿ, à ν � åäèíè÷íûéâåêòîð âíåøíåé íîðìàëè ê ∂Q â òî÷êå x ∈ ∂Q.Êàê èçâåñòíî, îïåðàòîð A0 � ñàìîñîïðÿæåííûé. �àññìîòðèì îïåðàòîð
A : L2(Q) → L2(Q), A = A0 +

N∑

i=1

Ai,ãäå Ai, i = 1, . . . , N, � îãðàíè÷åííûå ëèíåéíûå îïåðàòîðû ïðåîáðàçîâàíèÿ ïåðåìåí-íûõ, îïðåäåëåííûå íà âñåì ïðîñòðàíñòâå L2(Q) ïî �îðìóëå
Ai : L2(Q) → L2(Q), Aiv(x) = aiv(gi(x)),ãäå ai 6= 0 � âåùåñòâåííûå ÷èñëà, i = 1, . . . , N.Îïåðàòîð A íàçûâàåòñÿ íîðìàëüíûì, åñëè D(AA∗) = D(A∗A) è âûïîëíåíî

AA∗v = A∗Av, v ∈ D(AA∗).Ïîëîæèì D(A) = D(A0).Ââåäåì ìíîæåñòâà Gmgi
= {x ∈ Q : gmi (x) 6= x}, m = 1, 2, . . . , i = 1, . . . , N. Çäåñü

gmi (x) îáîçíà÷àåò ïðåîáðàçîâàíèå gi, ïðèìåíåííîå m ðàç. Áóäåì çàïèñûâàòü ñóïåð-ïîçèöèþ ïðåîáðàçîâàíèé â âèäå gigj(x), g−1
i gj(x) è ò. ä.3. Îñíîâíûå ðåçóëüòàòûÑíà÷àëà ââåäåì íåñêîëüêî óñëîâèé, êîòîðûå áóäóò èñïîëüçîâàòüñÿ ïðè �îðìó-ëèðîâêå òåîðåì.Óñëîâèå 1. ∑

i∈K

ai 6= 0 äëÿ ëþáîãî ïîäìíîæåñòâà K ⊂ {1, . . . , N}, òàêîãî ÷òî K 6= ∅.Óñëîâèå 2. gi(x) 6= gj
−1(x) äëÿ ïî÷òè âñåõ x ∈ Q è âñåõ i, j = 1, . . . , N, i 6= j.Óñëîâèå 3. N∑

i,j=1
i<j

αij aiaj 6= 0 äëÿ ëþáîãî ìíîæåñòâà α = {αij}Ni,j=1
i<j

, òàêîãî ÷òî
αij ∈ {−2,−1, 0, 1, 2}, α 6= {0}Ni,j=1

i<j

.Ñëåäóþùèå äâà óñëîâèÿ ÿâëÿþòñÿ áîëåå ñëàáûìè âåðñèÿìè óñëîâèé 1 è 3. Ïîëî-æèì 1 ≤M ≤ N.Óñëîâèå 1M . ∑
i∈K

ai 6= 0 äëÿ ëþáîãî ïîäìíîæåñòâà K ⊂ {1, . . . ,M}, òàêîãî ÷òî
K 6= ∅.Óñëîâèå 3M . M,N∑

i,j=1
i<j

αij aiaj 6=0 äëÿ ëþáîãî ìíîæåñòâà α= {αij}M,N
i,j=1
i<j

, òàêîãî ÷òî
αij ∈{−2,−1, 0, 1, 2}, α 6= {0}M,N

i,j=1
i<j

.Îñíîâíûìè ðåçóëüòàòàìè ýòîé ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû.Òåîðåìà 1. Ïóñòü G2
gi
6= ∅ è gi(Q) = Q, i = 1, . . . , N.(à) Åñëè îïåðàòîð A � íîðìàëüíûé è âûïîëíåíû óñëîâèÿ 1 è 2, òî

gi(x) = Kix+ bi, x ∈ Q, i = 1, . . . , N, (1)ãäå Ki � îðòîãîíàëüíûå ìàòðèöû ðàçìåðà n× n, K2
i 6= E, bi ∈ Rn.(á) Åñëè âûïîëíåíî ñâîéñòâî (1) è

gigj(x) = gjgi(x), x ∈ Q, i, j = 1, . . . , N, (2)òî îïåðàòîð A � íîðìàëüíûé.



24 Âàð�îëîìååâ Å.Ì.(â) Åñëè âûïîëíåíû óñëîâèÿ 1, 2 è 3, òî îïåðàòîð A ÿâëÿåòñÿ íîðìàëüíûìòîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû ñâîéñòâà (1) è (2).Òåîðåìà 2. Ïóñòü G2
gi

= ∅, i = 1, . . . , N. Òîãäà gi(Q) = Q, i = 1, . . . , N, è ñïðàâåä-ëèâû ñëåäóþùèå óòâåðæäåíèÿ:(à) Åñëè îïåðàòîð A � íîðìàëüíûé è âûïîëíåíî óñëîâèå 1, òî
|Jgi(x)| = 1, x ∈ Q, i = 1, . . . , N, (3)à îïåðàòîð A ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.(á) Åñëè âûïîëíåíî ñâîéñòâî (3), òî îïåðàòîð A � ñàìîñîïðÿæåííûé.Òåîðåìà 3. Ïóñòü G2

gi
6= ∅ è gi(Q) = Q, i = 1, . . . ,M, à òàêæå G2

gi
= ∅, i = M +

1, . . . , N. Òîãäà gi(Q) = Q, i = M+1, . . . , N, è ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:(à) Åñëè îïåðàòîð A � íîðìàëüíûé è âûïîëíåíû óñëîâèÿ 1M è 2, òî
gi(x) = Kix+ bi, x ∈ Q, i = 1, . . . ,M, (4)
|Jgi(x)| = 1, x ∈ Q, i = M + 1, . . . , N, (5)ãäå Ki � îðòîãîíàëüíûå ìàòðèöû ðàçìåðà n× n, K2

i 6= E, bi ∈ Rn.(á) Åñëè âûïîëíåíû ñâîéñòâà (4) è (5), à òàêæå
gigj(x) = gjgi(x), x ∈ Q, i = 1, . . . ,M, j = 1, . . . , N, (6)òî îïåðàòîð A � íîðìàëüíûé.(â) Åñëè âûïîëíåíû óñëîâèÿ 1M , 2 è 3M , òî îïåðàòîð A ÿâëÿåòñÿ íîðìàëüíûìòîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû ñâîéñòâà (4)�(6).4. ÊîììåíòàðèèÑóùåñòâåííîñòü óñëîâèé, âõîäÿùèõ â ñîñòàâ ïîëó÷åííûõ ðåçóëüòàòîâ, äëÿ ñëó÷àÿäâóõ ïðåîáðàçîâàíèé ïðîñòðàíñòâåííûõ ïåðåìåííûõ áûëà ïîêàçàíà íà íåñêîëüêèõêîíòðïðèìåðàõ â ïðåäøåñòâóþùèõ ðàáîòàõ [3, 12℄. Â ñëó÷àå ïðîèçâîëüíîãî ÷èñëàïðåîáðàçîâàíèé ñîîòâåòñòâóþùèå êîíòðïðèìåðû ñòðîÿòñÿ àíàëîãè÷íî.Â ñëó÷àå áîëåå äâóõ ïðåîáðàçîâàíèé ïåðåìåííûõ ïîÿâëÿåòñÿ íîâîå óñëîâèå 3.Îíî äîñòàòî÷íî ãðîìîçäêî, îäíàêî îíî âûïîëíÿåòñÿ äëÿ ïî÷òè âñåõ âåêòîðîâ

(a1, . . . , aN ), èñêëþ÷àÿ òîëüêî ìíîæåñòâî ìåðû íóëü â RN (êîíå÷íîå ÷èñëî ãèïåðïî-âåðõíîñòåé). Ñ äðóãîé ñòîðîíû, ìíîãèå ïðîñòûå íàáîðû êîý��èöèåíòîâ a1, . . . , aNíå óäîâëåòâîðÿþò óñëîâèþ 3 (íàïðèìåð, êîý��èöèåíòû a1 = 1, a2 = 2, a3 = 3).Òðóäíîñòü çàêëþ÷àåòñÿ â òîì, ÷òî óñëîâèå 3 ïðè áîëüøèõ N ïðàêòè÷åñêè íåâîç-ìîæíî ïðîâåðèòü: òðåáóåòñÿ ïðîâåðèòü 5N(N−1)/2−3N(N−1)/2 íåðàâåíñòâ. Óñëîâèå 3òðåáóåòñÿ òîëüêî äëÿ òîãî, ÷òîáû äîêàçàòü, ÷òî ñâîéñòâî (2) â òåîðåìå 1 ñëåäóåò èçíîðìàëüíîñòè îïåðàòîðà A. Óñëîâèå 3M ïðè M < N ÿâëÿåòñÿ áîëåå ñëàáûì, ÷åìóñëîâèå 3, è òðåáóåòñÿ òîëüêî äëÿ òîãî, ÷òîáû äîêàçàòü, ÷òî ñâîéñòâî (6) â òåîðåìå 3ñëåäóåò èç íîðìàëüíîñòè îïåðàòîðà A.�àññìîòðèì ïðèìåð ÷èñåë a1, . . . , aN , óäîâëåòâîðÿþùèõ óñëîâèþ 3. Ôàêòè÷åñêè,ñ�îðìóëèðóåì íåêîòîðûå äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûé âûïîëíÿåòñÿ óñëî-âèå 3. Èñïîëüçóåì îáîçíà÷åíèå Q äëÿ ìíîæåñòâà ðàöèîíàëüíûõ ÷èñåë.Ëåììà 1. Ïóñòü ÷èñëà
ni = b0q

ki , i = 1, . . . , N,òàêîâû, ÷òî ki ∈ N ∪ {0}, k1 < k2 < . . . < kN , b0, q ∈ N è q ≥ 3. Òîãäà ÷èñëà
ai = cosni, i = 1, . . . , N,óäîâëåòâîðÿþò óñëîâèþ 3.Ëåììà 2. Ïóñòü a1, . . . , aN � ÷èñëà, çàäàííûå â ëåììå 1. Òîãäà äëÿ ëþáûõ

ã1, . . . , ãN ∈Q, δ ∈Q (δ 6= 0) ÷èñëà
ãi + δai, i = 1, . . . , N,óäîâëåòâîðÿþò óñëîâèþ 3.



Íîðìàëüíîñòü ýëëèïòè÷åñêèõ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ îïåðàòîðîâ 25Òàêèì îáðàçîì, ìîæíî âçÿòü ëþáîé íàáîð ðàöèîíàëüíûõ ÷èñåë ã1, . . . , ãN , óäî-âëåòâîðÿþùèé èëè íå óäîâëåòâîðÿþùèé óñëîâèþ 3, è ìîäè�èöèðîâàòü åãî ñîãëàñíîëåììå 2 (ïðè ýòîì δ 6= 0 ìîæíî âûáèðàòü ñêîëü óãîäíî ìàëûì). Òîãäà â ñèëó ëåì-ìû 2 ìîäè�èöèðîâàííûé íàáîð ÷èñåë ã1 + δa1, . . . , ãN + δaN áóäåò óäîâëåòâîðÿòüóñëîâèþ 3.Ñëåäóþùàÿ ëåììà ïîêàçûâàåò, êàêèì îáðàçîì óñëîâèå 3M âêëþ÷åíî â òåîðåìó 3.Ëåììà 3. Ïóñòü G2
gi

6= ∅ è gi(Q) = Q, i = 1, . . . ,M, à òàêæå G2
gi

= ∅, i =
M + 1, . . . , N. Òîãäà gi(Q) = Q, i = M + 1, . . . , N, è åñëè îïåðàòîð A íîðìàëüíûé èâûïîëíåíû óñëîâèÿ 1M è 2, òî(1) gi(x) = Kix + bi, x ∈ Q, ãäå Ki � îðòîãîíàëüíûå ìàòðèöû ðàçìåðà n × n,

K2
i 6= E, bi ∈ Rn, i = 1, . . . ,M ;(2) |Jgi(x)| = 1, x ∈ Q, i = M + 1, . . . , N.Åñëè, êðîìå òîãî, âûïîëíåíî óñëîâèå 3M , òî(3) gigi(x) = gigj(x), x ∈ Q, i = 1, . . . ,M, j = 1, . . . , N.�àññìîòðèì ïðèìåð, ïîêàçûâàþùèé, ÷òî óñëîâèå 3M ñóùåñòâåííî â ëåììå 3.Ïðèìåð 1. Ïðè N = 3, n = 3 ðàññìîòðèì îïåðàòîð A = A0+A1+A2+A3. Ïîëîæèì

a1 = a2 = a3 = 1, òîãäà óñëîâèå 3M íå âûïîëíÿåòñÿ. Âîçüìåì ñëåäóþùèå à��èííûåïðåîáðàçîâàíèÿ ñ îðòîãîíàëüíûìè ìàòðèöàìè:
g1(x) =




0 0 −1
0 1 0
1 0 0





x1

x2

x3


, g2(x) =



−1 0 0

0 1 0
0 0 1





x1

x2

x3


, g3(x) =




1 0 0
0 1 0
0 0 −1





x1

x2

x3


.Ïóñòü x ∈ Q = {x ∈ R3 : x2
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3 < 1}. Òîãäà g1(Q) = g2(Q) = g3(Q) = Q è ëåãêîïðîâåðèòü, ÷òî
g2
2(x) = x, g2

3(x) = x, g2g3(x) = g3g2(x), x ∈ Q;

g2
1(x) 6= x, g1g2(x) 6= g2g1(x), g1g3(x) 6= g3g1(x), x ∈ Q\{x : x1 = 0, x3 = 0}.Â òåðìèíàõ ëåììû 3 ïîëó÷èì, ÷òî G2

g1 = Q \ {x : x1 = 0, x3 = 0} 6= ∅ è G2
g2 =

G2
g3 = ∅. Êîý��èöèåíòû a1 = a2 = a3 = 1 óäîâëåòâîðÿþò óñëîâèþ 1M . Òàêæåëåãêî óáåäèòüñÿ â òîì, ÷òî âûïîëíåíî óñëîâèå 2 (ïîñêîëüêó ìàòðèöû îðòîãîíàëüíû,îáðàòíûå ïðåîáðàçîâàíèÿ ïîëó÷àþòñÿ ïåðåõîäîì ê òðàíñïîíèðîâàííûì ìàòðèöàì).Äîêàæåì, ÷òî îïåðàòîð A íîðìàëüíûé. Î÷åâèäíî, ÷òî äëÿ ëþáîãî x ∈ Q

g1g
−1
2 (x) = g−1

1 g3(x), g2g
−1
1 (x) = g−1

3 g1(x), (7)
g1g

−1
3 (x) = g−1

2 g1(x), g3g
−1
1 (x) = g−1

1 g2(x). (8)Ïîñêîëüêó g1, g2, g3 � à��èííûå ïðåîáðàçîâàíèÿ ñ îðòîãîíàëüíûìè ìàòðèöàìè,ëåãêî ïîêàçàòü, ÷òî A0Aiu = AiA0u è A0A
∗
iu = A∗

iA0u, i = 1, 2, 3, u ∈ D(AA∗).Ñëåäîâàòåëüíî, íîðìàëüíîñòü îïåðàòîðà A ýêâèâàëåíòíà íîðìàëüíîñòè îïåðàòîðà
A1 +A2 +A3 ïðè u ∈ D(AA∗). Ëåãêî ïðîâåðèòü, ÷òî îïåðàòîð A1 +A2 +A3 ÿâëÿåòñÿíîðìàëüíûì â ñèëó ðàâåíñòâ g2g3(x) = g3g2(x) (x ∈ Q), (7) è (8).Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ ëåììû 3, êðîìå óñëîâèÿ 3M . Îïåðàòîð Aÿâëÿåòñÿ íîðìàëüíûì, îäíàêî ïðåîáðàçîâàíèå g1 íå êîììóòèðóåò ñ g2 è g3. Ñëåäî-âàòåëüíî, óñëîâèå 3M ñóùåñòâåííî â ëåììå 3.�àññìîòðèì êëàññû ïðåîáðàçîâàíèé (1) è (3), çàäàííûå òåîðåìàìè 1�3. Î÷åâèä-íî, ÷òî ïðåîáðàçîâàíèÿ êëàññà (1) ÿâëÿþòñÿ òàêæå ïðåîáðàçîâàíèÿìè êëàññà (3).�àññìîòðèì ïðèìåð, ïîêàçûâàþùèé, ÷òî ñóùåñòâóþò ïðåîáðàçîâàíèÿ êëàññà (3), íåïðèíàäëåæàùèå êëàññó (1).Ïðèìåð 2. Â ñîîòâåòñòâèè ñ óñëîâèÿìè òåîðåìû 2 ïîñòðîèì âçàèìíî-îäíîçíà÷íîåïðåîáðàçîâàíèå g, òàêîå ÷òî g ∈ C3, g(Q) = Q, g2(x) = x è |Jg(x)| = 1 äëÿ âñåõ
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x ∈ Q. Ïîëîæèì Q = {(x1, x2) ∈ R2 : x2

1 + x2
2 < 1} è ðàññìîòðèì ïðåîáðàçîâàíèåêâàçèïîâîðîòà

ω : (r, ϕ) 7→ (r, ω̂(r, ϕ)),ãäå r è ϕ � ïîëÿðíûå êîîðäèíàòû, ñîîòâåòñòâóþùèå êîîðäèíàòàì (x1, x2). Èñïîëü-çóÿ ñîîòíîøåíèÿ
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,ëåãêî ïîêàçàòü, ÷òî |Jω(r, ϕ)| =

∣∣∣∣
∂

∂ϕ
ω̂(r, ϕ)

∣∣∣∣ . Ïîëîæèì
ω̂(r, ϕ) = ϕ+ r2.Òîãäà |Jω(r, ϕ)| ≡ 1. Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèå ω âçàèìíî-îäíîçíà÷-íî, ω(Q) = Q, à îáðàòíîå ïðåîáðàçîâàíèå ω−1(x) îïðåäåëÿåòñÿ �óíêöèåé

ω̂(r, ϕ) = ϕ− r2. Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî ω ∈ C3.Ïðåîáðàçîâàíèå ω íå ïðèíàäëåæèò êëàññó (1).Îáîçíà÷èì ÷åðåç h âçàèìíî-îäíîçíà÷íîå ïðåîáðàçîâàíèå îòðàæåíèÿ îòíîñèòåëü-íî äèàìåòðà êðóãà Q. Î÷åâèäíî, ÷òî h ∈ C∞, h(Q) = Q, à òàêæå h2(x) = x è
|Jh(x)| = 1 äëÿ âñåõ x ∈ Q. Ïðåîáðàçîâàíèå h ïðèíàäëåæèò êëàññó (1).Òîãäà ïðåîáðàçîâàíèå g = ω−1hω îáëàäàåò âñåìè òðåáóåìûìè ñâîéñòâàìè, îäíàêîíå ïðèíàäëåæèò êëàññó (1).Â ðàáîòå [11℄ ïîñòðîåí ñëåäóþùèé ïðèìåð ïðåîáðàçîâàíèÿ êëàññà (3), íå ïðèíàä-ëåæàùåãî êëàññó (1). Îòìåòèì, ÷òî çäåñü îáëàñòü Q íå ÿâëÿåòñÿ êðóãîì.Ïðèìåð 3. Ïóñòü Q ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Q ∈ C∞, òàêàÿ÷òî:(1) åñëè x = (x1, x2) ∈ Γ1, òî (x1,−x2) ∈ Γ1, ãäå Γ1 = {x ∈ ∂Q : |x2| ≥ 7/4};(2) ìíîæåñòâî Γ2 = {x ∈ ∂Q : 0 ≤ x2 ≤ 7/4} ñîñòîèò èç äâóõ îòðåçêîâ {x : x1 =

±2, 0 ≤ x2 ≤ 7/4};(3) ìíîæåñòâî Γ3 = {x ∈ ∂Q : −7/4 ≤ x2 ≤ 0} ñîñòîèò èç äâóõ êðèâûõ {x :
x1 = ±2 + ξ(x2), −7/4 ≤ x2 ≤ 0}, ãäå ξ ∈ Ċ∞(R) � íå÷åòíàÿ �óíêöèÿ,òàêàÿ ÷òî 0 ≤ ξ(t) ≤ 1/2, ξ(t) = 1/2 ïðè 3/4 ≤ t ≤ 5/4, ξ(t) = 0 ïðè t ∈
[0, 1/2] ∪ [3/2,∞).�àññìîòðèì îòîáðàæåíèå g(x) = (x1−ξ(x2),−x2). Î÷åâèäíî, |Jg(x)| = 1 è g2(x) =

x äëÿ âñåõ x ∈ Q, à òàêæå g ∈ C∞ è g(Q) = Q.Àâòîð áëàãîäàðåí ïðî�. À. Ë. Ñêóáà÷åâñêîìó çà ïîñòàíîâêó çàäà÷è è ïîñòîÿííîåâíèìàíèå. Àâòîð áëàãîäàðåí ïðî�. Â. È. Âëàñîâó è �. Â. Øàìèíó çà îáñóæäåíèå èðÿä öåííûõ ñîâåòîâ.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò �04-01-00256.Ñïèñîê ëèòåðàòóðû[1℄ Áåëàí Å. Ï.Î áè�óðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé â ïàðàáîëè÷åñêîì �óíêöèîíàëüíî-äè��å-ðåíöèàëüíîì óðàâíåíèè// Ó÷åíûå çàïèñêè ÒÍÓ. Ñåð. ìàò. ìåõ. èí�îðì. è êèáåðí. � 2002. �2. � Ñ. 11�23.[2℄ Áåëàí Å. Ï., Ëûêîâà Î. Á. Áè�óðêàöèè âðàùàþùèõñÿ ñòðóêòóð â ïàðàáîëè÷åñêîì �óíêöèî-íàëüíî-äè��åðåíöèàëüíîì óðàâíåíèè// Íåëiíiéíi êîëèâàííÿ. � 2006. � 9, � 2. � Ñ. 155�169.[3℄ Âàð�îëîìååâ Å. Ì. Íîðìàëüíîñòü ýëëèïòè÷åñêîãî �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî îïå-ðàòîðà ñ äâóìÿ ïðåîáðàçîâàíèÿìè ïåðåìåííûõ// Spe
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ÓÄÊ 519.833.7 Æóêîâñêèé Â.È, Êóäðÿâöåâ Ê.Í.ÑÓÙÅÑÒÂÎÂÀÍÈÅ �À�ÀÍÒÈ�ÎÂÀÍÍÎ�ÎÄÅËÅÆÀ Â ÊÎÍÒ�ÑÒ�ÀÒÅ�ÈßÕ 1Â ñòàòüå óñòàíîâëåíî ñóùåñòâîâàíèå ãàðàíòèðîâàííîãî ïî âûèãðûøàì è ðèñ-êàì ðåøåíèÿ â êîîïåðàòèâíîé èãðå äâóõ ëèö ñ ïîáî÷íûìè ïëàòåæàìè è äèñêðè-ìèíàöèåé íåîïðåäåëåííîñòè.In this paper we 
onsider 
ooperative games with side payments under un
ertainty.We formalize and prove existen
e of su
h game solution, guaranteed for winnings andrisks. 1. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ êîîïåðàòèâíàÿ èãðà äâóõ ëèö ñ ïîáî÷íûìè ïëàòåæàìè è ïðèíåîïðåäåëåííîñòè
Γ = 〈{1, 2}, {XY

i }i=1,2,Y, {fi(x(y), y)}i=1,2〉. (1)Çäåñü 1 è 2 � ïîðÿäêîâûå íîìåðà èãðîêîâ, Y ⊆ Rm � ìíîæåñòâî íåîïðåäåëåí-íîñòåé y, î ðåàëèçàöèÿõ êîòîðûõ èãðîêè íå èìåþò íèêàêèõ ñòàòèñòè÷åñêèõ äàí-íûõ, íî èçâåñòíû ãðàíèöû èõ èçìåíåíèÿ. Íàïðèìåð, â ýêîíîìè÷åñêèõ çàäà÷àõ"ðîëü"íåïðåäåëåííîñòåé ìîãóò âûïîëíÿòü ïîãîäíûå óñëîâèÿ, íåîæèäàííûå ñêà÷-êè àðåíäíîé ïëàòû è òðàíñïîðòíûõ èçäåðæåê, íåïðåäñêàçóåìûå êîëåáàíèÿ öåí íàíå�òü èëè äðóãèå ýíåðãîðåñóðñû è ò.ï. Ìíîæåñòâî äîïóñòèìûõ "äåéñòâèé"i-ãî èã-ðîêà Xi ⊆ Rni (i = 1, 2). Ýëåìåíòàìè Xi ìîãóò áûòü, íàïðèìåð, öåíû (óñòàíàâ-ëèâàåìûå ïðîäàâöîì), îáúåìû âûïóñêà ïðîäóêöèè, ïðåìèè, øòðà�û è äðóãèå ìå-ðû ïîîùðåíèÿ è íàêàçàíèÿ. Ñòðàòåãèè (êîíòðñòðàòåãèè) i-ãî èãðîêà xi(y) ∈ XY
i

(i = 1, 2) îòîæäåñòâëÿþòñÿ ñ íåïðåðûâíûìè �óíêöèÿìè xi(y) : Y → Xi (i = 1, 2),ò.å. xi(·) ∈ Cni(Y,Xi). Â ÷àñòíîñòè, åñëè xi(y) = 
onst ïðè ∀y ∈ Y, òî (1) ïðåâðàùà-åòñÿ â èãðó
〈{1, 2}, {Xi}i=1,2,Y, {fi(x, y)}i=1,2〉, (2)ñ ÷èñòûìè ñòðàòåãèÿìèè íåîïðåäåëåííîñòÿìè.Ñâîéñòâàì ãàðàíòèðîâàííîãî ïî âûèãðûøàì è ðèñêàì ðåøåíèÿ èãðû (2) áûëàïîñâÿùåíà ðàáîòà [1℄.Èãðà (1) ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Èãðîêè ïóòåì ïåðåãîâîðîâ ñîãëàñî-âàííî âûáèðàþò ñâîè ñòðàòåãèè xi(y) ∈ Cni(Y,Xi), â ðåçóëüòàòå ÷åãî ñêëàäûâà-åòñÿ ñèòóàöèÿ x(y) = (x1(y), x2(y)) ∈ XY = (X1 × X2)

Y. Îäíîâðåìåííî ñ ýòèì èíåçàâèñèìî îò âûáîðà èãðîêîâ ðåàëèçóåòñÿ îäíà èç íåîïðåäåëåííîñòåé y ∈ Y, î÷åì ñîîáùàåòñÿ èãðîêàì. Ïîýòîìó èãðå (1) ïðèñóùå ñâîéñòâî èí�îðìàöèîííîé äèñ-êðèìèíàöèè íåîïðåäåëåííîñòè. Ñ ïîìîùüþ ðåàëèçîâàâøåéñÿ íåîïðåäåëåííîñòè yèãðîêè âû÷èñëÿþò çíà÷åíèÿ ñâîèõ ñòðàòåãèé xi = xi(y) ∈ Xi (i = 1, 2). Íà îá-ðàçîâàâøèõñÿ â ðåçóëüòàòå ïàðàõ (x(y), y) îïðåäåëåíà ñêàëÿðíàÿ �óíêöèÿ âûèã-ðûøà i-ãî èãðîêà fi(x, y) : X × Y → R (i = 1, 2), çíà÷åíèå êîòîðîé ïðè ðåàëèçî-âàâøåéñÿ íåîïðåäåëåííîñòè y è âû÷èñëåííîé ïî ýòîé íåîïðåäåëåííîñòè ñèòóàöèè
x = x(y) = (x1(y), x2(y)) ∈ X íàçûâàåòñÿ ïðåäâàðèòåëüíûì âûèãðûøåì i-ãî èãðîêà.Ïðåäâàðèòåëüíûì ðèñêîì [2℄ i-ãî èãðîêà áóäåì íàçûâàòü çíà÷åíèå �óíêöèè ðèñêà

Φi(x, y) = fi(x
P (y), y) − fi(x, y) (i = 1, 2),ãäå xP (y) åñòü ïðè êàæäîì y ∈ Y ìàêñèìàëüíàÿ ïî Ïàðåòî (ý��åêòèâíàÿ) àëüòåð-íàòèâà [3, 
.31℄ â äâóõêðèòåðèàëüíîé çàäà÷å

〈X, {fi(x, y)}i=1,2〉. (3)1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò �05-01-00419)



Ñóùåñòâîâàíèå ãàðàíòèðîâàííîãî äåëåæà â êîíòðñòðàòåãèÿõ 29Â [2, ñ.161℄ óñòàíîâëåí ñëåäóþùèé �àêò:Ëåììà 1. Åñëè ìíîæåñòâà Xi (i = 1, 2) âûïóêëûå êîìïàêòû, Y åñòü êîìïàêò,êàæäàÿ èç �óíêöèé fi(x, y) (i = 1, 2) íåïðåðûâíà íà X × Y è ñòðîãî âîãíóòà ïî xïðè êàæäîì y ∈ Y, òî �óíêöèè Φi(x, y) (i = 1, 2) íåïðåðûâíû íà X × Y.Ôóíêöèÿ ðèñêà ÷èñëåííî îöåíèâàåò ðèñê èãðîêà â òîì, ÷òî îí âûáðàë ñâîþ ñòðà-òåãèþ èç ñèòóàöèè x, à íå èç xP (y), õîòÿ ïîñëåäíÿÿ è äîñòàâëÿåò âåêòîðíûé ìàêñè-ìóì â äâóõêðèòåðèàëüíîé çàäà÷å (3).Íà âòîðîì ýòàïå èãðû èãðîêè ñîãëàñîâàííî ïåðåðàñïðåäåëÿþò ìåæäó ñîáîé ñóì-ìàðíûé ïðåäâàðèòåëüíûé âûèãðûø f1(x(y), y)+f2(x(y), y) è ñóììàðíûé ïðåäâàðè-òåëüíûé ðèñê Φ1(x(y), y) + Φ2(x(y), y). Ïðè ýòîì âûèãðûøè ñóììèðóþòñÿ òîëüêî ñâûèãðûøàìè, à ðèñêè - ñ ðèñêàìè.Íà "ñîäåðæàòåëüíîì óðîâíå", öåëüþ i-ãî èãðîêà ÿâëÿåòñÿ âûáîð òàêîé ñâîåé ñòðà-òåãèè xi(·) ∈ Cni(Y,Xi) (i = 1, 2) è òàêîå ïîñëåäóþùåå ñîãëàñîâàííîå ïåðåðàñïðåäå-ëåíèå ìåæäó èãðîêàìè âûèãðûøåé è ðèñêîâ, ÷òîáû åãî îêîí÷àòåëüíûé âûèãðûøáûë ïî âîçìîæíîñòè áîëüøå, à îêîí÷àòåëüíûé ðèñê ïî âîçìîæíîñòè ìåíüøå. Îä-íîâðåìåííî ñ ýòèì, ïåðåðàñïðåäåëåííûå âûèãðûøè è ðèñêè äîëæíû áûòü íå õóæåòåõ, êîòîðûå êàæäûé èãðîê ìîã äîñòè÷ü, äåéñòâóÿ ñàìîñòîÿòåëüíî, íåçàâèñèìî îòîñòàëüíûõ. Ïðè ýòîì ïîä÷åðêíåì, ÷òî âûáèðàÿ ñâîþ ñòðàòåãèþ, èãðîêè äîëæíûîðèåíòèðîâàòüñÿ íà âîçìîæíîñòü ðåàëèçàöèè ëþáîé íåîïðåäåëåííîñòè y èç Y.2. Ôîðìàëèçàöèÿ ãàðàíòèðîâàííîãî ðåøåíèÿÏðè êàæäîì y ∈ Y äëÿ �óíêöèé âûèãðûøà fi(x, y) (i = 1, 2) ïîñòðîèì ñëåäóùèåìàêñèìèíû
f0
1 [y] = max

x1∈X1

min
x2∈X2

f1(x1, x2, y),

f0
2 [y] = max

x2∈X2

min
x1∈X1

f2(x1, x2, y).Àíàëîãè÷íî äëÿ �óíêöèé ðèñêà Φi(x, y) (i = 1, 2) äàëåå èñïîëüçóåì ñëåäóþùèåìèíèìàêñû
Φ0

1[y] = min
x1∈X1

max
x2∈X2

Φ1(x1, x2, y),

Φ0
2[y] = min

x2∈X2

max
x1∈X1

Φ2(x1, x2, y), ∀y ∈ Y.Â [1, ñ.143℄ óñòàíîâëåíî, ÷òî åñëè Xi ∈ 
omp Rni , Y ∈ 
omp Rm, �óíêöèè fi(x, y)è Φi(x, y) íåïðåðûâíû íà X × Y, òî �óíêöèè f0
i [y] è Φ0

i [y] (i = 1, 2) íåïðåðûâíû íà
Y.Ôèêñèðóåì íåêîòîðóþ íåîïðåäåëåííîñòü y ∈ Y è ââåäåì ìíîæåñòâà X(y) è X(y)ñèòóàöèé, óäîâëåòâîðÿþùèõ óñëîâèþ èíäèâèäóàëüíîé ðàöèîíàëüíîñòè äëÿ �óíê-öèé âûèãðûøà fi(x, y) (i = 1, 2) è ðèñêà Φi(x, y) (i = 1, 2) ñîîòâåòñòâåííî, èìåííî,

X(y) =
{
x ∈ X : fi(x, y) ≥ f0

i [y] (i = 1, 2)
}
,

X(y) =
{
x ∈ X : Φi(x, y) ≤ Φ0

i [y] (i = 1, 2)
}

∀y ∈ Y.

(4)Â [1, ñ.144℄ ïîêàçàíî, ÷òî ìíîæåñòâà X(y) è X(y) ñîâïàäàþò ïðè êàæäîì y ∈ Y, è÷òî X(y) íå ïóñòî ïðè êàæäîì y ∈ Y ïðè îáû÷íûõ äëÿ òåîðèè èãð óñëîâèÿõ (fi(x, y)è Φi(x, y) (i = 1, 2) íåïðåðûâíû íà ïðîèçâåäåíèè êîìïàêòîâ X × Y).Ëåììà 2. [4, 
.118℄ Ïðè êàæäîì y ∈ Y ìíîæåñòâî X(y) åñòü êîìïàêò â Rn1+n2.Íèæå èñïîëüçóþòñÿ âåêòîðà f = (f1, f2), Φ = (Φ1,Φ2) è ïðåäïîëàãàåòñÿ, ÷òî�óíêöèè fi(x, y) è Φi(x, y) (i = 1, 2) íåïðåðûâíû íà ïðîèçâåäåíèè êîìïàêòîâ X×Y.



30 Æóêîâñêèé Â.È, Êóäðÿâöåâ Ê.Í.Îïðåäåëåíèå 1. �àðàíòèðîâàííûì ïî âûèãðûøàì è ðèñêàì ðåøåíèåì (�Â�)êîîïåðàòèâíîé èãðû äâóõ ëèö ñ ïîáî÷íûìè ïëàòåæàìè è "äèñêðèìèíàöè-åé"íåîïðåäåëåííîñòè (1) íàçûâàåòñÿ òðîéêà (x∗(y), f∗,Φ∗) ∈ XY ×R4 òàêàÿ, ÷òîñóùåñòâóåò íåîïðåäåëåííîñòü y∗ ∈ Y, ïðè êîòîðîé âûïîëíåíû ñëåäóþùèå òðèóñëîâèÿ:
10. óñëîâèå êîëëåêòèâíîé ðàöèîíàëüíîñòè:

max
x∈X

2∑

i=1

fi(x, y) =
2∑

i=1

fi(x
∗(y), y), ∀y ∈ Y; (5)

20. óñëîâèå "íåóõóäøàåìîñòè"ñóììàðíîãî âûèãðûøà è ðèñêà:
min
y∈Y

2∑

i=1

[fi(x
∗(y), y) − Φi(x

∗(y), y)] =

2∑

i=1

[fi(x
∗(y∗), y∗) − Φi(x

∗(y∗), y∗)] ; (6)
30. óñëîâèå èíäèâèäóàëüíîé ðàöèîíàëüíîñòè:èìååò ìåñòî ñèñòåìà èç ÷åòûðåõ íåðàâåíñòâ

f∗i ≥ f0
i [y

∗], Φ∗
i ≤ Φ0

i [y
∗] (i = 1, 2), (7)ãäå

2∑

i=1

fi(x
∗(y∗), y∗) =

2∑

i=1

f∗i
∧ 2∑

i=1

Φi(x
∗(y∗), y∗) =

2∑

i=1

Φ∗
i ;ïðè ýòîì ïàðó f∗ = (f∗1 , f

∗
2 ) íàçîâåì ãàðàíòèðîâàííûì âåêòîðíûì äåëåæîì, ïà-ðó Φ∗ = (Φ∗

1,Φ
∗
2) � ãàðàíòèðîâàííûì âåêòîðíûì ðèñêîì, à x∗(y) � ñèòóàöèåé,ãàðàíòèðóþùåé ýòè äåëåæè è ðèñêè.Çàìå÷àíèå 1. Ñèòóàöèÿ x∗(y) èç (5) óäîâëåòâîðÿåò óñëîâèþ êîëëåêòèâíîé ðàöèî-íàëüíîñòè äëÿ ñóììû �óíêöèé ðèñêà, òî åñòü

min
x∈X

2∑

i=1

Φi(x, y) =

2∑

i=1

Φi(x
∗(y), y) ∀y ∈ Y.Äîêàçàòåëüñòâî ýòîãî �àêòà â [1, ñ.145℄.Çàìå÷àíèå 2. Èç óñëîâèÿ 30 îïðåäåëåíèÿ 1 è [1, ñ.146℄ ñëåäóåò, ÷òî ïðè èñïîëü-çîâàíèè èãðîêàìè ñèòóàöèè x∗(y) è ðåàëèçàöèè ëþáîé íåîïðåäåëåííîñòè y ∈ Yâûèãðûøè èãðîêîâ fi(x∗(y), y) (i = 1, 2) íå ìîãóò ñòàòü îäíîâðåìåííî ìåíüøå ñîîò-âåòñòâóþùèõ êîìïîíåíò f∗i âåêòîðà f∗ = (f∗1 , f
∗
2 ), à ðèñêè Φi(x

∗(y), y) (i = 1, 2) îäíî-âðåìåííî áîëüøå Φ∗
i - êîìïîíåíò ãàðàíòèðîâàííîãî âåêòîðíîãî ðèñêà Φ∗ = (Φ∗

1,Φ
∗
2).Â ýòîì ñîñòîèò "ãàðàíòèðóþùèé ñìûñë"óñëîâèÿ (6).Çàìå÷àíèå 3. Â îòëè÷èè îò îïðåäåëåíèÿ 2.1 èç [1, ñ.144℄, ââåäåííîå çäåñü �Â�

(x∗(y), f∗,Φ∗) óäîâëåòâîðÿåò óñëîâèþ êîëëåêòèâíîé ðàöèîíàëüíîñòè ïðè êàæäîì
y ∈ Y (â [1℄ ýòî òðåáîâàíèå âûïîëíÿëîñü ëèøü ïðè y = yP ).3. Ñóùåñòâîâàíèå �Â�Óñòàíîâèì óñëîâèÿ ñóùåñòâîâàíèÿ ââåäåííîãî ðåøåíèÿ. Î÷åâèäíî ñëåäóþùååóòâåðæäåíèåËåììà 3. Åñëè fi(x, y) (i = 1, 2) íåïðåðûâíû íà X×Y è ñòðîãî âîãíóòû ïî x ïðèêàæäîì y ∈ Y, òî ñóììà f1(x, y) + f2(x, y) òàêæå íåïðåðûâíà íà X × Y è ñòðîãîâîãíóòà ïî x ∈ X ïðè êàæäîì y ∈ Y.Òåîðåìà 1. Åñëè1) ìíîæåñòâî X - âûïóêëûé êîìïàêò, Y - êîìïàêò,2) �óíêöèè fi(x, y) (i = 1, 2) íåïðåðûâíû íà X × Y è ñòðîãî âîãíóòû ïî x ïðèêàæäîì �èêñèðîâàííîì y ∈ Y,òî äëÿ èãðû (1) ñóùåñòâóåò ãàðàíòèðîâàííîå ïî âûèãðûøàì è ðèñêàì ðåøåíèå.



Ñóùåñòâîâàíèå ãàðàíòèðîâàííîãî äåëåæà â êîíòðñòðàòåãèÿõ 31Äîêàçàòåëüñòâî. Äëÿ êàæäîãî y ∈ Y ïîñòðîèì ìíîæåñòâî
X̃(y) = {x : x = arg max

x∈X

2∑

i=1

fi(x, y)}è ðàññìîòðèì ìíîãîçíà÷íîå îòîáðàæåíèå
χ(y) : y → X̃(y), ∀y ∈ Y. (8)Ñîãëàñíî ëåììå 3 �óíêöèÿ f1(x, y) + f2(x, y) ñòðîãî âîãíóòà ïî x ∈ X ïðè êàæäîì

y ∈ Y. Òîãäà, êàê ïîêàçàíî â [2, ñ.61℄, ïðè âûïîëíåíèè óñëîâèé 1) è 2) ìíîãîçíà÷íîåîòîáðàæåíèå (8) èìååò íåïðåðûâíûé íà Y ñåëåêòîð x∗(y), òî åñòü ñóùåñòâóåò íåïðå-ðûâíàÿ íà Y ñèòóàöèÿ x∗(y) : X → Y, óäîâëåòâîðÿþùàÿ óñëîâèþ 10 ïðèâåäåííîãîâûøå îïðåäåëåíèÿ �Â�.Ïî ëåììå 1, èç íåïðåðûâíîñòè íà X × Y è ñòðîãîé âîãíóòîñòè ïî x ∈ X ïðèêàæäîì y ∈ Y �óíêöèé âûèãðûøà fi(x, y) (i = 1, 2) ñëåäóåò, ÷òî íåïðåðûâíû íà
X × Y è �óíêöèè ðèñêà

Φi(x, y) = fi(x
P (y), y) − fi(x, y) (i = 1, 2).Íàêîíåö, �óíêöèÿ

ϕ(y) =

2∑

i=1

[fi(x
∗(y), y) − Φi(x

∗(y), y)]íåïðåðûâíà íà Y êàê ðàçíîñòü è ñóïåðïîçèöèÿ íåïðåðûâíûõ íà êîìïàêòå Y �óíê-öèé.Â ñèëó òåîðåìû Âåéåðøòðàññà íåïðåðûâíàÿ íà êîìïàêòå Y �óíêöèÿ ϕ(y) äîñòè-ãàåò ñâîåãî ìèíèìóìà â íåêîòîðîé òî÷êå y∗ ∈ Y. Òàêèì îáðàçîì ñóùåñòâóåò íåîïðå-äåëåííîñòü y∗ ∈ Y, ïðè êîòîðîé âûïîëíÿåòñÿ óñëîâèå "íåóõóäøàåìîñòè"ñóììàðíîãîâûèãðûøà è ðèñêà
min
y∈Y

2∑

i=1

[fi(x
∗(y), y) − Φi(x

∗(y), y)] =

2∑

i=1

[fi(x
∗(y∗), y∗) − Φi(x

∗(y∗), y∗)] .Âîçìîæíîñòü ïåðåðàñïðåäåëåíèÿ äåëåæåé è ðèñêîâ, óäîâëåòâîðÿþùèõ óñëîâèþèíäèâèäóàëüíîé ðàöèîíàëüíîñòè, óñòàíîâëåíà â [1, ñ.145℄.Òàêèì îáðàçîì äîêàçàíî ñóùåñòâîâàíèå ïàðû (x∗(y), y∗), äëÿ êîòîðîé âûïîëíÿ-þòñÿ òðåáîâàíèÿ 10 − 30 îïðåäåëåíèÿ �Â�. Ïî ýòîé ïàðå ñàìî ãàðàíòèðîâàííîå ïîâûèãðûøàì è ðèñêàì ðåøåíèå èãðû (1) ïðèìåò âèä (x∗(y), f∗,Φ∗), ãäå f∗ = (f∗1 , f
∗
2 ),

Φ∗ = (Φ∗
1,Φ

∗
2), f∗i è Φ∗

i (i = 1, 2) ñóùåñòâóþò ñîãëàñíî [1, ñ.145℄.Çàìå÷àíèå 4. Ïðèâåäåííàÿ òåîðåìà èìååò ìåñòî è äëÿ êîîïåðàòèâíûõ èãð ñ ëþ-áûì ÷èñëîì ó÷àñòíèêîâ. Ñïèñîê ëèòåðàòóðû[1℄ Æóêîâñêèé Â.È., Êóäðÿâöåâ Ê.Í. Îäíà êîîïåðàòèâíàÿ èãðà ñ ïîáî÷íûìè ïëàòåæàìè è ó÷å-òîì ðèñêîâ. // Spe
tral and evolution problems: Pro
eedings of the Sixteenth Crimean AutumnMathemati
al S
hool-Symposium (KROMSH-2005), Vol.16, P. 142-148, Simferopol, 2006.[2℄ Æóêîâñêèé Â.È., Æóêîâñêàÿ Ë.Â. �èñê â ìíîãîêðèòåðèàëüíûõ è êîí�ëèêòíûõ ñèñòåìàõ ïðèíåîïðåäåëåííîñòè. Ì.: Åäèòîðèàë Ó�ÑÑ, 272 ñ., 2004.[3℄ Ïîäèíîâñêèé Â.Â., Íîãèí Â.Ä. Ïàðåòî - îïòèìàëüíûå ðåøåíèÿ ìíîãîêðèòåðèàëüíûõ çàäà÷.Ì.: Íàóêà, 256 ñ., 1982.[4℄ Æóêîâñêèé Â.È. Êîîïåðàòèâíûå èãðû ïðè íåîïðåäåëåííîñòè è èõ ïðèëîæåíèÿ. Ì.: ÅäèòîðèàëÓ�ÑÑ, 334 ñ., 1999.



ÓÄÊ 517.9 Æóðàâëåâ Í.Á.Î Ê�ÀÒÍÎÑÒÈ ÌÓËÜÒÈÏËÈÊÀÒÎ�ÎÂ ÔËÎÊÅ
1. ÂâåäåíèåÄàííàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ óñëîâèé ãèïåðáîëè÷íîñòè ïåðèîäè÷å-ñêèõ ðåøåíèé íåëèíåéíûõ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé âèäà

x′(t) = −µx(t) + f(x(t− 1)) (1)ãäå �óíêöèÿ f : R → R íåïðåðûâíî äè��åðåíöèðóåìà. Îïðåäåëåíèå ãèïåðáîëè÷-íîñòè äàåòñÿ â òåðìèíàõ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà ìîíîäðîìèè (íåíóëåâûåñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà ìîíîäðîìèè íàçûâàþòñÿ ìóëüòèïëèêàòîðàìè Ôëî-êå). Ïðè ýòîì ñóùåñòâåííî íîâûì ÿâëÿåòñÿ ïîäõîä ê èññëåäîâàíèþ êðàòíîñòè ìóëü-òèïëèêàòîðîâ Ôëîêå. Ýòîò ïîäõîä ïîçâîëèë îòêàçàòüñÿ îò èñïîëüçîâàâøèõñÿ ðàíååäîïîëíèòåëüíûõ îãðàíè÷åíèé (ñì. òåîðåìó 3.1 â [5℄).Ìû áóäåì èçó÷àòü T -ïåðèîäè÷åñêîå îñöèëëèðóþùåå ðåøåíèå x̃ : R → R óðàâ-íåíèÿ (1), ïðåäïîëàãàÿ, ÷òî îíî íàì èçâåñòíî. Ìû áóäåì òàêæå ïðåäïîëàãàòü, ÷òîïåðèîä T ðàöèîíàëüíûé è T 6= 0. (Åñëè T = 1, òî ðåøåíèå x̃ = const, ò. ê. óäîâëå-òâîðÿåò ñêàëÿðíîìó àâòîíîìíîìó îáûêíîâåííîìó äè��åðåíöèàëüíîìó óðàâíåíèþ.Â òàêîì ñëó÷àå x̃ íå îñöèëëèðóåò.)Îïåðàòîð ìîíîäðîìèè � ýòî ëèíåéíîå íåïðåðûâíîå îòîáðàæåíèå M :
C([−1, 0],C) → C([−1, 0],C), ãäå C([−1, 0],C) îáîçíà÷àåò ïðîñòðàíñòâî íåïðåðûâ-íûõ êîìïëåêñíîçíà÷íûõ �óíêöèé ñ íîðìîé ‖φ‖C([−1,0],C) = maxt∈[−1,0] φ(t) (ïðî-ñòðàíñòâî C([−1, 0],R) âåùåñòâåííîçíà÷íûõ �óíêöèé îïðåäåëÿåòñÿ àíàëîãè÷íî).Îïåðàòîð M äåéñòâóåò ïî �îðìóëå

Mφ = vφT ,ãäå vφ : [−1,∞) → C � ðåøåíèå íà÷àëüíîé çàäà÷è
v′(t) = µv(t) + α(t)v(t− 1), (2)
v(t) = φ(t) (t ∈ [−1, 0]), (3)ãäå

α(t) = f ′(y)|y=x̃(t−1) (t ∈ R). (4)Óðàâíåíèå (2) ÿâëÿåòñÿ ëèíåàðèçàöèåé óðàâíåíèÿ (1) â îêðåñòíîñòè ïåðèîäè÷åñêîãîðåøåíèÿ x̃. Îíî íàçûâàåòñÿ òàêæå âàðèàöèîííûì óðàâíåíèåì.Ïðè kT > 1 îïåðàòîðû Mk ÿâëÿþòñÿ êîìïàêòíûìè îïåðàòîðàìè. Ïîýòîìó âñåòî÷êè λ 6= 0 ñïåêòðà σ(M) îïåðàòîðà ìîíîäðîìèè ÿâëÿþòñÿ èçîëèðîâàííûìè ñîá-ñòâåííûìè çíà÷åíèÿìè è èõ àëãåáðàè÷åñêèå êðàòíîñòè m(λ) êîíå÷íû. Ýòè ñîá-ñòâåííûå çíà÷åíèÿ íàçûâàþòñÿ ìóëüòèïëèêàòîðàìè Ôëîêå. Ñóæåíèå �óíêöèè x̃′íà îòðåçîê [−1, 0], î÷åâèäíî, ÿâëÿåòñÿ ñîáñòâåííîé �óíêöèåé îïåðàòîðà ìîíîäðî-ìèè, êîòîðîé ñîîòâåòñòâóåò ñîáñòâåííîå çíà÷åíèå λ = 1.Ïåðèîäè÷åñêîå ðåøåíèå x̃ óðàâíåíèÿ (1) íàçûâàåòñÿ ãèïåðáîëè÷åñêèì, åñëè ñîá-ñòâåííîå çíà÷åíèå λ = 1 îïåðàòîðà ìîíîäðîìèè ÿâëÿåòñÿ ïðîñòûì è íà åäèíè÷íîéîêðóæíîñòè íåò äðóãèõ ñîáñòâåííûõ çíà÷åíèé. Òðàåêòîðèè, ñîîòâåòñòâóþùèå ðå-øåíèÿì óðàâíåíèÿ (2), îïðåäåëåííûå íà áåñêîíå÷íûõ ïîëóèíòåðâàëàõ è áëèçêèåê ïåðèîäè÷åñêîé îðáèòå ãèïåðáîëè÷åñêîãî ðåøåíèÿ, ñòðåìÿòñÿ ê ýòîé îðáèòå ïðè
|t| → ∞ (ñì. [4, ãë. XIV℄).



Î êðàòíîñòè ìóëüòèïëèêàòîðîâ Ôëîêå. 33Èññëåäîâàíèþ ìóëüòèïëèêàòîðîâ Ôëîêå ïîñâÿùåíî ìíîãî ðàáîò (ñì. áèáëèîãðà-�èþ â [1℄). Òðóäíîñòü çàêëþ÷àåòñÿ â òîì, ÷òî â îòëè÷èå îò îáûêíîâåííûõ äè�-�åðåíöèàëüíûõ óðàâíåíèé îïåðàòîð ìîíîäðîìèè, àññîöèèðîâàííûé ñ ïåðèîäè÷å-ñêèì ðåøåíèåì �óíêöèîíàëüíî-äè��åðåíöèàëüíîãî óðàâíåíèÿ, ÿâëÿåòñÿ áåñêîíå÷-íîìåðíûì. Êîíñòðóêòèâíûå ðåçóëüòàòû, ïîçâîëÿþùèå ïðîâåðèòü óñëîâèÿ ãèïåðáî-ëè÷íîñòè áûëè ïîëó÷åíû ëèøü â î÷åíü ÷àñòíûõ ñëó÷àÿõ: êîãäà ïåðèîä ðåøåíèÿðàâåí 3 (ñì. [2℄) è êîãäà ïåðèîä ðåøåíèÿ ðàâåí 4 (ñì. [3℄). Âïåðâûå äëÿ ïðîèçâîëü-íîãî ðàöèîíàëüíîãî ïåðèîäà êàê íåîáõîäèìûå òàê è äîñòàòî÷íûå óñëîâèÿ ãèïåð-áîëè÷íîñòè áûëè ïîëó÷åíû â ðàáîòàõ [1, 5℄ (â ðàáîòå [5℄ áûë ðàññìîòðåí òàêæåñëó÷àé èððàöèîíàëüíîãî ïåðèîäà). Â íàñòîÿùåé ñòàòüå â îòñóòñòâèè äîïîëíèòåëü-íûõ îãðàíè÷åíèé áóäåò ïîëó÷åí êðèòåðèé ãèïåðáîëè÷íîñòè ïåðèîäè÷åñêèõ ðåøåíèéñ ðàöèîíàëüíûì ïåðèîäîì.Â ðàçäåëå 2 áóäåò äîêàçàíî, ÷òî óðàâíåíèå (M−λI)2φ = 0 ýêâèâàëåíòíî êðàåâîéçàäà÷å äëÿ ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (òåîðåìà ??).Íà îñíîâå ýòîé ýêâèâàëåíòíîñòè òàì æå áóäåò ïîëó÷åí êðèòåðèé ãèïåðáîëè÷íîñòèïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1) (òåîðåìà 2).×åðåç I áóäåì îáîçíà÷àòü åäèíè÷íûé îïåðàòîð. ßäðî ëèíåéíîãî îïåðàòîðà Lîáîçíà÷àþòñÿ ÷åðåç N (L).2. Êðèòåðèé ãèïåðáîëè÷íîñòèÂ ýòîì ðàçäåëå, ïðåäïîëàãàÿ T ∈ N, ìû óñòàíîâèì ñâÿçü ìåæäó �óíêöèÿìè èç
N ((M−λI)2) ïðè λ 6= 0 è ðåøåíèÿìè ëèíåéíîé îäíîðîäíîé ñèñòåìû îáûêíîâåííûõäè��åðåíöèàëüíûõ óðàâíåíèé. Íà îñíîâå ýòîé ñèñòåìû ìû ïîëó÷èì êðèòåðèé ïðî-ñòîòû äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà ìîíîäðîìèè è, çàòåì, êðèòåðèé ãèïåð-áîëè÷íîñòè äëÿ ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1) ñ ðàöèîíàëüíûì ïåðèîäîì.�àññìîòðèì óðàâíåíèå

(M− λI)2φ = 0. (5)Ôóíêöèÿ φ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5) òîãäà è òîëüêî òîãäà, êîãäà ïàðà �óíê-öèé (φ, vφ) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé (5), (2), (3). Ïðè ýòîì ðåøåíèåóðàâíåíèÿ (2) íàì íåîáõîäèìî çíàòü òîëüêî ïðè t ∈ (−1, 2T ).Âîñïîëüçóåìñÿ ñîèçìåðèìîñòüþ ïåðèîäà è çàïàçäûâàíèÿ. Ïðåäñòàâèì ÷èñëî T ∈
N â âèäå äðîáè T = N/M è ïîëîæèì τ = 1/M. Òîãäà 1 = Mτ, T = Nτ. Â ñèñòåìå,ñîñòîÿùåé èç óðàâíåíèé (5), (2), (3), ïðîèçâåäåì ñëåäóþùóþ çàìåíó ïåðåìåííîé:

ui(t) = v(t+ (i− 1)τ) (i = 1 −M, . . . , 0, 1, . . . , 2N, t ∈ [0, τ ]). (6)Ïðè ýòîì èç óðàâíåíèÿ (3) ïîëó÷àåì
φ(t) = ui(t− (i− 1)τ) (t ∈ [iτ − τ, iτ ], i = 1 −M, . . . , 0), (7)à óðàâíåíèÿ (5) è (2) ïðåâðàòÿòñÿ â ñëåäóþùèå ñèñòåìû óðàâíåíèé ñîîòâåòñòâåííî:

ui(t) = 2ui+N (t)/λ− ui+2N (t)/λ2 (i = 1 −M, . . . , 0, t ∈ [0, τ ]), (8)
u′i(t) = µui(t) + α(t+ (i− 1)τ)ui−M (t) (i = 1, . . . , 2N, t ∈ (0, τ)). (9)Åñëè ïàðà �óíêöèé (φ, v) óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé (5), (2), (3), òî îïðåäå-ëåííûå ïî �îðìóëå (6) �óíêöèè ui óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé (8) è (9).Îáðàòíîå íåâåðíî. Åñëè �óíêöèè u1−M , . . . , u2N óäîâëåòâîðÿþò ñèñòåìå óðàâíå-íèé (8) è (9), òî ïàðà �óíêöèé (φ, v), îïðåäåëåííûõ â ñîîòâåòñòâèè ñ �îðìóëàìè (7)è (6), îáÿçàíû óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé (5), (2), (3) ëèøü íà èíòåðâàëàõ

(iτ, iτ+τ), ãäå i = −M, . . . , 2N−1. Íà êîíöàõ èíòåðâàëîâ ýòè �óíêöèè ìîãóò èìåòüðàçðûâ. Èñïîëüçóÿ �îðìóëó (6), óñëîâèå íåïðåðûâíîñòè �óíêöèè v (à, ñëåäîâàòåëü-íî, è φ, ñì. óðàâíåíèå (3)) â ýòèõ òî÷êàõ ìîæíî çàïèñàòü â âèäå
ui(0) = ui−1(τ) (i = 2 −M, . . . , 2N). (10)Ëåãêî âèäåòü, ÷òî ñèñòåìà óðàâíåíèé (5), (2), (3) ýêâèâàëåíòíà (ñ ó÷åòîì çàìåíûïåðåìåííûõ (6) è (7)) ñèñòåìå óðàâíåíèé (8), (9), (10).



34 Æóðàâëåâ Í.Á.Ôîðìóëà (8) ïðè i ∈ {−min{N,M}, . . . , 0} äàåò ïðåäñòàâëåíèå �óíêöèé ui ÷åðåç�óíêöèè u1, . . . , u2N . Äîïóñòèì, ÷òî M > N è i0 ∈ {−M, . . . ,−N}. �àññìîòðèì ðà-âåíñòâî (8) ïðè i = i0 è ê ïåðâîìó ñëàãàåìîìó ïðàâîé ÷àñòè ïðèìåíèì ðàâåíñòâî (8)ïðè i = i0 +N :
ui0 =

2

λ

(
2ui0+2N

λ
− ui0+3N

λ2

)
− ui0+2N

λ2
=

(2 · 2 − 1)ui0+2N

λ2
− 2ui0+3N

λ3
.Åñëè M > kN è ïðè i0 ∈ {−M, . . . ,−kN} èìååò ìåñòî ðàâåíñòâî

ui0 =
(ak + 1)ui0+kN

λk
−
akui0+(k+1)N

λk+1
,òî, àíàëîãè÷íûì îáðàçîì èñïîëüçóÿ (i0 + kN)-å óðàâíåíèå ñèñòåìû (8), ïîëó÷àåì

ui0 =
(ak + 2)ui0+(k+1)N

λk+1
−

(ak + 1)ui0+(k+2)N

λk+2
.Ïðèìåíÿÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè, ïåðåïèøåì ñèñòåìó (8) â âèäå

ui =
(ki + 1)ui+kiN

λki
−
kiui+(ki+1)N

λki+1
(i = 1−M, . . . , 0, ki = min{p ∈ N : i+pN > 0}).(11)Ýòà ñèñòåìà ýêâèâàëåíòíà ñèñòåìå (8) è äàåò ÿâíîå ïðåäñòàâëåíèå �óíêöèé

u1−M , . . . , u0 ÷åðåç �óíêöèè u1, . . . , u2N .Èñïîëüçóÿ ïðåäñòàâëåíèå (11) è òî, ÷òî �îðìàëüíî ïðè i > 0 ðàâåíñòâî (11)èìååò âèä ui = ui (â ýòîì ñëó÷àå ki = 0), èñêëþ÷èì �óíêöèè u−M+1, . . . , u0 èçóðàâíåíèé (9):
u′i(t) = µui(t) + α(t+ (i− 1)τ)

(
(di + 1)ui−M+diN (t)

λdi
−
diui−M+(di+1)N (t)

λdi+1

)
,

i = 1, . . . , 2N, di = min{p ∈ N : i−M + pN > 0}, t ∈ (0, τ).
(12)Òàêèì îáðàçîì, ñèñòåìà (8), (9) ýêâèâàëåíòíà ñèñòåìå (11), (9).Èñïîëüçóÿ ïðåäñòàâëåíèå (11) ïðè i = 0 â �îðìóëå (10) äëÿ i = 1, ïîëó÷àåì

u1(0) = 2uN (τ)/λ− u2N (τ)/λ2. (13)Çà�èêñèðóåì ïðîèçâîëüíîå çíà÷åíèå i ∈ {2 −M, . . . , 0} è ïîëîæèì k = min{p ∈ N :
i+ pN > 0}. Åñëè i 6= 1 − kN, òî, èñïîëüçóÿ ïðåäñòàâëåíèå (11), ïîëó÷èì
ui(0) − ui−1(τ) = (k + 1)

ui+kN (0) − ui+kN−1(τ)

λk
− k

ui+(k+1)N (0) − ui+(k+1)N−1(τ)

λk+1
.Åñëè æå i = 1 − kN, òî, èñïîëüçóÿ ïðåäñòàâëåíèå (11) è �îðìóëó (13), ïîëó÷èì

ui(0) = (k + 1)
ui+kN (0)

λk
− k

ui+(k+1)N (0)

λk+1
=

=
k + 1

λk

(
2

λ
ui+(k+1)N−1(τ) −

1

λ2
ui+(k+2)N−1(τ))

)
− k

ui+(k+1)N (0)

λk+1
=

=
k + 2

λk+1
ui+(k+1)N−1(τ) −

k + 1

λk+2
ui+(k+2)N−1(τ)+

+ k
ui+(k+1)N−1(τ)

λk+1
− k

ui+(k+1)N (0)

λk+1
= ui−1(τ) +

k

λk+1
(uN (τ) − uN+1(0)).Òàêèì îáðàçîì, óðàâíåíèÿ (10) ïðè i = 2 −M, . . . , 0 ÿâëÿþòñÿ ñëåäñòâèÿìè äðó-ãèõ óðàâíåíèé ñèñòåìû (10), (11), (13) è èõ ìîæíî èñêëþ÷èòü èç ýòîé ñèñòåìû.Ñëåäîâàòåëüíî, â �îðìóëå (10) áóäóò èñïîëüçîâàòüñÿ òîëüêî óðàâíåíèÿ

ui(0) = ui−1(τ) (i = 2, . . . , 2N). (14)Èç ñêàçàííîãî ñëåäóåò, ÷òî ñèñòåìà óðàâíåíèé (5), (2), (3) ýêâèâàëåíòíà (ñ ó÷åòîìçàìåíû ïåðåìåííûõ (6) è (7)) ñèñòåìå óðàâíåíèé (11), (12), (13), (14). Èíà÷å ãîâîðÿ,äëÿ êàæäîãî ðåøåíèÿ óðàâíåíèÿ (5) ïî �îðìóëå
ui(t) = vφ(t+ (i− 1)τ) (t ∈ [0, τ ])



Î êðàòíîñòè ìóëüòèïëèêàòîðîâ Ôëîêå. 35îäíîçíà÷íî îïðåäåëÿåòñÿ íåêîòîðîå ðåøåíèå U = (u1, . . . , u2N )T êðàåâîé çàäà-÷è (12), (13), (14); ïðè ýòîì �óíêöèè φ è U óäîâëåòâîðÿþò ñîîòíîøåíèþ (ÿâëÿ-þùåìóñÿ ñëåäñòâèåì �îðìóë (7) è (11))
φ(t) =

(ki + 1)ui−kiN (t− (i− 1)τ)

λki
−
kiui−(ki+1)N (t− (i− 1)τ)

λki+1
,ãäå ki = min{p ∈ N : i + pN > 0}, i = 1 −M, . . . , 0, t ∈ [iτ − τ, iτ ], è äëÿ ëþáîãîðåøåíèÿ U = (u1, . . . , u2N )T êðàåâîé çàäà÷è (12), (13), (14) ïðè ïîìîùè ïîñëåäíåãîñîîòíîøåíèÿ âîññòàíàâëèâàåòñÿ ñîîòâåòñòâóþùåå ðåøåíèå φ óðàâíåíèÿ (5). Îòñþäàâûòåêàåò ñëåäóþùåå óòâåðæäåíèå.Ëåììà 1. Ïðè λ 6= 0 ìíîæåñòâî ðåøåíèé óðàâíåíèÿ (5) èçîìîð�íî ìíîæåñòâóðåøåíèé êðàåâîé çàäà÷è (12),(13),(14).�àññìîòðèì êðàåâóþ çàäà÷ó (12), (13), (14). Ëþáîå ðåøåíèå ýòîé çàäà÷è ìîæíîïðåäñòàâèòü â âèäå

U(t) = Sλ(t)c,ãäå Sλ : [0, τ ] → C2N×2N � �óíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû îáûêíîâåííûõ äè�-�åðåíöèàëüíûõ óðàâíåíèé (12). ×òîáû íàéòè âåêòîð c ∈ C2N , äîñòàòî÷íî ïîäñòà-âèòü îáùèé âèä ðåøåíèÿ â êðàåâûå óñëîâèÿ (13), (14). ×åðåç eλj îáîçíà÷èì j-þñòðîêó ìàòðèöû Sλ. Äëÿ λ ∈ C \ {0} ââåäåì ìàòðèöó Q(λ) ∈ C2N×2N ,

Q(λ) =




eλ1(0) − 2eλN (τ)

λ
+
eλ,2N (τ)

λ2

eλ2(0) − eλ1(τ)
. . . . . . . . . . . .

eλ,2N (0) − eλ,2N−1(τ)



. (15)Òîãäà âåêòîð c ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

Q(λ)c = 0.Ïîñêîëüêó �óíäàìåíòàëüíàÿ ìàòðèöà íåâûðîæäåíà, òî ïðè êàæäîì λ 6= 0 ìàòðè÷-íàÿ �óíêöèÿ Sλ(·) îñóùåñòâëÿåò èçîìîð�èçì ìåæäó íóëü-ïðîñòðàíñòâîì ìàòðèöû
Q(λ) è ìíîæåñòâîì ðåøåíèé êðàåâîé çàäà÷è (12), (13), (14).Òàêèì îáðàçîì, èç ëåììû 1 ñëåäóåò, ÷òî ìíîæåñòâî ðåøåíèé óðàâíåíèÿ (5) èçî-ìîð�íî íóëü-ïðîñòðàíñòâó ìàòðèöû Q(λ).Îáîçíà÷èì Nq = {λ ∈ C\{0} : detQ(λ) =
0}.Òåîðåìà 1. Åñëè λ 6= 0, òî èìååò ìåñòî ðàâåíñòâî dimN ((M − λI)2) = 2N −
rankQ(λ). Â ÷àñòíîñòè, σ(M) \ {0} = Nq.Ëåììà 2. Àëãåáðàè÷åñêàÿ êðàòíîñòü íåíóëåâîãî ñîáñòâåííîãî çíà÷åíèÿ λ îïåðà-òîðà ìîíîäðîìèè ðàâíà åäèíèöå òîãäà è òîëüêî òîãäà, êîãäà rankQ(λ) = 2N − 1.Äîêàçàòåëüñòâî. Àëãåáðàè÷åñêîé êðàòíîñòüþ m(λ) ñîáñòâåííîãî çíà÷åíèÿ λ îïå-ðàòîðà M íàçûâàåòñÿ ðàçìåðíîñòü ïðîñòðàíñòâà N ((M − λI)k), ãäå k ∈ N � òà-êîå ÷èñëî, ÷òî N ((M − λI)k) = N ((M − λI)k+1). Åñëè m(λ) = 1, òî î÷åâèä-íî dim(N (M − λI)2) = 1. Åñëè dim(N (M − λI)2) = 1, òî ëåãêî äîêàçàòü, ÷òî
dim(N (M− λI)) = 1 è, ñëåäîâàòåëüíî, m(λ) = 1. Îñòàåòñÿ ïðèìåíèòü òåîðåìó 1.Òåîðåìà 2. Ïóñòü ñóùåñòâóåò T -ïåðèîäè÷åñêîå ðåøåíèå x̃ óðàâíåíèÿ (1), è ïóñòü÷èñëî N îïðåäåëåíî âûøå. �åøåíèå x̃ ÿâëÿåòñÿ ãèïåðáîëè÷åñêèì òîãäà è òîëüêîòîãäà, êîãäà {λ ∈ Nq : |λ| = 1} = {1} è rankQ(1) = 2N − 1.Äîêàçàòåëüñòâî. Èç òåîðåìû 1 ñëåäóåò, ÷òî σ(M) \ {0} = Nq. Ò. å. îïåðàòîð Mèìååò íà åäèíè÷íîé îêðóæíîñòè åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå λ = 1 òîãäà èòîëüêî òîãäà, êîãäà {λ ∈ Nq : |λ| = 1} = {1}. Èç ëåììû 2 ñëåäóåò, ÷òî ñîáñòâåí-íîå çíà÷åíèå λ = 1 îïåðàòîðà ìîíîäðîìèè � ïðîñòîå òîãäà è òîëüêî òîãäà, êîãäà
rankQ(1) = 2N − 1.
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ÓÄÊ 519.68:681.513.7, 519.714.85�óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.¾ÍÅÊÎÌÏÀÊÒÍÛÅ¿ ÇÀÄÀ×È �ÀÑÏÎÇÍÀÂÀÍÈß.ËÎ�È×ÅÑÊÈÉ ÑÈÍÒÅÇ ÏÎ Ý.�ÈËÜÁÅ�ÒÓ1Â ïåðâîé ÷àñòè ðàáîòû îïèñàí îïûò ïîñòðîåíèÿ ïðîãðàììíîé ñèñòåìû, îïðå-äåëÿþùåé îáëàñòè êîìïåòåíòíîñòè àëãîðèòìîâ ñèíòåçà ëîãè÷åñêèõ ñõåì.Ïðè ýòîì ðåøàåòñÿ çàäà÷à êëàññè�èêàöèè ñ íåâûïîëíåíîé ãèïîòåçîé êîì-ïàêòíîñòè. Âî âòîðîé ÷àñòè îïèñàí íîâû àëãîðèòì ñèíòåçà êîìáèíàöèîííî-ëîãè÷åñêèõ ñõåì íà îñíîâå ðàçëîæåíèÿ Ý.�èëüáåðòà.1. ÂâåäåíèåÍà ñåãîäíÿøíèé äåíü ñóùåñòâóþò çíà÷èòåëüíîå êîëè÷åñòâî àëãîðèòìîâ ëîãè÷å-ñêîãî ñèíòåçà êîìáèíàöèîííî-ëîãè÷åñêèõ ñõåì ðåàëèçîâàííûõ â ñîñòàâå ðÿäà ÑÀÏ�è îñíîâàííûõ íà òåõ èëè èíûõ òî÷íûõ ëèáî ýâðèñòè÷åñêèõ ìåòîäàõ. Îäíàêî, â ñâÿçèñ ðåçêèì óæåñòî÷åíèåì ïàðàìåòðîâ âíîâü ïðîåêòèðóåìûõ ñõåì (äî 1 ìëðä êëþ÷åéíà êðèñòàëëå, ðàçìåð êëþ÷à ìåíåå 50 íì) àëãîðèòìû ñèíòåçà ïåðåñòàþò óäîâëå-òâîðÿòü ïðåäúÿâëÿåìûì òðåáîâàíèÿì ïî êà÷åñòâó ïîëó÷àåìîé ñõåìû. Ïîýòîìó íàïîâåñòêå äíÿ ñòîèò ðàçðàáîòêà ïðèíöèïèàëüíî íîâûõ òèïîâ óêàçàííûõ àëãîðèòìîâò.í. àëãîðèòìîâ ñèíòåçà íîâîãî ïîêîëåíèÿ. Äàííûå àëãîðèòìû äîëæíû îñóùåñòâ-ëÿòü ñèíòåç îòäåëüíûõ ÷àñòåé ñëîæíîé ëîãè÷åñêîé ñõåìû èñõîäÿ èç äè��åðåíöè-ðîâàííûõ êðèòåðèåâ. Êàê èçâåñòíî, ðàçëè÷íûå ñèíòåçèðóþùèå àëãîðèòìû äåìîí-ñòðèðóþò ðàçëè÷íóþ ý��åêòèâíîñòü íà ðàçëè÷íûõ òèïàõ ñõåì. Êðîìå òîãî, äàííàÿý��åêòèâíîñòü ìîæåò îïðåäåëÿòüñÿ èñõîäÿ èç ðÿäà êðèòåðèåâ (ïëîùàäü, çàíèìà-åìàÿ ñõåìîé íà êðèñòàëëå, îáùàÿ çàäåðæêà ïî êðèòè÷åñêîìó ïóòè, ïîòðåáëÿåìàÿìîùíîñòü è ò.ä.).Ïåðâàÿ ÷àñòü äîêëàäà îïèñàí îïûò ïîñòðîåíèÿ ïðîãðàììíîé ñèñòåìû, îïðåäåëÿ-þùåé îáëàñòè êîìïåòåíòíîñòè àëãîðèòìîâ ñèíòåçà ëîãè÷åñêèõ ñõåì. Âî âòîðîé ÷à-ñòè ðàññìîòðåí íîâûé ïåðñïåêòèâíûé àëãîðèòì ñèíòåçà êîìáèíàöèîííî-ëîãè÷åñêèõñõåì, îñíîâàííûé íà ðàçëîæåíèè áóëåâûõ �óíêöèé, ïðåäëîæåííîì Ý.�èëüáåðòîì.2. ¾Íåêîìïàêòíûå¿ çàäà÷è ðàñïîçíàâàíèÿ2.1. Ââåäåíèå. Ïåðâûì øàãîì íà ïóòè ñîçäàíèÿ ÑÀÏ� ñ ñèíòåçèðóþùèìè àëãî-ðèòìàìè íîâîãî òèïà ìîæåò áûòü ðàçðàáîòêà ïðîãðàììíîé ñèñòåìû, îïðåäåëÿþ-ùåé ïî ïðåäúÿâëåííîìó âõîäíîìó îïèñàíèþ ñõåìû íåêîòîðûå õàðàêòåðèñòèêè è,â çàâèñèìîñòè îò íèõ, ïðèíèìàþùàÿ ðåøåíèå, êàêîìó èç èìåþùèõñÿ àëãîðèòìîâ�ïîðó÷èòü� ñèíòåç ñõåìû. Ïðè ðàçðàáîòêå îïèñàííîé ñèñòåìû âîçíèêàþò çàäà÷è ïî-ñòðîåíèÿ ïðèçíàêîâîãî ïðîñòðàíñòâà îïèñàíèé ñõåì è ðàçáèåíèÿ åãî íà ÷àñòè, ïðè-íàäëåæíîñòü ê êîòîðûì îïðåäåëÿåò âûáîð ñèíòåçèðóþùåãî àëãîðèòìà. Â òåîðèèðàñïîçíàâàíèÿ îáðàçîâ óêàçàííûå ÷àñòè íàçûâàþò îáëàñòÿìè êîìïåòåíòíîñòè àë-ãîðèòìîâ, â íàøåì ñëó÷àå � àëãîðèòìîâ ñèíòåçà êîìáèíàöèîííî-ëîãè÷åñêèõ ñõåì.2.2. Îáëàñòè êîìïåòåíòíîñòè è ãèïîòåçà êîìïàêòíîñòè. Îáëàñòüþ êîìïå-òåíòíîñòè àëãîðèòìà íàçûâàþò ïîäìíîæåñòâî ïðîñòðàíñòâà õàðàêòåðèñòèê âõîä-íîãî îïèñàíèÿ îáúåêòîâ (êîìáèíàöèîííûõ ëîãè÷åñêèõ ñõåì, â íàøåì ñëó÷àå), äëÿêîòîðûõ äàííûé àëãîðèòì îïòèìàëåí ïî âûáðàííîìó êðèòåðèþ. Çàäà÷ó �îðìèðî-âàíèÿ ïðèçíàêîâîãî ïðîñòðàíñòâà íà ïðàêòèêå âñåãäà ïðèõîäèòñÿ ðåøàòü ýìïèðè÷å-ñêè. Äåëî îñëîæíÿåòñÿ òåì, ÷òî íàøà çàäà÷à îòíîñèòñÿ ê çàäà÷àì ñ íåâûïîëíåííîéãèïîòåçîé êîìïàêòíîñòè, êîãäà êëàññè�èöèðóåìûå îáúåêòû èç ðàçíûõ êëàññîâ1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (êîäû ïðîåêòà 04-01-00161, 07-01-00211)è Intel Te
hnologies, In
.



38 �óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.ñèëüíî ïåðåìåøàíû è ¾îáðàçû íå ñîñòàâëÿþò êîìïàêòíûõ ìíîæåñòâ â ïðîñòðàí-ñòâå âûáðàííûõ ñâîéñò¿. Äàííûå çàäà÷è ÷ðåçâû÷àéíî òðóäíû è íà ïðàêòèêå ÷àñòîîòêàçûâàþòñÿ îò èõ ðåøåíèÿ �îðìàëüíûìè ìåòîäàìè.Â òîæå âðåìÿ, â ñàìîì íà÷àëå ñòàíîâëåíèÿ òåîðèè ðàñïîçíàâàíèÿ îäíèì èç å¼ ñî-çäàòåëåé Ì.Áîíãàðäîì [3℄ áûë ïðåäëîæåí ìåòîä �îðìèðîâàíèÿ ïðîñòðàíñòâà ïðè-çíàêîâ è ðåøåíèÿ çàäà÷ ñ íåâûïîëíåííûì óñëîâèåì êîìïàêòíîñòè: â ðàáîòå áûëîïðîäåìîíñòðèðîâàíî íà ïðèìåðå, ÷òî òàêèå çàäà÷è â ïðèíöèïå ìîãóò áûòü ðåøåíû.2.3. Ïîñòàíîâêà çàäà÷è. Ïîä Ω áóäåì ïîíèìàòü ìíîæåñòâî âñåâîçìîæíûõ îïè-ñàíèé âõîäíûõ îáúåêòîâ â íåêîòîðîé ñòàíäàðòíîé �îðìå, à ïîä Λ � êîíå÷íîå ìíî-æåñòâî àëãîðèòìîâ îáðàáîòêè óêàçàííûõ îáúåêòîâ. Ïóñòü S(A, δ0) � �óíêöèîíàëêà÷åñòâà ïîëó÷åííîãî âûõîäíîãî îáúåêòà â ðåçóëüòàòå îáðàáîòêè âõîäíîãî îáú-åêòà δ0 ∈ Ω àëãîðèòìîì A ∈ Λ. Òðåáóåòñÿ ïîñòðîèòü ïðîñòðàíñòâî è ðàçáèòüåãî íà îáëàñòè êîìïåòåíòíîñòè àëãîðèòìîâ A (èç Λ). Èíûìè ñëîâàìè, îïðåäåëèòü
A0 = ArgminS(A, δ0) äëÿ ïðîèçâîëüíîãî îïèñàíèÿ δ0 èç ïîñòðîåííîãî ïðîñòðàíñòâà
Ω, ãäå ìèíèìóì áåð¼òñÿ ïî âñåì A ∈ Λ.Â íàøåì ñëó÷àå Ω åñòü ìíîæåñòâî îïèñàíèé ñèñòåì ÷àñòè÷íûõ áóëåâûõ �óíêöèé(Ñ×ÁÔ) â �îðìàòå ñèñòåìû ñèíòåçà ñõåì SIS (ñì. [7℄), Λ � ñîâîêóïíîñòü ðåàëèçî-âàííûõ â SIS àëãîðèòìîâ ñèíòåçà Ñ×ÁÔ â âèäå ñõåì (19 àëãîðèòìîâ), à â êà÷åñòâå
S(A, δ) âçÿòà êîëè÷åñòâåííàÿ îöåíêà ïëîùàäè ñèíòåçèðîâàííîé ñõåìû.2.4. Êëàññè�èêàöèÿ è ãèïîòåçà ïðåäñòàâèòåëüíîñòè. Ïîíÿòíî, ÷òî �óíêöèèèç Ñ×ÁÔ ïîäëåæàùèõ ìèíèìèçàöèè è ñõåìíîé ðåàëèçàöèè íà ïðàêòèêå äàëåêîíå ñëó÷àéíû, ïîñêîëüêó îíè îïèñûâàþò êîìáèíàöèîííûå ÷àñòè ëîãè÷åñêèõ áëî-êîâ, èìåþùèõ îïðåäåë¼ííóþ ëîãèêó ðàáîòû. Òàêæå èíòóèòèâíî ÿñíî, ÷òî èìåþòñÿðàçëè÷íûå òèïû òàêèõ Ñ×ÁÔ. Â òî æå âðåìÿ çàìå÷åíî, ÷òî çà÷àñòóþ íåáîëüøèåèçìåíåíèÿ â îïèñàíèÿõ �óíêöèé ïðèâîäÿò ê ðàäèêàëüíîìó èçìåíåíèþ èõ ñõåìíî-ãî ïðåäñòàâëåíèÿ. Ýòî îçíà÷àåò, ÷òî îïèñàíèå Ñ×ÁÔ â íåêîòîðîì �ñòåñòâåííîì�ïðîñòðàíñòâå íå îáåñïå÷èâàåò âûïîëíåíèå ãèïîòåçû êîìïàêòíîñòè îáðàçîâ.Äàëåå ìû íå áóäåì ðàçëè÷àòü îáúåêòû è èõ îïèñàíèÿ. Íàïîìíèì, ÷òî îáúåêòñ èçâåñòíîé êëàññè�èêàöèè íàçûâàåòñÿ â òåîðèè ðàñïîçíàâàíèÿ ïðåöåäåíòîì. Äëÿðåøåíèÿ ïîñòàâëåííîé çàäà÷è íåîáõîäèì íàáîð ïðåöåäåíòîâ � îïèñàíèé ñõåì ñ ðå-çóëüòàòàìè ñèíòåçà âñåìè èìåþùèìèñÿ àëãîðèòìàìè. Ýòà èí�îðìàöèè è ÿâëÿåòñÿîñíîâíîé äëÿ ðåøåíèÿ çàäà÷è.ßñíî, ÷òî ðåøåíèå çàäà÷è âîçìîæíî, åñëè íàáîð èìåþùèõñÿ ïðåöåäåíòîâ íåêîòî-ðûì îáðàçîì îòðàæàåò îáúåêòû, êîòîðûå ðåàëüíî áóäóò âñòðå÷àòüñÿ ïðè îñóùåñòâ-ëåíèè êëàññè�èêàöèè. Äàííîå ïðåäïîëîæåíèå íàçûâàåòñÿ â òåîðèè ðàñïîçíàâàíèÿãèïîòåçîé ïðåäñòàâèòåëüíîñòè.2.5. Èäåÿ ìåòîäà Ì.Áîíãàðäà. Ïðè íåâûïîëíåííîé ãèïîòåçå êîìïàêòíîñòè (ñè-òóàöèÿ �ãóáêè è âîäû� ïî âûðàæåíèþ àâòîðà ìåòîäà) ïðåäëàãàåòñÿ äåéñòâîâàòüñëåäóþùèì îáðàçîì.(1) Òåì èëè èíûì ñïîñîáîì ñ�îðìèðîâàòü íåêîòîðûé íàáîð ïðîèçâîëüíûõ ïåð-âè÷íûõ ïðèçíàêîâ � ÷èñëîâûõ õàðàêòåðèñòèê îáúåêòîâ. Ýòè ïðèçíàêè, âî-îáùå ãîâîðÿ, íå ïîçâîëÿþò óñïåøíî ðåøèòü çàäà÷ó êëàññè�èêàöèè (ðàçáè-åíèå ïðèçíàêîâîãî ïðîñòðàíñòâà).(2) Ñ ïîìîùüþ âûáðàííûõ �óíêöèîíàëüíûõ ïðåîáðàçîâàíèé èç ïåðâè÷íûõïðèçíàêîâ ñòðîÿòñÿ âñåâîçìîæíûå âûðàæåíèÿ, íàçûâàåìûå â äàëüíåéøåìâòîðè÷íûìè ïðèçíàêàìè. Äëÿ ïåðâîíà÷àëüíîãî ïîñòðîåíèÿ íåò íåîáõîäè-ìîñòè ïîëüçîâàòüñÿ ñëîæíûìè �óíêöèîíàëüíûìè ïðåîáðàçîâàíèÿìè è ïðèðàçðàáîòêå ñèñòåìû áûëè èñïîëüçîâàíû (êàê è ó Ì.Áîíãàðäà) ïðîñòåéøèåàðè�ìåòè÷åñêèå îïåðàöèè {+, −, ×, /}.(3) Èç ïîñòðîåííûõ âòîðè÷íûõ ïðèçíàêîâ äëÿ êàæäîãî êëàññà (ñîîòâåòñòâóþ-ùåãî îäíîìó èç àëãîðèòìîâ ñèíòåçà) îòáèðàåòñÿ íåêîòîðîå êîëè÷åñòâî íàè-áîëåå �èí�îðìàòèâíûõ� ïðèçíàêîâ. Ïîä òàêîâûìè ïîíèìàþòñÿ òå, êîòîðûå



"Íåêîìïàêòíûå"çàäà÷è ðàñïîçíàâàíèÿ. Ëîãè÷åñêèé ñèíòåç ïî Ý.�èëüáåðòó 39íàèëó÷øèì îáðàçîì îòäåëÿþò êîíêðåòíûé êëàññ îò îñòàëüíûõ êëàññîâ (çíà-÷åíèÿ íà ïðåöåäåíòàõ êîíêðåòíîãî êëàññà ñèëüíî îòëè÷àåòñÿ îò çíà÷åíèé íàïðåöåäåíòàõ èç îñòàëüíûõ êëàññîâ ïðèçíàêîâ).(4) Äëÿ âñåõ ïðåöåäåíòîâ ñòðîèòñÿ íàáîð ïåðâè÷íûõ ïðèçíàêîâ, âû÷èñëÿþòñÿâòîðè÷íûå ïðèçíàêè, ïðîèçâîäèòñÿ îïèñàííûé âûøå îòáîð è çàòåì ïî âñåìîòîáðàííûì âòîðè÷íûì ïðèçíàêàì óñòðàèâàåì ãîëîñîâàíèå. Â ðåçóëüòàòåâñå ïðîñòðàíñòâî îáúåêòîâ ðàçáèâàåòñÿ íà êëàññû.Çàìåòèì, ÷òî äàííûé ìåòîä îñíîâûâàåòñÿ íà ïîëíîì ïåðåáîðå (ïðè �îðìèðî-âàíèè âòîðè÷íûõ ïðèçíàêîâ), ÷òî òðåáóåò, â îáùåì ñëó÷àå, çíà÷èòåëüíûõ âû÷èñ-ëèòåëüíûõ çàòðàò. Îäíàêî òàêîé áîëüøîé ñ÷¼ò âûïîëíÿåòñÿ åäèíñòâåííûé ðàç íàýòàïå îáó÷åíèÿ.2.6. Ìàòåìàòè÷åñêàÿ ìîäåëü. Ïóñòü èìååòñÿ N àëãîðèòìîâ ìèíèìèçàöèèóïðàâëÿþùèõ ñèñòåì A1, A2, . . . , AN , ℜi, i = 1, . . . , N � îáëàñòè êîìïåòåíòíîñòèàëãîðèòìîâ. Íàçîâåì ïåðâè÷íûì ïðèçíàêîì ïðîèçâîëüíóþ �óíêöèþ îò òàáëè÷íîãîçàäàíèÿ Ñ×ÁÔ.Ïóñòü P1(δ), P2(δ) . . . , PM (δ) � ïåðâè÷íûõ ïðèçíàêîâ êîíêðåòíîé Ñ×ÁÔ δ. Âòî-ðè÷íûì ïðèçíàêîì ÷àñòè÷íî çàäàííîé áóëåâîé �óíêöèè δ i-ãî àëãîðèòìà íàçîâåìïðîèçâîëüíóþ �óíêöèþ
fi,j(P1, P2, . . . , PM ) = f

+,−,×,/
i,j (P1(δ), P2(δ), . . . , PM (δ)), i = 1, . . . , N, (1)ãäå j � íîìåð ïðèçíàêà, ïîñòðîåííóþ ñ ïîìîùüþ àðè�ìåòè÷åñêèõ îïåðàöèé

+, −, ×, / èç ïåðâè÷íûõ ïðèçíàêîâ.Îáëàñòü êîìïåòåíòíîñòè êàæäîãî àëãîðèòìà ìèíèìèçàöèè áóäåì çàäàâàòü ñèñòå-ìîé íåðàâåíñòâ 



fi,1(P1, P2, . . . , PM ) ≶ Consti,1
. . .
fi,ci(P1, P2, . . . , PM ) ≶ Consti,ci ,ãäå êîíñòàíòû Consti,1, . . . , Consti,ci è îïåðàöèÿ ñðàâíåíèÿ ¾áîëüøå¿ èëè ¾ìåíüøå¿âûáèðàþòñÿ èç óñëîâèÿ ìèíèìèçàöèè �óíêöèîíàëà êà÷åñòâà âòîðè÷íîãî ïðèçíàêà(ñ ïðèâÿçàííîé ê íåìó îïåðàöèåé ñðàâíåíèÿ è êîíñòàíòû):

Q(Fi,cj ) =
∑

δ∈Ω

[Fi,cj − t]2(δ) → min,ãäå Fi,cj � èíäèêàòîð ïðèíàäëåæíîñòè îáúåêòà δ êëàññó ñ íîìåðîì i, ñòðîÿùèéñÿèç fi,k, îïåðàöèé >, < è Consti,k.Âîîáùå ãîâîðÿ, ëþáàÿ �óíêöèÿ (ñ îãðàíè÷åíèÿìè íà ñóùåñòâîâàíèå ïðîèçâîäíûõíóæíîãî ïîðÿäêà) ðàçëîæèìà â ðÿä Òåéëîðà, ÷òî ãîâîðèò î òîì, ÷òî êëàññ âñåõ�óíêöèé {f+,−,×,/} äîñòàòî÷íî øèðîê.Ââåäåì íàáîð èíäèêàòîðíûõ �óíêöèé
ki(δ) =

{
1, åñëè âûïîëíåíà ñèñòåìà íåðàâåíñòâ;
−1, èíà÷å,è �óíêöèþ øòðà�à
Ui(δ) =

{
1, åñëè δ ∈ ℜi;
−1, åñëè δ * ℜi.�àññìîòðèì �óíêöèþ

Zi(δ) =
1 −Ki(δ) · Ui(δ)

2
.Ïîëó÷àåòñÿ, ÷òî

Zi(δ) =

{
0, åñëè çàäàåò ïðåäèêàò δ ∈ ℜi;
1, èíà÷å.È, íàêîíåö, ðàññìîòðèì �óíêöèîíàë êà÷åñòâà

Φi = Σδ∈ΩZi(δ), i = 1, . . . , N. (2)



40 �óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.Òåïåðü çàäà÷à ïîñòðîåíèÿ êëàññè�èêàòîðà ñâåëàñü ê çàäà÷å ìèíèìèçàöèè �óíê-öèîíàëà êà÷åñòâà äëÿ êàæäîãî àëãîðèòìà ïî íàáîðó âòîðè÷íûõ ïðèçíàêîâ:
Φi → min (3)äëÿ âñåõ i = 1, . . . , N . Çàìåòèì ñðàçó, ÷òî ïîñêîëüêó Ω � ïîòåíöèàëüíî áåñêîíå÷íîåìíîæåñòâî, òî ïðîãðàììíî ïîäñ÷èòàòü (2) íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Ïîòîìóíà ïðàêòèêå ïðèõîäèòñÿ îãðàíè÷èâàòüñÿ ïðåäïîëîæèòåëüíî äîñòàòî÷íî ïðåäñòàâè-òåëüíûì �èêñèðîâàííûì ïîäìíîæåñòâîì ìíîæåñòâà ℜi, ñîñòàâëÿþùåå ìíîæåñòâî

Ω ïðåöåäåíòîâ.2.7. Ïîñòðîåíèå ïðåöåäåíòíîé èí�îðìàöèè. Ïðåöåäåíòíàÿ èí�îðìàöèÿ (íà-áîð Ñ×ÁÔ) ïðåäñòàâëÿëàñü â âèäå ìàòðèö âõîäà è âûõîäà, ñòðîÿùèõñÿ èç ýëåìåíòîâ
0, 1 è −. Ìàòðèöà âõîäà çàäàåò èíòåðâàë áóëåâûõ ïåðåìåííûõ, à ìàòðèöà âûõîäà� ñîîòâåòñòâóþùóþ èíòåðâàëó, ñòðîêó çíà÷åíèé íàáîðà �óíêöèé. Â êà÷åñòâå ïðå-öåäåíòíîé èí�îðìàöèè áûëè âçÿòû ìàòåìàòè÷åñêèå ñõåìû, ïîñòàâëÿåìûå âìåñòå ñïàêåòîì SIS, è ñõåìû ñãåíåðèðîâàííûå ñëó÷àéíûì îáðàçîì, ñ èñïîëüçîâàíèåì íîð-ìàëüíîãî, ãàììà, ýêñïîíåíöèàëüíîãî, áåòà, ïóàññîíîâñêîãî, Êîøè, áèíîìèàëüíîãîðàñïðåäåëåíèé. Áûëè ñõåìû ñãåíåðèðîâàííûå ñ ïîìîùüþ òîëüêî îäíîãî ðàñïðåäåëå-íèÿ, à òàê æå ñõåìû, êîòîðûå äåëèëèñü íà áëîêè, êàæäûé èç êîòîðûõ ñãåíåðèðîâàíñ ïîìîùüþ ñâîåãî ðàñïðåäåëåíèÿ èç ñïèñêà, ïåðå÷èñëåííîãî âûøå. Çàìåòèì, ÷òîñàìûì âàæíûì ìîìåíòîì íà ýòîì ýòàïå ðàçðàáîòêè áûëî ïîëó÷åíèå ïðåäñòàâè-òåëüíîé (íàèáîëåå îáùåé) âûáîðêè.2.8. Ïîñòðîåíèå ïåðâè÷íûõ ïðèçíàêîâ. Ïåðâè÷íûå ïðèçíàêè ñòðîèëèñü ñëå-äóþùèì îáðàçîì.Â ìàòðèöå âõîäà è âûõîäà êîíêðåòíîé Ñ×ÁÔ âûäåëÿåòñÿ 5 ïîäîáëàñòåé: ìàòðèöà,�ðàçðåçàííàÿ� íà ÷åòûðå ðàâíûå ÷àñòè (4 ïîäîáëàñòè) è ïîäìàòðèöà, îáðàçóþùàÿïðÿìîóãîëüíèê, íàêðûâàþùèé öåíòð ìàòðèöû.Äëÿ êàæäîé ïîäîáëàñòè îïðåäåëÿëîñü (íàçûâàåìîå â äàëüíåéøåì ïåðâè÷íûìïðèçíàêîì Ñ×ÁÔ):(1) Ïðîöåíòíîå ñîîòíîøåíèå êîëè÷åñòâ ñèìâîëîâ 0, 1 è − îòíîñèòåëüíî êîëè÷å-ñòâà ýëåìåíòîâ â ïîäîáëàñòÿõ (3 ïðèçíàêà).(2) Ñðåäíåñòàòèñòè÷åñêîå ïîëîæåíèå (ìàòåìàòè÷åñêîå îæèäàíèå) êîëè÷åñòâñèìâîëîâ 0, 1 è − â ñòðîêàõ è ñòîëáöàõ êàæäîé ïîäîáëàñòè, íîðìàëèçî-âàííîå ïî äëèíå ñòðîêè è ñòîëáöà ñîîòâåòñòâåííî (3 × 2 ïðèçíàêà).(3) Ñðåäíåå îòêëîíåíèå îò ñðåäíåñòàòèñòè÷åñêîãî ïîëîæåíèÿ (äèñïåðñèÿ) êîëè-÷åñòâ ñèìâîëîâ 0, 1 è − â ñòðîêàõ è ñòîëáöàõ êàæäîé ïîäîáëàñòè, íîðìàëè-çîâàííîå ïî äëèíå ñòðîêè è ñòîëáöà ñîîòâåòñòâåííî (3 × 2 ïðèçíàêà).Èòîãî 150 ïåðâè÷íûõ ïðèçíàêîâ äëÿ êàæäîãî ïðåöåäåíòà.2.9. Ïîñòðîåíèå è ñåëåêöèÿ âòîðè÷íûõ ïðèçíàêîâ. Ïðåöåäåíòíàÿ âûáîðêàðàçáèâàåòñÿ íà òðè ðàâíîìîùíûõ ìíîæåñòâà (äëÿ îòñóòñòâèÿ ïåðåîáó÷åíèÿ ìåòî-äîì ñêîëüçÿùåãî êîíòðîëÿ). Ïåðâîå � äëÿ ïîñòðîåíèÿ âòîðè÷íûõ ïðèçíàêîâ è ñå-ëåêöèè èç íèõ íàèëó÷øèõ. Âòîðîå � äëÿ îãðàíè÷åíèÿ ïåðåîáó÷åíèÿ. Òðåòüå � äëÿîöåíêè êà÷åñòâà êëàññè�èêàöèè.Ïî âûáðàííûì 15 ïåðâè÷íûì ïðèçíàêàì ñòðîÿòñÿ âñå âîçìîæíûå âòîðè÷íûå ïðè-çíàêè âèäà (1), ñëîæíîñòü êîòîðûõ (÷èñëî èñïîëüçóåìûõ îïåðàöèé) íå ïðåâûøàëà÷åòûðåõ. Ñðåäè íèõ, äëÿ êàæäîãî êëàññà, îñòàâëÿåì òîëüêî òå, ñ ïîìîùüþ êîòîðûõìîæíî îòäåëèòü íåñêîëüêî (10 øòóê) ïðåöåäåíòîâ ýòîãî êëàññà îò îñòàëüíûõ. Ïðèýòîì ïðåöåäåíòû ðàññìàòðèâàþòñÿ òîëüêî èç ïåðâîãî ìíîæåñòâà ðàçáèåíèÿ.Äàëåå èòåðàòèâíî âî ìíîæåñòâå âûáðàííûõ âòîðè÷íûõ ïðèçíàêîâ (èçíà÷àëüíîîíî ïóñòîå) ïðîèçâîäèòñÿ îïåðàöèÿ äîáàâëåíèÿ/óäàëåíèÿ ïðèçíàêîâ. Êðèòåðèé ïðî-âåäåíèÿ îïåðàöèè � óìåíüøåíèå �óíêöèîíàëà êà÷åñòâà (2) íà ïðåöåäåíòàõ âòîðîãîìíîæåñòâà ðàçáèåíèÿ, ò.å. ðåøàåì çàäà÷ó (3).Äàííûé ýòàï òðåáóåò îñíîâíûõ âû÷èñëèòåëüíûõ çàòðàò, ïîýòîìó íóæäàåòñÿ âòåîðåòè÷åñêèõ èññëåäîâàíèÿõ, ñ ïîìîùüþ êîòîðûõ ìîæíî áóäåò ñîêðàòèòü ïåðåáîð.



"Íåêîìïàêòíûå"çàäà÷è ðàñïîçíàâàíèÿ. Ëîãè÷åñêèé ñèíòåç ïî Ý.�èëüáåðòó 412.10. Îöåíêà êà÷åñòâà êëàññè�èêàòîðà. Êà÷åñòâî àëãîðèòìà îöåíèâàëàñü ìå-òîäîì ñêîëüçÿùåãî êîíòðîëÿ. Äëÿ ýòîãî èç âñåãî ìíîæåñòâà ïðåöåäåíòîâ âûáèðàëñÿîäèí îáúåêò, êîòîðûé ïîìåùàëñÿ â êîíòðîëüíóþ âûáîðêó, íà îñòàëüíûõ ïðîõîäè-ëî îáó÷åíèå. Ïîñëå ïîëó÷åíèÿ îïòèìàëüíîãî àëãîðèòìà êëàññè�èêàöèè (ñ ó÷åòîìîãðàíè÷åíèé � äëèíà âòîðè÷íîãî ïðèçíàêà íå áîëüøå 5 è åù¼ íåêîòîðûõ), ïðîâî-äèëàñü êëàññè�èêàöèÿ âûáðàííîãî êîíòðîëüíîãî îáúåêòà. Äàííàÿ ïðîöåäóðà ïðî-âîäèëàñü äëÿ êàæäîãî îáúåêòà èç ïðåöåäåíòíîé èí�îðìàöèè.Ïîëó÷åííàÿ îöåíêà êîëè÷åñòâà îøèáîê ïðè êëàññè�èêàöèè (íà ìàòåðèàëå îáó-÷åíèÿ) ïðåäëîæåííûì àëãîðèòìîì ñîñòàâëÿåò ïðèáëèçèòåëüíî 5%. Â çàäà÷àõ ðàñ-ïîçíàâàíèÿ òàêîé ñëîæíîñòè, êàê ðåøàåìàÿ íàìè, òðóäíî òðåáîâàòü áîëüøåé òî÷-íîñòè. Ïðèìåíÿÿ ñîâðåìåííûå ìåòîäû êëàññè�èêàöèè ìîæíî óëó÷øèòü êà÷åñòâîðàñïîçíàâàíèÿ. Îäíàêî ýòî ìîæåò ïðèâåñòè ê èçâåñòíîìó ý��åêòó ïåðåîáó÷åíèÿ,êîãäà êëàññè�èêàòîð, êîððåêòíî ðàáîòàþùèé íà ñõåìàõ �áëèçêèõ� ê ïðåöåäåíòàì,âåä¼ò ñåáÿ íåïðåäñêàçóåìî íà âñåõ îñòàëüíûõ îáúåêòàõ.3. Ëîãè÷åñêèé ñèíòåç íà îñíîâå ðàçëîæåíèÿ Ý.�èëüáåðòà3.1. Ìîíîòîííûå áóëåâû �óíêöèè è èõ ñâîéñòâà. Ìîíîòîííîé áóëåâîé �óíê-öèåé íàçûâàåòñÿ áóëåâà �óíêöèÿ f(x1, . . . , xn), äëÿ êîòîðîé âûïîëíåíî:
f(a1, . . . an) ≥ f(b1, . . . , bn),åñëè a1, . . . , an è b1, . . . , bn òàêèå, ÷òî ∀i = 1 . . . n, ai ≥ bi.Ñîâåðøåííàÿ ÄÍÔ ìîíîòîííîé �óíêöèè íå ñîäåðæèò îòðèöàíèé (äàííîå óòâåð-æäåíèå ñëåäóåò íåïîñðåäñòâåííî èç îïðåäåëåíèÿ), ÷òî îáåñïå÷èâàåò ìèíèìàëüíóþçàäåðæêó ïðè ðåàëèçàöèè èíòåãðàëüíûõ ñõåì, ïî ñðàâíåíèþ ñ ëþáîé äðóãîé �óíê-öèåé îò îäíîãî è òîãî æå êîëè÷åñòâà ïåðåìåííûõ. Íàäî îòìåòèòü, ÷òî ñîâåðøåí-íàÿ ÄÍÔ ìîíîòîííîé �óíêöèè ñòðîèòñÿ äîñòàòî÷íî ëåãêî. Äëÿ ýòîãî äîñòàòî÷íîíàéòè ìíîæåñòâî Ω íèæíèõ åäèíèö �óíêöèè (íèæíåé åäèíèöåé �óíêöèè íàçûâà-åòñÿ òàêîé íàáîð a1, . . . , an, ÷òî f(a1, . . . , an) = 1 è íå ñóùåñòâóåò òàêîãî íàáîðà

b1, . . . , bn, ∀i = 1, . . . , nai ≥ bi, ÷òî f(b1, . . . , bn) = 1). Äàëåå îñòàåòñÿ òîëüêîçàïèñàòü ñàìó ñîâåðøåííóþ ÄÍÔ, êîòîðàÿ áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:
f(x1, . . . , xn) = ∨(δ1, ..., δn)∈Ω ∧δi=1 xi.Äàííûå ñâîéñòâà ïðåäëàãàåòñÿ èñïîëüçîâàòü äëÿ ñèíòåçà èíòåãðàëüíûõ ñõåì íåìî-íîòîííûõ áóëåâûõ �óíêöèé.3.2. Ïîñòàíîâêà çàäà÷è. Íà ñåãîäíÿøíèé äåíü ê èíòåãðàëüíûì ñõåìàì ïðåäúÿâ-ëÿþòñÿ âñå áîëåå è áîëåå æåñòêèå òðåáîâàíèÿ. Îíè äîëæíû èìåòü ìèíèìàëüíûéêðèòè÷åñêèé ïóòü, ïëîùàäü, çàäåðæêó è ò.ä. Ïîýòîìó ïîñòîÿííî âåäåòñÿ ïîèñê íî-âûõ ìåòîäîâ íàèëó÷øåãî ïðåäñòàâëåíèÿ áóëåâûõ �óíêöèé. Â äàííîé ðàáîòå áóäåòïðåäñòàâëåí îäèí èç âîçìîæíûõ ïîäõîäîâ ê ðåøåíèþ ïðîáëåì ñèíòåçà èíòåãðàëü-íûõ ñõåì, îñíîâàííûé íà ñâîéñòâàõ ìîíîòîííûõ �óíêöèé.Òðåáóåòñÿ ïðåäñòàâèòü ÷àñòè÷íóþ áóëåâó �óíêöèþ ñ ïîìîùüþ îïåðàöèé êîíú-þíêöèÿ è îòðèöàíèÿ íàä ìîíîòîííûìè �óíêöèÿìè. Ñóùåñòâîâàíèå òàêîãî ïðåä-ñòàâëåíèÿ íåïîñðåäñòâåííî ñëåäóåò èç òåîðåìû �èëüáåðòà.3.3. Òåîðåìà Ý.�èëüáåðòà.Òåîðåìà (Ý.�èëüáåðò). Äëÿ ëþáîé áóëåâîé �óíêöèè f(x1, . . . , xn) ñóùåñòâóþòòàêèå ìîíîòîííûå �óíêöèè f1(x1, . . . , n), . . . , fk(x1, . . . , xn), ÷òî

f = f1 ∧ f2 ∧ f3 ∧ . . . ∧ fkÄîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåçM(f) ìíîæåñòâî åäèíè÷íûõ íàáîðîâ �óíêöèè.Åñëè f � ìîíîòîííàÿ �óíêöèÿ, ñðàçó ïîëó÷àåòñÿ íåîáõîäèìî ïðåäñòàâëåíèå f =
f . Â ïðîòèâíîì ñëó÷àå âûáåðåì ìîíîòîííóþ �óíêöèþ f1 òàê, ÷òîáûM(f) ⊂M(f1).



42 �óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.Òàêóþ �óíêöèÿ âñåãäà ìîæíî ïîäîáðàòü, íàïðèìåð, íàéäÿ âñå íèæíèå åäèíèöû�óíêöèè f (ìíîæåñòâî Ω). Òîãäà
f1(x1, . . . , xn) =

∨

(δ1, ..., δn)∈Ω

∧

δi=1

xi.Òåïåðü íàéäåì f1 èç ñëåäóþùåãî ñîîòíîøåíèÿ:
f = f1 ∧ f1Ïðîâåäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, äëÿ �óíêöèè f1 ïîëó÷èì ìîíîòîííóþ �óíê-öèþ f2 è f = f1 ∧ f2 ∧ f2 è ò.ä.Òåïåðü äîêàæåì, ÷òî äëÿ ëþáîé áóëåâîé �óíêöèè ñóùåñòâóåò êîíå÷íàÿ ïîñëåäî-âàòåëüíîñòü ìîíîòîííûõ �óíêöèé, å¼ îïðåäåëÿþùàÿ. Äàëåå ìû äîêàæåì äâà óòâåð-æäåíèÿ.(1) M(f) ⊃M(f2).Òàê êàê f = f1 ∧ f1, òî îáÿçàòåëüíî

f1 =





0, åñëè f = 1,
1, åñëè f = 0 è f1 = 1,ëþáîå çíà÷åíèå, åñëè f = f1 = 0.Îïðåäåëèì f1 ñëåäóþùèì ñïîñîáîì:
f1 =

{
0, åñëè f = 1,
1, åñëè f = 0.Òåïåðü íàéäåì ìîíîòîííóþ �óíêöèþ f2, ïîêðûâàþùóþ âñå åäèíèöû�óíêöèè f1 è ïîñòðîèì �óíêöèþ f2, äîîïðåäåëèâ óòâåðæäåíèå (1):

f2 =





0, åñëè f1 = 1,
1, åñëè f1 = 0 è f2 = 1,
0, åñëè f1 = f2 = 0.×òî ðàâíîñèëüíî:

f2 =





0, åñëè f = 0,
1, åñëè f = f2 = 1,
0, åñëè f = 1 è f2 = 0.Òàê êàê ìîíîòîííûå �óíêöèè ïîäáèðàþòñÿ òàê, ÷òîáû îíè ïîêðûâàëè âñåíèæíèå åäèíèöû èñõîäíîé �óíêöèè, òî ñóùåñòâóþò òàêèå íàáîðû, ÷òî f = 1è f2 = 0. Ñëåäîâàòåëüíî, M(f) ⊃ M(f2). Àíàëîãè÷íî ïîëó÷àåì, M(f) ⊃

M(f2) ⊃M(f4) . . ..(2) M(f1) ⊂M(f3).Òàê êàê f3 ïîëó÷àåòñÿ ïîñëå ïåðåîïðåäåëåíèÿ �óíêöèè f2 ïî ïðàâèëó (1),à óæå äîêàçàíî, ÷òî M(f) ⊃ M(f2), òî, ñëåäîâàòåëüíî, M(f1) ⊂ M(f3) èâåðíî M(f1) ⊂M(f3) ⊂Mf5 . . ..Â ðåçóëüòàòå ýòîãî âûïîëíåíû óñëîâèÿ M(f1) ⊂ M(f3) ⊂ Mf5 . . . è
M(f) ⊃ M(f2) ⊃ M(f4) . . ., ìû ïîëó÷àåì: ëèáî ïðè êàêîì-òî íå÷åòíîì n
fn = 1, ëèáî æå ïðè ÷åòíîì n fn = 0.3.4. Ïðåäëàãàåìûé àëãîðèòì. Ïóñòü çàäàíà âñþäó îïðåäåëåííàÿ áóëåâà �óíê-öèÿ f . Îïèøåì äëÿ íå¼ àëãîðèòì ïîñòðîåíèÿ ðàçëîæåíèÿ �èëüáåðòà.(1) Íàõîäèì âñå íèæíèå åäèíèöû �óíêöèè � ìíîæåñòâî Ω.(2) Âû÷èñëèì f1 êàê

f1(x1, . . . , xn) =
∨

(δ1, ..., δn)∈Ω

∧

δi=1

xi.(3) Ïåðåñ÷èòàåì f , è íàéäåì f1 èç ñîîòíîøåíèÿ (5).(4) Ïîâòîðèâ ï.1, íàéäåì f2.(5) Ïîñëå ÷åãî ïåðåñ÷èòàåì f1 è íàéäåì f2 èç ñîîòíîøåíèÿ (6) è ò.ä.



"Íåêîìïàêòíûå"çàäà÷è ðàñïîçíàâàíèÿ. Ëîãè÷åñêèé ñèíòåç ïî Ý.�èëüáåðòó 43Â ðåçóëüòàòå, êàê áûëî äîêàçàíî âûøå, ïîëó÷èì êîíå÷íóþ ñèñòåìó áóëåâûõ�óíêöèé, îäíîçíà÷íî îïðåäåëÿþùèõ èñõîäíóþ ÷àñòè÷íóþ �óíêöèþ f .
3.5. �àñøèðåíèå àëãîðèòìà íà ÷àñòè÷íûå áóëåâû �óíêöèè. Âûøå áûë ðàñ-ñìîòðåí ñëó÷àé ïðåäñòàâëåíèÿ âñþäó îïðåäåëåííîé áóëåâîé �óíêöèè ñ ïîìîùüþìîíîòîííûõ. Îäíàêî íà ïðàêòèêå áîëüøèé èíòåðåñ ïðåäñòàâëÿåò ðàáîòà ñ áîëååøèðîêèì ìíîæåñòâîì ÷àñòè÷íûõ �óíêöèé. Äëÿ ðàáîòû ñ äàííûì âèäîì �óíêöèéìîæíî ïðåäëîæèòü ðàçëè÷íûå ðàñøèðåíèÿ ïðåäëîæåííîãî àëãîðèòìà. Íèæå ïðè-âåäåíî îäíî èç íèõ.(1) Íàõîäèì âñå íèæíèå åäèíèöû �óíêöèè � ìíîæåñòâî Ω.(2) Âû÷èñëèì f1(x1, . . . , xn) êàê

f1(x1, . . . , xn) = ∨(δ1, ..., δn)∈Ω ∧δi=1 xi.Ïðè ýòîì, åñëè f(x̂1, . . . , x̂n) = −, âîçìîæíî 3 ñëó÷àÿ:(a) ∃(δ1, . . . , δn) ∈ Ω òàêîé, ÷òî åñëè δi = 1, òî x′i = 1. Òîãäà îïðåäåëèì
f(x̂1, . . . , x̂n) = 1.(b) ∃(δ1, . . . , δn) ∈ Ω, ÷òî x̂i <= δi. Òîãäà äîîïðåäåëèì f(x̂1, . . . , x̂n) = 0.(
) Åñëè íàáîð (x̂1, . . . , x̂n) íå ñðàâíèì íè ñ îäíèì èç íàáîðîâ (δ1, . . . , δn) ∈
Ω, òîãäà íà äàííîì øàãå äîîïðåäåëÿòü f íà (x̂1, . . . , x̂n) íå áóäåì.(3) Ïåðåñ÷èòàåì f , è íàéäåì f1 èç ñîîòíîøåíèÿ (5).(4) Ïîâòîðèâ ï. 1, íàéäåì f2. Äîîïðåäåëèì f1 àíàëîãè÷íî ï.2. Çàìåòèì, ÷òî íàýòîì øàãå �óíêöèÿ äîîïðåäåëèòñÿ õîòÿ áû åù¼ íà 1 íàáîðå ïî ñðàâíåíèþ ñïðåäûäóùèì øàãîì.(5) Ïîñëå ÷åãî ïåðåñ÷èòàåì f1 è íàéäåì f2 èç ñîîòíîøåíèÿ (6) è ò.ä.

3.6. Îöåíêà àëãîðèòìà. Î÷åâèäíî, ÷òî äàííûé àëãîðèòì íå äà¼ò íèêàêèõ óëó÷-øåíèé ïðè ñèíòåçå ñõåì ìîíîòîííûõ �óíêöèé. Îäíàêî â äðóãèõ ñëó÷àÿõ âîçìîæíîóìåíüøåíèå âðåìåíè êðèòè÷åñêîãî ïóòè, ïëîùàäè ñõåìû è êîëè÷åñòâà èñïîëüçóå-ìûõ ýëåìåíòîâ â ñõåìå.�åçóëüòàòû ñèíòåçà ïðèâåäåíû â íèæåñëåäóþùèõ òàáëèöàõ.Òàáëèöà 1. Ïàðàìåòðû ñõåì, ñèíòåçèðîâàííûõ ïðåäëîæåííûì àëãîðèòìîìÍàçâàíèå ñõåìû # âõîäîâ # êàñêàäîâ # êîíúþíêöèé # äèçúþíêöèében
h 6 1 8 2sqn7 6 81 36 5life 9 2 124 31P38 2 20 9 1P18 2 17 7 1fout 6 4 44 11lu
8 2 8 0 1Rd73 7 4 15 6Rd53 5 1 15 5Sqn2 3 2 4 2Co14 14 2 1 15Sym10 10 1 0 0



44 �óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.Òàáëèöà 2. Çàäåðæêà ïî êðèòè÷åñêîãî ïóòè (â óñëîâíûõ åäèíèöàõ) â ñõåìàõ, ñèí-òåçèðîâàííûõ ñòàíäàðòíûìè ìåòîäàìè èç ñèñòåìû SIS è ïðåäëîæåííûì ìåòîäîì.Íàçâàíèå ñõåìû Ìåòîä SIS �àçëîæåíèå �èëüáåðòàben
h 10.8 11sqn 9 7life 11.2 11.4P3 11.12 11.01P1 11.09 11.06fout 10.7 8.9lu
 11.3 11.4Rd73 10.31 10.4Rd53 9.2 9.3Sqn2 7.1 7.5Òàêèì îáðàçîì, ïðîâåäåííûå èññëåäîâàíèÿ, ïîêàçàëè, ÷òî íà ðÿäå ïðèìåðîâ äàí-íûé ìåòîä ðàáîòàåò ëó÷øå, ÷åì ñóùåñòâóþùèå àëãîðèòìû ñèíòåçà ëîãè÷åñêèõ ñõåì.Òàêæå äàííûé ìåòîä ïîçâîëÿåò èñïîëüçîâàòü ðÿä ïðåîáðàçîâàíèé, êîòîðûå ìîãóòïîìî÷ü â óëó÷øåíèè ðÿäà ïàðàìåòðîâ ðàáîòû àëãîðèòìà (íàïðèìåð, ïðèìåíåíèåïîâîðîòà âîêðóã âåêòîðà ïîëÿðèçàöèè), êîòîðûå íå ìîãóò èñïîëüçîâàòüñÿ âî ìíîãèõðàáîòàþùèõ ìåòîäàõ ñèíòåçà ñõåì �óíêöèîíàëüíûõ ýëåìåíòîâ.Ñïèñîê ëèòåðàòóðû[1℄ Àâäååâ Þ.Â., �àâðèëîâ Ñ.Â., �óðîâ Ñ.È. è äð. ÑÀÏ� çàêàçíûõ ÁÈÑ íà îòêðûòûõ âû÷èñëè-òåëüíûõ ñèñòåìàõ // Ýëåêòðîííàÿ òåõíèêà. Ñåð. 3. ¾Ìèêðîýëåêòðîíèêà¿, 1, 1992. � Ñ. 12-21.[2℄ Aéçåðìàí Ì.À., Áðàâåðìàí Ý.Ì., �îçîíîýð Ë.È. Ìåòîä ïîòåíöèàëüíûõ �óíêöèé â òåîðèèîáó÷åíèÿ ìàøèí. � Ì.: Íàóêà, 1970.[3℄ Áîíãàðä Ì.Ì. Ïðîáëåìà óçíàâàíèÿ. � Ì.: Íàóêà, 1967.[4℄ �óðîâ Ñ.È. Àëãîðèòì ïîëó÷åíèÿ ðàçëîæåíèÿ Ý.Í.�èëüáåðòà è åãî ðåàëèçàöèÿ äëÿ çàäà÷ ñèí-òåçà ñõåì // Ïðèêëàäíàÿ ìàòåìàòèêà è èí�îðìàòèêà: Òðóäû �àêóëüòåòà Âû÷èñëèòåëüíîéìàòåìàòèêè è êèáåðíåòèêè. � Ì.: ÌÀÊÑ Ïðåññ, � 18, 2004. � Ñ. 108-121.[5℄ Æóðàâëåâ Þ.È. Îá àëãåáðàè÷åñêèõ ìåòîäàõ â çàäà÷àõ ðàñïîçíàâàíèÿ è êëàññè�èêàöèè //�àñïîçíàâàíèå. Êëàññè�èêàöèÿ. Ïðîãíîç. Ìàòåìàòè÷åñêèå ìåòîäû è èõ ïðèìåíåíèå. Âûï.1. � Ì.: Íàóêà, 1989.[6℄ Ty Äæ., �îíñàëåñ Ô. �àñïîçíàâàíèå îáðàçîâ. � Ì.: Íàóêà, 1978.[7℄ SIS: A System for Sequential Cir
uit Synthesis / Dep. of Ele
tri
al Engineering and ComputerS
ien
e Univ. of California, Berkeley. 1992.[8℄ Ý.Í.�èëüáåðò. Òåîðåòèêî-ñòðóêòóðíûå ñâîéñòâà çàìûêàþùèõ ïåðåêëþ÷àòåëüíûõ �óíêöèé// Êèáåðíåòè÷åñêèé ñáîðíèê, 1, 1960. � Ñ. 175-188.



ÓÄÊ 519.872ÈÑÑËÅÄÎÂÀÍÈÅ Ò��ÕÝËÅÌÅÍÒÍÎÉ ÑÌÎ ÑÎÒÊÀÇÀÌÈ, ÎÁÑËÓÆÈÂÀÅÌÎÉ ÄÂÓÌßÍÀËÀÄ×ÈÊÀÌÈÊîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.È. ÂåðíàäñêîãîÑèì�åðîïîëü, Óêðàèíà�àññìîòðèì ÑÌÎ, ñîñòîÿùóþ èç òð¼õ ýëåìåíòîâ: îäèí óïðàâëÿþùèé è äâà ïîä-÷èí¼ííûõ. Åñëè èñïðàâåí óïðàâëÿþùèé è õîòÿ áû îäèí èç ïîä÷èí¼ííûõ ýëåìåíòîâ� ñèñòåìà ðàáîòîñïîñîáíà, â ïðîòèâíîì ñëó÷àå � íåðàáîòîñïîñîáíà. Â ðàáî÷åì ñî-ñòîÿíèè ýëåìåíòû ìîãóò âûõîäèòü èç ñòðîÿ. Èíòåíñèâíîñòü ïîëîìêè óïðàâëÿþùåãîýëåìåíòà � β, ïîä÷èí¼ííîãî � α.Â ñëó÷àå âûõîäà èç ñòðîÿ ëþáîãî ýëåìåíòà ê ðåìîíòó íåìåäëåííî ïðèñòóïàåòìàñòåð, ïðè÷åì èíòåíñèâíîñòü ðåìîíòà óïðàâëÿþùåãî ýëåìåíòà � σ(y), à èíòåíñèâ-íîñòü ðåìîíòà ïîä÷èíåííîãî ýëåìåíòà � µ(x). Åñëè ìàñòåð ðåìîíòèðóåò ïîä÷èí¼í-íûé ýëåìåíò è ñèñòåìà �óíêöèîíèðóåò, òî îíà ìîæåò âûéòè èç ñòðîÿ çà ñ÷¼ò ïîëîì-êè ëèáî âòîðîãî ïîä÷èí¼ííîãî ýëåìåíòà, ëèáî óïðàâëÿþùåãî ýëåìåíòà. Â ïåðâîìñëó÷àå ê ðåìîíòó âòîðîãî ïîä÷èí¼ííîãî ýëåìåíòà ïðèñòóïàåò ñòàæ¼ð ñ èíòåíñèâíî-ñòüþ ðåìîíòà λ(z), íî åñëè ìàñòåð ðàíüøå ñòàæåðà çàâåðøèò ðåìîíò, òî îí çàìå-íÿåò ñòàæ¼ðà è ïðîäîëæàåò ðåìîíò âòîðîãî ïîä÷èí¼ííîãî ýëåìåíòà (ñ ñîõðàíåíèåìâðåìåíè, çàòðà÷åííîãî íà ðåìîíò ñòàæ¼ðîì). Âî âòîðîì ñëó÷àå ìàñòåð íà÷èíàåòðåìîíòèðîâàòü óïðàâëÿþùèé ýëåìåíò, à ñòàæ¼ð ïðîäîëæàåò ðåìîíò ïîä÷èí¼ííîãîýëåìåíòà (ñ ñîõðàíåíèåì âðåìåíè, çàòðà÷åííîãî íà ðåìîíò ìàñòåðîì). Ñòàæ¼ð ê ðå-ìîíòó óïðàâëÿþùåãî ýëåìåíòà íå äîïóñêàåòñÿ è â ëþáîì ñëó÷àå îñâîáîäèâøèéñÿîò ðàáîòû ìàñòåð íåìåäëåííî çàìåíÿåò ñòàæ¼ðà.Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ω1 � âðåìÿ, çàòðà÷åííîå íà ðåìîíò óïðàâëÿþùåãîýëåìåíòà ìàñòåðîì, ω2 � âðåìÿ, çàòðà÷åííîå íà ðåìîíò ïîä÷èí¼ííîãî ýëåìåíòà ìà-ñòåðîì, ω3 � âðåìÿ, çàòðà÷åííîå íà ðåìîíò ïîä÷èí¼ííîãî ýëåìåíòà ñòàæ¼ðîì, ω′
2 �"îòëîæåííîå" âðåìÿ ðåìîíòà ïîä÷èí¼ííîãî ýëåìåíòà ìàñòåðîì â ñëó÷àå åãî çàìå-íû ñòàæ¼ðîì, ω′

3 � "îòëîæåííîå" âðåìÿ ðåìîíòà ïîä÷èí¼ííîãî ýëåìåíòà ñòàæ¼ðîìâ ñëó÷àå åãî çàìåíû ìàñòåðîì.Ñîîòâåòñòâóþùèé ñëó÷àéíûé ïðîöåññ ξ(t) ìîæåò íàõîäèòüñÿ â âîñüìè �àçîâûõñîñòîÿíèÿõ. Ýòè ñîñòîÿíèÿ îïèñûâàþòñÿ ñîîòâåòñòâóþùèìè �óíêöèÿìè, íàïðèìåð,ñîñòîÿíèå (2, ω2, ω
′
3) � ñèñòåìà �óíêöèîíèðóåò, îäèí èç ïîä÷èí¼ííûõ ýëåìåíòîâíåèñïðàâåí, îáùåå âðåìÿ åãî ðåìîíòà ω2 + ω′

3 (ω′
3 � "îòëîæåííîå" âðåìÿ ðåìîí-òà ñòàæ¼ðîì è ω2 � òåêóùåå âðåìÿ ðåìîíòà ìàñòåðîì)

Q2(t, x, z) := P{ξ(t) = 2, ω2 < x, ω′
3 < z}, q2(t, x, z) :=

∂2Q2

∂x∂z
∞∫

0

∞∫

0

q2(t, x, z) dx dz = Q2(t,∞,∞) =: p2(t) −âåðîÿòíîñòü íàõîæäåíèÿ ñèñòåìû â ñîñòîÿíèè (2) â ìîìåíò âðåìåíè t.Ñîñòàâëåíà ñèñòåìà èíòåãðî � äè��åðåíöèàëüíûõ óðàâíåíèé ñ ãðàíè÷íûìè óñëî-âèÿìè îòíîñèòåëüíî ýòèõ �óíêöèé, ðåøåíèå êîòîðîé ïîëó÷åíî ïðè íåêîòîðûõ äî-ïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà èíòåíñèâíîñòè ðåìîíòà.Ñïèñîê ëèòåðàòóðû[1℄ Àíèñèìîâ Â.Â., Çàêóñèëî Î.Ê., Äîí÷åíêî Â.Ñ. Ýëåìåíòû òåîðèè ìàññîâîãî îáñëóæèâàíèÿ èàñèìïòîòè÷åñêîãî àíàëèçà ñèñòåì. � Êèåâ: "Âûùà øêîëà", 1987. � 246 ñ.



46 �óðîâ Ñ.È., Äîëîòîâà Í.Ñ., Ôàòõóòäèíîâ È.Í.[2℄ Áåëÿåâ Þ.Ê. Ëèíåé÷àòûå ìàðêîâñêèå ïðîöåññû è èõ ïðèëîæåíèÿ ê çàäà÷àì òåîðèè íàä¼æ-íîñòè // Òðóäû VI Âñåñîþçíîãî ñîâåùàíèÿ ïî òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ñòàòè-ñòèêå. � Âèëüíþñ. 1962 � ñ.309-323.[3℄ Êîâàëåíêî À.È., Ñòðûãèíà Í.Ç. Âû÷èñëåíèå ñòàöèîíàðíûõ õàðàêòåðèñòèê íàä¼æíîñòè ÷åòû-ð¼õýëåìåíòíîé èåðàðõè÷åñêîé ñèñòåìû ñ âîññòàíîâëåíèåì // Àâòîìàòèêà è òåëåìåõàíèêà �Ì: �îññèéñêàÿ ÀÍ, 1992 � �1 �ñ.156-164.[4℄ Êîâàëåíêî À.È., Ñìîëè÷ Â.Ï. Àíàëèç íàä¼æíîñòè äâóõýëåìåíòíîé ñèñòåìû, îáñëóæèâàåìîéäâóìÿ íàëàä÷èêàìè // Äèíàìè÷åñêèå ñèñòåìû. � 2000. � Âûï.16 � ñ.137-142.



ÓÄÊ 517.984.52 Â. Â. ÊîðíåâÎ ÑÕÎÄÈÌÎÑÒÈ �ÀÇËÎÆÅÍÈÉ ÏÎÑÎÁÑÒÂÅÍÍÛÌ ÔÓÍÊÖÈßÌ ÈÍÒÅ��ÀËÜÍÛÕÎÏÅ�ÀÒÎ�ÎÂ Ñ ÏÅ�ÅÌÅÍÍÛÌ Ï�ÅÄÅËÎÌÈÍÒÅ��È�ÎÂÀÍÈß Â Ï�ÎÑÒ�ÀÍÑÒÂÀÕÄÈÔÔÅ�ÅÍÖÈ�ÓÅÌÛÕ ÔÓÍÊÖÈÉ1Â ñòàòüå äîêàçûâàåòñÿ ïðèçíàê ðàâíîìåðíîé ñõîäèìîñòè ðàçëîæåíèé ïîñîáñòâåííûì �óíêöèÿì îäíîãî êëàññà èíòåãðàëüíûõ îïåðàòîðîâ, ÿâëÿþùèéñÿàíàëîãîì èçâåñòíîãî ïðèçíàêà Æîðäàíà-Äèðèõëå äëÿ òðèãîíîìåòðè÷åñêèõ ðÿ-äîâ Ôóðüå.�àññìîòðèì èíòåãðàëüíûé îïåðàòîð
Af(x) =

1−x∫

0

A(1 − x, t)f(t) dt, 0 ≤ x ≤ 1. (1)ãäå A(x, t) � n ðàç íåïðåðûâíî äè��åðåíöèðóåìà ïî x è îäèí ðàç ïî t, ïðè÷åì
∂s

∂xs
A(x, t)|t=x = δs,n−1 (s = 0, 1, . . . , n),

δs,n−1 � ñèìâîë Êðîíåêåðà.Ñâîéñòâà ðÿäîâ Ôóðüå ïî ñîáñòâåííûì è ïðèñîåäèíåííûì �óíêöèÿì (ñ.ï.�.) îïå-ðàòîðà (1) èìåþò ìíîãî îáùåãî ñ òðèãîíîìåòðè÷åñêèìè ðÿäàìè Ôóðüå. Â ÷àñòîñòè,â [1℄ äëÿ òàêîãî îïåðàòîðà óñòàíîâëåíà ðàâíîñõîäèìîñòü ðàçëîæåíèé ïî ñ.ï.�. è âîáû÷íûé òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå. Ñëåäóþùóþ òåîðåìó ìîæíî ðàññìàòðè-âàòü êàê àíàëîã èçâåñòíîé òåîðåìû Æîðäàíà-Äèðèõëå èç òåîðèè òðèãîíîìåòðè÷å-ñêèõ ðÿäîâ.Òåîðåìà. Ïóñòü α � îäíî èç ÷èñåë 0, 1, . . . , n−1. Òîãäà äëÿ ëþáîé f(x) ∈ Cα[0, 1], óêîòîðîé f (α)(x) èìååò íà [0, 1] îãðàíè÷åííóþ âàðèàöèþ è êîòîðàÿ óäîâëåòâîðÿåòóñëîâèÿì f (k)(1) = 0 (k = 0, 1, . . . , α), âûïîëíÿåòñÿ ñîîòíîøåíèå
lim
r→∞

‖f(x) − Sr(f, x)‖Cα[0,1] = 0,ãäå Sr(f, x) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå ïî ñ.ï.�. îïåðàòîðà A, ñîîòâåòñòâó-þùèì õàðàêòåðèñòè÷åñêèì çíà÷åíèÿì èç êðóãà |λ| < r.Äîêàçàòåëüñòâî. Èçëîæèì îñíîâíûå ìîìåíòû äîêàçàòåëüñòâà. Ïóñòü äëÿ îïðå-äåëåííîñòè n = 4ν + 1. �àññìîòðèì âíà÷àëå ïðîñòåéøèé îïåðàòîð óêàçàííîãî âèäà
A0f(x) =

1−x∫

0

(1 − x− t)n−1

(n− 1)!
f(t)dtè åãî ðåçîëüâåíòó Ôðåäãîëüìà R0,λ = (E − λA0)

−1A0 (E � åäèíè÷íûé îïðåàòîð, λ� ñïåêòðàëüíûé ïàðàìåòð). Ïîëîæèì λ = iρn, ãäå ρ ∈ S =
{
ρ| arg ρ ∈

[
0, 2π

n

]}. Ñåê-òîð S ðàçîáüåì íà ÷åòûðå ñåêòîðà Sj =
{
ρ| arg ρ ∈

[
π
2n(j − 1), π2nj

]} (j = 1, 2, 3, 4).Äëÿ îïðåäåëåííîñòè áóäåì ðàññìàòðèâàòü ρ ∈ S1 (îñòàëüíûå ñåêòîðû ðàññìàòðè-âàþòñÿ àíàëîãè÷íî). Îáîçíà÷èì ÷åðåç ωk (k = 1, . . . , n) êîðíè n-é ñòåïåíè èç 1,çàíóìåðîâàííûå òàê, ÷òîáû â S1 âûïîëíÿëèñü íåðàâåíñòâà
Reρω1 ≥ Reρω2 ≥ · · · ≥ Reρωn0 ≥ 0 ≥ Reρωn0+1 ≥ · · · ≥ Reρωn;1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò 06-01-00003).



48 Â. Â. Êîðíåâ
g1(x, t, ρ) =

1

nρn−1

{
ε(x, t)

n∑

k=n0+1

ωk exp ρωk(x− t) − ε(t, x)

n0∑

k=1

ωk exp ρωk(x− t)
}
,

g2(x, t, ρ) =
1

nρn−1

{
−ε(x, t)

n0∑

k=1

ωk exp(−ρωk(x−t))+ε(t, x)
n∑

k=n0+1

ωk exp(−ρωk(x−t))
}
,ãäå ε(x, t) = 1 ïðè x ≥ t è ε(x, t) = 0 ïðè x < t;

σ(x, ρ) = exp ρω̃k(x−1), åñëè k = 1, . . . , n, è σ(x, ρ) = exp ρω̃kx, åñëè k = n+1, . . . , 2n,ãäå ÷åðåç ω̃k îáîçíà÷åíû ÷èñëà ωk, −ωk (k = 1, . . . , n), çàíóìåðîâàííûå ñëåäóþùèìîáðàçîì
Reρω̃1 ≥ · · · ≥ Reρω̃n ≥ 0 ≥ Reρω̃n+1 ≥ · · · ≥ Reρω̃2n.Êàê ïîêàçàíî â [2℄, èç S1 ìîæíî óäàëèòü òî÷êè ρ1, ρ2, . . . , ρm, . . . âèäà ρm =

a + iπm/ω̃n âìåñòå ñ îêðåñòíîñòÿìè äîñòàòî÷íî ìàëîãî ðàäèóñà δ òàê, ÷òî â ïî-ëó÷èâøåéñÿ îáëàñòè S1,δ ïðè äîñòàòî÷íî áîëüøèõ |ρ| R0,λ ñóùåñòâóåò è
R0,λf(x) = v1(x, ρ) + v2(x, ρ), (2)ãäå (v1(x, ρ), v2(x, ρ))

T =
1∫
0

G(x, t, ρ)BF (t)dt, G(x, t, ρ) = g(x, t, ρ) + 1
ρn−1H(x, t, ρ),

g(x, t, ρ) = diag(g1(x, t, ρ), g2(x, t, ρ)), B = 1
2

(
−i −1
i −1

), F (t) = (f(t), f(1 − t))T ,
H(x, t, ρ) � ìàòðèöà 2×2, êîìïîíåíòû êîòîðîé ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöè-ÿìè âñåâîçìîæíûõ ïðîèçâåäåíèé σ(x, ρ)σ(t, ρ) ñ êîý��èöèåíòàìè (íå çàâèñÿùèìèîò x è t),ÿâëÿþùèìèñÿ îãðàíè÷åííûìè �óíêöèÿìè ρ.Ââåäåì â ðàññìîòðåíèå îïåðàòîðû

T = (E + T1)
−1 − E, T1f(x) =

x∫

0

∂n

∂xn
A(x, t)f(t)dt,

T ′
tf(x) =

x∫

0

∂

∂t
T (x, t)f(t)dt, D =

d

dx
, Sf(x) = f(1 − x).Òîãäà äëÿ ðåçîëüâåíòû Rλ = (E − λA)−1A â S1,δ ïðè áîëüøèõ |ρ| ñïðàâåäëèâû�îðìóëû (ñì. [2℄)

Rλ = R0,λ +R0,λT
′
t(E −Dn−1SR0,λT

′
t)

−1Dn−1SR0,λ; (3)
Rλ −R0,λ = R0,λT

′
tD

n−1SR0,λ +KDn−1SR0,λT
′
tD

n−1SR0,λ, (4)ãäå Kf =
1∫
0

K(x, t, ρ)f(t)dt è K(x, t, ρ) = O
(

1
ρn−1

).Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷àþòñÿ è ïðè ðàññìîòðåíèè ñåêòîðîâ S2, S3 è S4.Îáîçíà÷èì Sδ = S1,δ ∪ . . . ∪ S4,δ è áóäåì â äàëüíåéøåì â êîíòóðíûõ èíòåãðàëàõáðàòü òàêèå îêðóæíîñòè |λ| = r, ïðîîáðàçû êîòîðûõ â ρ-ïëîñêîñòè ëåæàò â îáëàñòè
Sδ.�àññóæäàÿ êàê è â òåîðåìå 2 èç [3℄, ìîæíî ïîêàçàòü, ÷òî åñëè f(x) ∈ Cα[0, 1],
f(0) = f(1) = 0 è 1

V
0
f (α) <∞, òî ïðè r → ∞ ñïðàâåäëèâû îöåíêè

∥∥
∫

|λ|=r

∣∣ d
s

dxs
R0,λf(x)

∣∣∣ |dλ|
∥∥
C[0,1]

= |ρ|qsO(‖f‖Cα[0,1] + o(1)), (5)ãäå qs =

{
0, 0 ≤ s ≤ α,

s− α, s > α,
, s = 0, 1, . . . , n− 1.



Î ñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåííûì �óíêöèÿì èíòåãðàëüíûõ îïåðàòîðîâ 49Ââåäåì òåïåðü ìíîæåñòâà D = {f(x) ∈ Cn[0, 1]|f (s)(1) = 0, s = 0, 1, . . . , n− 1} è
D = {f(x) ∈ Cα[0, 1]|f (s)(1) = 0, s = 0, 1, . . . , α}. Îòìåòèì, ÷òî D � çàìûêàíèå
D ïî íîðìå ïðîñòðàíñòâà Cα[0, 1]. Ïóñòü f(x) � ïðîèçâîëüíàÿ �óíêöèÿ èç D è
1
V
0
f (α) < ∞. Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {fk(x)}∞k=1 ⊂ D, ñõîäÿùàÿñÿ ê

f(x) ïî íîðìå ïðîñòðàíñòâà Cα[0, 1], ïðè÷åì f
(s)
k (0) = f (s)(0) è f (s)

k (1) = f (s)(1) äëÿâñåõ 0 ≤ s ≤ α, k = 1, 2, . . ..Ó÷èòûâàÿ, ÷òî Sr(f, x) = − 1
2πi

∫
|λ|=r

Rλf(x)dλ, ïðåäñòàâèì îñòàòî÷íûé ÷ëåí â ñëå-äóþùåì âèäå
f(x)−Sr(f, x) = [f(x)−fk(x)]+

[
fk(x)+

1

2πi

∫

|λ|=r

Rλfk(x)dλ
]
+

1

2πi

∫

|λ|=r

Rλ(f−fk)dλ.(6)Ïî âûáîðó fk(x)
lim
k→∞

‖f(x) − fk(x)‖Cα[0,1] = 0. (7)Òåïåðü âîçüìåì ïðîèçâîëüíîå ÷èñëî µ, íå ÿâëÿþùåååñÿ õàðàêòåðèñòè÷åñêèì çíà-÷åíèåì îïåðàòîðà A, è ïîëîæèì gk(x) = A−1fk − µfk(x). Òîãäà
fk(x) +

1

2πi

∫

|λ|=r

Rλfk(x)dλ =
1

2πi

∫

|λ|=r

Rλgk(x)

λ− µ
dλ.Ó÷èòûâàÿ íåïðåðûâíîñòü gk(x) è ëåììó 6 [4℄, òàê æå êàê è â [3℄, ìîæíî ïîêàçàòü,èñïîëüçóÿ �îðìóëû (2) � (4), ÷òî

‖DsRλgk(x)‖C[0,1] = o
( 1

ρn−1−s

)
, s = 0, 1, . . . , n− 1.Èç ýòèõ îöåíîê ñëåäóåò, ÷òî

lim
r→∞

∥∥∥fk(x) +
1

2πi

∫

|λ|=r

Rλfk(x)dλ
∥∥∥
Cα[0,1]

= 0. (8)Ïîñëåäíèé èíòåãðàë â ïðàâîé ÷àñòè ñîîòíîøåíèÿ (6) ìîæíî îöåíèòü, âîñïîëüçî-âàâøèñü �îðìóëàìè (3) � (4) è îöåíêàìè (5), â ðåçóëüòàòå ÷åãî ïîëó÷àåòñÿ ñîîòíî-øåíèå
lim
r→∞

∥∥∥
∫

|λ|=r

Rλ(f − fk)dλ
∥∥∥
Cα[0,1]

= 0. (9)Èç �îðìóë (6)-(9) ñëåäóåò óòâåðæäåíèå òåîðåìû.Çàìå÷àíèå. Óñëîâèÿ f (k)(1) = 0 (k = 0, 1, . . . , α) íåîáõîäèìû, òàê êàê ýòèì óñëî-âèÿì óäîâëåòâîðÿþò ñ.ï.�. îïåðàòîðà A.Ñïèñîê ëèòåðàòóðû[1℄ Êîðíåâ Â. Â., Õðîìîâ À. Ï. Î ðàâíîñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåíííûì �óíêöèÿìèíòåãðàëüíûõ îïåðàòîðîâ ñ ÿäðàìè, äîïóñêàþùèìè ðàçðûâû ïðîèçâîäíûõ íà äèàãîíàëÿõ //Ìàòåì. ñá. � 2001. � Ò. 192. � � 10. � C. 33-50.[2℄ Êîíåâ Â. Â, Õðîìîâ À. Ï. Àáñîëþòíàÿ ñõîäèìîñòü ðàçëîæåíèé ïî ñîáñòâåííûì è ïðèñîåäè-íåííûì �óíêöèÿì èíòåãðàëüíîãî îïåðàòîðà ñ ïåðåìåííûì ïðåäåëîì èíòåãðèðîâàíèÿ // Èçâ.�ÀÍ. Ñåð. Ìàòåìàòè÷åñêàÿ. � 2005. � Ò. 69. � � 4. � C. 59-74.[3℄ Êîðíåâ Â. Â., Õðîìîâ À. Ï. Î ñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåííûì �óíêöèÿì èíòåãðàëü-íûõ îïåðàòîðîâ â ïðîñòðàíñòâàõ äè��åðåíöèðóåìûõ �óíêöèé // Èíòåãðàëüíûå ïðåîáðàçîâà-íèÿ è ñïåöèàëüíûå �óíêöèè. Èí�îðìàöèîííûé áþëëåòåü. � 2004. � Ò. 4. � � 1. � C. 19-31.[4℄ Õðîìîâ À. Ï. Òåîðåìû ðàâíîñõîäèìîñòè äëÿ èíòåãðî-äè��åðåíöèàëüíûõ è èíòåãðàëüíûõ îïå-ðàòîðîâ // Ìàòåì. ñá. � 1981. � Ò. 114(156). � � 3. � C. 378-405.



ÓÄÊ 517.929 Ëåñíûõ À.À.ÎÖÅÍÊÈ �ÅØÅÍÈÉ ÍÅÎÄÍÎ�ÎÄÍÛÕÍÅÉÒ�ÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉÂ ðàáîòå èçó÷àåòñÿ ñêàëÿðíîå íåîäíîðîäíîå äè��åðåíöèàëüíî-ðàçíîñòíîå óðàâ-íåíèå íåéòðàëüíîãî òèïà îáùåãî âèäà
m∑

j=0

h∫

0

u(j)(t− θ) dσj(θ) = w(t), t > h,ãäå σj(θ) � �óíêöèè îãðàíè÷åííîé âàðèàöèè. Äëÿ ðåøåíèé ýòîãî óðàâíåíèÿ ïî-ëó÷åíà îöåíêà
‖u(t)‖W m

2
(T−h,T ) ≤ C1T

q−1eκT ‖u(t)‖W m

2
(0,h)

+C2

√
T
( T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)|2 dτ
)1/2

,ãäå C1, C2 � ïîñòîÿííûå, íå çàâèñÿùèå îò u0(t) = u(t), t ∈ [0, h], è w(t), à çíà÷å-íèÿ âåëè÷èí q è κ îïðåäåëÿþòñÿ ñâîéñòâàìè õàðàêòåðèñòè÷åñêîãî îïðåäåëèòå-ëÿ ýòîãî óðàâíåíèÿ. �àíåå ýòà îöåíêà äîêàçûâàëàñü äëÿ óðàâíåíèé ìåíåå îáùåãîâèäà. Íàïðèìåð, äëÿ êóñî÷íî ïîñòîÿííûõ �óíêöèé σj(θ), èëè äëÿ ñëó÷àÿ, êîãäà
σm(θ) èìååò ñêà÷êè â îáåèõ òî÷êàõ θ = 0 è θ = h. Â íàñòîÿùåé ðàáîòå ýòàîöåíêà ïîëó÷åíà òîëüêî ïðè óñëîâèè, ÷òî σm(θ) èìååò ñêà÷îê â òî÷êå θ = 0,êîòîðîå íåîáõîäèìî äëÿ êîððåêòíîé ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è.The paper deals with nonhomogeneous s
alar di�erential-di�eren
e equations of thegeneral form

m∑

j=0

h∫

0

u(j)(t− θ) dσj(θ) = w(t), t > h,where σj(θ) are the fun
tions of bounded variation. It is proved that the estimate
‖u(t)‖W m

2
(T−h,T ) ≤ C1T

q−1eκT ‖u(t)‖W m

2
(0,h)

+C2

√
T
( T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)|2 dτ
)1/2

,holds for solutions of this equation. Here 
onstants C1,C2 do not depend on fun
tions
u0(t) = u(t), t ∈ [0, h], and w(t), and the values of q and κ are determined by theproperties of the 
hara
teristi
 determinant of this equation. This estimate is knownfor equations of less general form. Namely, for step fun
tions with �nite number ofsteps, and for the 
ase when the fun
tion σm(θ) has jumps in both points θ = 0 and
θ = h. Here the estimate is obtained under the assumption that σm(θ) has jump onlyat the point θ = 0. This assumption is ne
essary 
ondition for 
orre
t solvability ofthis equation with given initial 
ondition u(t) = u0(t) for t ∈ [0, h].1. ÂâåäåíèåÎäíèì èç âàæíûõ âîïðîñîâ, âîçíèêàþùèõ â òåîðèè �óíêöèîíàëüíî-äè��åðåí-öèàëüíûõ óðàâíåíèé, ÿâëÿåòñÿ âîïðîñ îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèé.Ñðåäè îáøèðíîé ëèòåðàòóðû ïî ýòîìó âîïðîñó îòìåòèì ìîíîãðà�èè [1℄, [5℄, [8℄,[9℄, [12℄, â êîòîðûõ ìîãóò áûòü íàéäåíû äàëüíåéøèå ññûëêè.



Îöåíêè ðåøåíèé íåîäíîðîäíûõ íåéòðàëüíûõ óðàâíåíèé 51Â ýòîé ðàáîòå ìû ïîëó÷àåì òî÷íûå îöåíêè ðåøåíèé íåîäíîðîäíûõ óðàâíåíèéíåéòðàëüíîãî òèïà äîñòàòî÷íî îáùåãî âèäà. Îòìåòèì ñëåäóþùèå ðåçóëüòàòû, íàè-áîëåå áëèçêèå ê ðåçóëüòàòàì íàøåé ðàáîòû. Â [2℄ èçó÷àëàñü íà÷àëüíàÿ çàäà÷à
d

dt

(
u(t) +

h∫

0

u(t− θ) dµ(θ)
)

+

h∫

0

u(t− θ) dη(θ) = 0, t > h (1)
u(t) = u0(t), t ∈ [0, h], (2)ãäå µ(θ), η(θ) � �óíêöèè îãðàíè÷åííîé âàðèàöèè. Äëÿ ðåøåíèé ýòîé çàäà÷è ïðèïðåäïîëîæåíèè, ÷òî µ(θ) íåïðåðûâíà ïðè θ = 0, ïîëó÷åíà ñëåäóþùàÿ îöåíêà âíîðìå ïðîñòðàíñòâà íåïðåðûâíûõ �óíêöèé

‖u‖C[t,t+h] ≤ de(κ+ε)t‖u0‖C[0,h].Â ýòîé îöåíêå ÷èñëî ε > 0 â ïîêàçàòåëå ýêñïîíåíòû ìîæíî âçÿòü ñêîëü óãîäíîìàëûì. Â ýòîì ñìûñëå ýòà îöåíêà ÿâëÿåòñÿ íåòî÷íîé.Íåòî÷íûå îöåíêè òàêîãî òèïà äàâíî è õîðîøî èçâåñòíû (ñì. óêàçàííûå âûøåìîíîãðà�èè). Îäíàêî òî÷íûå îöåíêè ðåøåíèé óðàâíåíèé íåéòðàëüíîãî òèïà ðàç-ëè÷íûõ âèäîâ áûëè ïîëó÷åíû ñðàâíèòåëüíî íåäàâíî. Íàèáîëåå îáùèìè, íà íàøâçãëÿä, ÿâëÿþòñÿ ñëåäóþùèå ðåçóëüòàòû. Â [6℄ èçó÷àëîñü óðàâíåíèå âèäà
n∑

k=0

m∑

j=0

Akju
(j)(t− hk) = f(t), t > h, (3)ãäå Akj � ïîñòîÿííûå ìàòðèöû, detA0m 6= 0. Äëÿ ðåøåíèé ýòîãî óðàâíåíèÿ ïîëó÷åíàîöåíêà

‖u‖Wm
2 (t−h,t) ≤ C1(t+ 1)q−1eκt‖u0‖Wm

2 (0,h)

+ C2

√
t
( t∫

0

(t− τ + 1)2(q−1)e2κ(t−τ)|f(τ)|2 dτ
)1/2

, (4)ãäå ïîñòîÿííûå C1,C2 íå çàâèñÿò îò �óíêöèé u0(t), f(t), à q è κ � íåêîòîðûå äåé-ñòâèòåëüíûå ÷èñëà. Çäåñü óæå íåëüçÿ óìåíüøèòü ÷èñëî κ è çàìåíèòü åãî íà κ − ε,ò.å. ýòà îöåíêà ÿâëÿåòñÿ òî÷íîé.Â óðàâíåíèè (3) ó÷àñòâóåò ëèøü êîíå÷íîå ÷èñëî çàïàçäûâàíèé ïî âðåìåíè, çà-äàâàåìûõ ÷èñëàìè hk. Â òî æå âðåìÿ èíòåðåñ âûçûâàþò òàêèå óðàâíåíèÿ, çàïàç-äûâàíèÿ â êîòîðûõ çàäàíû â áîëåå îáùåì âèäå. Íàïðèìåð, â óðàâíåíèè (1) çà-ïàçäûâàíèÿ è êîý��èöèåíòû çàäàþòñÿ �óíêöèÿìè îãðàíè÷åííîé âàðèàöèè µ(θ) è
η(θ). Â ñëó÷àå, êîãäà ýòè �óíêöèè êóñî÷íî-ïîñòîÿííûå ñ êîíå÷íûì ÷èñëîì ñêà÷êîâ,ìû ïîëó÷àåì óðàâíåíèå ñ êîíå÷íûì ÷èñëîì çàïàçäûâàíèé. Òî÷íàÿ îöåíêà ðåøåíèéíåéòðàëüíûõ óðàâíåíèé âèäà (1), çàïàçäûâàíèÿ è êîý��èöèåíòû â êîòîðûõ çàäà-þòñÿ �óíêöèÿìè îãðàíè÷åííîé âàðèàöèè, ïîëó÷åíà â [3℄, ãäå èçó÷àåòñÿ âåêòîðíîåóðàâíåíèå âèäà

d

dt

h∫

0

u(t− θ) dµ(θ) +

h∫

0

u(t− θ)η(θ) dθ = f(t),ýëåìåíòû ìàòðèö µ(θ) ëåæàò â BV [0, h], à ýëåìåíòû ìàòðèö η(θ) ëåæàò â L2(0, h).Îäíàêî îöåíêà ðåøåíèé ïîëó÷åíà ïðè áîëåå æåñòêèõ îãðàíè÷åíèÿõ íà êîý��èöè-åíòû. À èìåííî, ïðåäïîëàãàåòñÿ, ÷òî �óíêöèÿ µ(θ) èìååò ñêà÷îê íå òîëüêî ïðè
θ = 0, íî åùå è ïðè θ = h.Îäíîðîäíûå ñêàëÿðíûå íåéòðàëüíûå óðàâíåíèÿ îáùåãî âèäà èçó÷àþòñÿ â [7℄. Êî-ý��èöèåíòû â ýòîé ðàáîòå çàäàþòñÿ �óíêöèÿìè îãðàíè÷åííîé âàðèàöèè ïî àíàëî-ãèè ñ [2℄ è [3℄, íî íà íèõ íàëîæåíû ìèíèìàëüíûå îãðàíè÷åíèÿ, ãàðàíòèðóþùèå ëèøüêîððåêòíóþ ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è. Â íàñòîÿùåé ðàáîòå ìû ïðèìåíÿåì



52 Ëåñíûõ À.À.ìåòîäû, ðàçâèòûå â [7℄, ê íåîäíîðîäíûì óðàâíåíèÿì. Äëÿ ðåøåíèé ñîîòâåòñòâóþ-ùåé íà÷àëüíîé çàäà÷è ïîëó÷åíà òî÷íàÿ îöåíêà â ïðîñòðàíñòâå Wm
2 .2. Îñíîâíûå ðåçóëüòàòû�àññìàòðèâàåòñÿ ñëåäóþùàÿ íà÷àëüíàÿ çàäà÷à äëÿ ñêàëÿðíîãî íåîäíîðîäíîãîäè��åðåíöèàëüíî-ðàçíîñòíîãî óðàâíåíèÿ íåéòðàëüíîãî òèïà

m∑

j=0

h∫

0

u(j)(t− θ) dσj(θ) = w(t), t > h (5)
u(t) = u0(t), t ∈ [0, h], (6)ãäå �óíêöèè σj(θ) ∈ BV [0, h]. Öåëàÿ �óíêöèÿ

∆(λ) =

m∑

j=0

λj
h∫

0

e−λθ dσj(θ) (7)íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì îïðåäåëèòåëåì óðàâíåíèÿ (5).Â [7℄ ñ ïîìîùüþ ìåòîäîâ ðàáîò [10℄ è [11℄ áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà,êîòîðàÿ ïîíàäîáèòñÿ íàì äëÿ òî÷íîé �îðìóëèðîâêè îñíîâíîãî ðåçóëüòàòà ðàáîòû.Òåîðåìà 1. Ïóñòü σm(0+) − σm(0) 6= 0. Òîãäà âñå íóëè ∆(λ) ëåæàò â íåêîòîðîéëåâîé ïîëóïëîñêîñòè {Reλ ≤ C}, è ïîýòîìó ñóùåñòâóåò ÷èñëî κ = sup{Reλ :
∆(λ) = 0} <∞. Êðîìå òîãî, ÷èñëî íóëåé n∆(P (a, b, h)) îïðåäåëèòåëÿ ∆(λ), ëåæà-ùèõ â ïðÿìîóãîëüíèêå P (a, b, h) = {λ ∈ C : Reλ ∈ (a,κ), Imλ ∈ (b, b + h)}, íåçàâèñèò îò b ∈ R, è ñóùåñòâóåò ïðåäåë

q = lim
a→κ

lim
h→0

max
b∈R

n∆(P (a, b, h)). (8)Îñíîâíîé ðåçóëüòàò ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåîðåìå.Òåîðåìà 2. Ïóñòü σm(0+) − σm(0) 6= 0. Òîãäà äëÿ ðåøåíèÿ u(t) çàäà÷è (5), (6)èìååò ìåñòî îöåíêà
‖u‖Wm

2 (T−h,T ) ≤ C1T
q−1eκT ‖u0‖Wm

2 (0,h)

+ C2

√
T
( T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)|2 dτ
)1/2

, (9)ãäå ÷èñëà κ è q îïðåäåëåíû â òåîðåìå 1, à ïîñòîÿííûå C1,C2 íå çàâèñÿò îò �óíê-öèé u0(t),w(t).Îöåíêà (9) ìîæåò áûòü óòî÷íåíà, åñëè íàëîæèòü äîïîëíèòåëüíûå îãðàíè÷åíèÿíà �óíêöèþ w(t).Ñëåäñòâèå 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2, è �óíêöèÿ w(t) èìååòêîìïàêòíûé íîñèòåëü. Òîãäà äëÿ ðåøåíèÿ u(t) çàäà÷è (5), (6) èìååò ìåñòî îöåíêà
‖u‖Wm

2 (T−h,T ) ≤ C1T
q−1eκT ‖u0‖Wm

2 (0,h)

+ C2

( T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)|2 dτ
)1/2

, (10)ãäå ÷èñëà κ è q îïðåäåëåíû â òåîðåìå 1, ïîñòîÿííûå C1,C2 íå çàâèñÿò îò �óíêöèé
u0(t),w(t), íî ïîñòîÿííàÿ C2 çàâèñèò îò ðàçìåðà íîñèòåëÿ �óíêöèè w(t).



Îöåíêè ðåøåíèé íåîäíîðîäíûõ íåéòðàëüíûõ óðàâíåíèé 533. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâÂìåñòå ñ óðàâíåíèåì (5) è íà÷àëüíûì óñëîâèåì (6) ìû áóäåì ðàññìàòðèâàòüîäíîðîäíîå óðàâíåíèå
m∑

j=0

h∫

0

u(j)(t− θ) dσj(θ) = 0, t > h, (11)è îäíîðîäíîå íà÷àëüíîå óñëîâèå.
u(t) = 0, t ∈ [0, h]. (12)Ò.ê. çàäà÷à (5), (6) ëèíåéíà, òî åå ðåøåíèå u(t) ìîæåò áûòü çàïèñàíî â âèäå
u(t) = u1(t) + u2(t),ãäå �óíêöèÿ u1(t) åñòü ðåøåíèå çàäà÷è (11), (6), à �óíêöèÿ u2(t) åñòü ðåøåíèåçàäà÷è (5), (12). Îöåíêà �óíêöèè u1(t) áûëà ïîëó÷åíà â [7℄ è äàåò ïåðâîå ñëàãàåìîåâ îöåíêå (9). Ïîýòîìó íàì äîñòàòî÷íî ïîëó÷èòü îöåíêó �óíêöèè u2(t), êîòîðàÿ äàñòâòîðîå ñëàãàåìîå â îöåíêå (9).Ïðèìåíÿÿ ê óðàâíåíèþ (5) ïðåîáðàçîâàíèå Ëàïëàñà (ìû ïðåäïîëàãàåì, ÷òî �óíê-öèÿ w(t) èìååò íå áîëåå, ÷åì ýêñïîíåíöèàëüíûé ðîñò), ðåøåíèå u2(t) çàäà÷è (5), (12)ìîæåò áûòü çàïèñàíî â âèäå

u2(t) =

∫

b+iR

etλ∆−1(λ)

∞∫

0

w(τ)e−λτ dτ dλ, (13)ãäå b ∈ R � äîñòàòî÷íî áîëüøîå ÷èñëî, à �óíêöèÿ w(t) äîîïðåäåëåíà íóëåì ïðè
t ∈ [0, h]. �àçëàãàÿ çäåñü èíòåãðàë ïî τ â ñóììó èíòåãðàëîâ, ïðåäñòàâèì �óíêöèþ
u2(t) â âèäå

u2(t) =
∞∑

j=1

u2j(t), (14)
u2j(t) =

∫

b+iR

etλ∆−1(λ)

jh+h∫

jh

w(τ)e−λτ dτ dλ (15)è îöåíèì �óíêöèè u2j(t).Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà äëÿ �óíêöèé u2j(t), çàäàí-íûõ (15), ñïðàâåäëèâà îöåíêà
‖u2j‖Wm

2 (T−h,T ) ≤ C(T − jh+ 1)q−1eκ(T−jh)‖w‖L2(jh,jh+h), (16)ãäå ïîñòîÿííàÿ C íå çàâèñèò îò �óíêöèè w(t), à ÷èñëà κ è q îïðåäåëåíû â òåî-ðåìå 1.Äîêàçàòåëüñòâî. Ýòà îöåíêà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì îñíîâíûõðåçóëüòàòîâ ðàáîòû [7℄. Äåéñòâèòåëüíî, ïðåäñòàâëåíèå (15) ìîæåò áûòü ïåðåïèñàíîâ âèäå
u2j(t) =

∫

b+iR

eλ(t−jh)∆−1(λ)

h∫

0

w(jh+ τ)e−λτ dτ dλ. (17)Â [7℄ îöåíèâàëàñü �óíêöèÿ âèäà
u(t) =

m∑

j=0

∫

b+iR

etλ∆−1(λ)

h∫

0

h−θ∫

0

u
(j)
0 (τ)e−λ(τ+θ) dτ dσj(θ) dλ,â ïðîñòðàíñòâå Wm

2 (T − h, T ). Ïðè÷åì, �àêòè÷åñêè, áûëà ïîêàçàíà îöåíêà



54 Ëåñíûõ À.À.
∥∥∥
∫

b+iR

etλ∆−1(λ)

h∫

0

h−θ∫

0

f(τ)e−λ(τ+θ) dτ dσ(θ) dλ
∥∥∥
Wm

2 (T−h,T )

≤ CT q−1eκT ‖f(τ)‖L2(0,h),ãäå ïîñòîÿííàÿ C íå çàâèñèò îò �óíêöèè f(τ), à �óíêöèÿ σ(θ) åñòü ïðîèçâîëüíàÿ�óíêöèÿ îãðàíè÷åííîé âàðèàöèè. Âçÿâ çäåñü êóñî÷íî-ïîñòîÿííóþ �óíêöèþ σ(θ) ñåäèíñòâåííûì ñêà÷êîì â θ = 0, ìîæíî óáåäèòüñÿ, ÷òî âûðàæåíèå (17) äëÿ �óíêöèé
u2j(t) èìååò òîò æå âèä, ÷òî è â ýòîé îöåíêå. Ëåììà äîêàçàíà.Èñïîëüçóÿ îöåíêó (16) �óíêöèé u2j(t), îöåíèì, òåïåðü, �óíêöèþ u2(t) ñ ïîìîùüþìåòîäà [4, ñòð. 445℄.Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà äëÿ ðåøåíèÿ u2(t) çàäà-÷è (5), (12) ñïðàâåäëèâà îöåíêà

‖u2(t)‖2
Wm

2 (T−h,T ) ≤ CT

T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)|2 dτ.ãäå ïîñòîÿííàÿ C íå çàâèñèò îò �óíêöèè w(t), à ÷èñëà κ è q îïðåäåëåíû â òåî-ðåìå 1.Äîêàçàòåëüñòâî. Ñðàâíèâàÿ (13) è (15), ìîæíî çàìåòèòü, ÷òî �óíêöèÿ u2j(t) åñòüðåøåíèå çàäà÷è (5), (12), ãäå â (5) âìåñòî �óíêöèè w(t) íàäî ïîäñòàâèòü �óíêöèþ
w(t)χ(jh,jh+h)(t), ãäå χ(a,b)(t) � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ èíòåðâàëà (a, b). Ïîýòî-ìó u2j(t) = 0 ïðè t < jh. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî T = (n+1)h.Òîãäà

u2(t) =
n∑

j=1

u2j(t), t < T. (18)Îöåíèì ýòó ñóììó. Èìååì
‖u2‖2

Wm
2 (T−h,T ) ≤

( n∑

j=1

‖u2j‖Wm
2 (T−h,T )

)2
≤ n

n∑

j=1

‖u2j‖2
Wm

2 (T−h,T ). (19)Ïðèìåíÿÿ ëåììó 1, ïðîäîëæàåì öåïî÷êó íåðàâåíñòâ
‖u2‖2

Wm
2 (T−h,T ) ≤ Cn

n∑

j=1

jh+h∫

jh

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)| dτ

≤ CT

T∫

0

(T − τ + 1)2(q−1)e2κ(T−τ)|w(τ)| dτ,ïðè÷åì ïîñòîÿííàÿ C íå çàâèñèò îò �óíêöèè w(t). Ïîñëåäíÿÿ îöåíêà äîêàçûâàåòëåììó.Ëåììà 2 çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2. Äîêàæåì, òåïåðü, ñëåäñòâèå 1.Äîêàçàòåëüñòâî ñëåäñòâèÿ 1. Åñëè �óíêöèÿ w(t) èìååò êîìïàêòíûé íîñèòåëü,òî ÷èñëî ÷ëåíîâ ñóììû â (18) îãðàíè÷åíî ñâåðõó ïîñòîÿííîé, íå çàâèñÿùåé îò T ,íî çàâèñÿùåé îò ðàçìåðà íîñèòåëÿ �óíêöèè w(t). Ïîýòîìó â äîêàçàòåëüñòâå ëåì-ìû 2 â îöåíêå (19) è ïîñëåäóþùèõ îöåíêàõ ìîæíî óáðàòü ìíîæèòåëü n, à çàòåì èìíîæèòåëü T , âíåñÿ èõ â ïîñòîÿííóþ C. Ñëåäñòâèå äîêàçàíî.Àâòîð èñêðåííå áëàãîäàðèò ïðî�. Øêàëèêîâà À.À. çà ïîñòàíîâêó çàäà÷è è öåí-íûå ñîâåòû.
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ÓÄÊ 519.833.7 Ìåëüíèêîâà È. Â., Âäîâèí Ì. Â.�Å�ÓËß�ÈÇÀÖÈß ÍÅÊÎ��ÅÊÒÍÛÕÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ ÇÀÄÀ× ÊÎØÈ ÂÏ�ÎÑÒ�ÀÍÑÒÂÀÕ Lp(R), p ≥ 1Lp(R), p ≥ 1Lp(R), p ≥ 11Ïîñòðîåíû ðåãóëÿðèçóþùèå îïåðàòîðû çàäà÷ Êîøè â ïðîñòðàíñòâàõ Lp(R), p ≥
1, C0(R) äëÿ äè��åðåíöèàëüíûõ ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó è óñëîâíî�êîððåêòíûõ. Ïîëó÷åíà �îðìóëà îöåíêè ïîãðåøíîñòè äëÿ ðåãóëÿðèçóþùèõ îïåðà-òîðîâ íà êëàññå ðåøåíèé äè��åðåíöèàëüíûõ çàäà÷ Êîøè â óêàçàííûõ ïðîñòðàí-ñòâàõ. Îñíîâíûå ðåçóëüòàòû ïîëó÷åíû ñ ïîìîùüþ ñâîéñòâ ñâåðòêè â óêàçàí-íûõ ïðîñòðàíñòâàõ è òåîðèè îáîáùåííûõ �óíêöèé �åëü�àíäà�Øèëîâà.1. ÂâåäåíèåÍàñòîÿùàÿ ðàáîòà ïîñâÿùåíà çàäà÷å Êîøè (1)u

′(t) = P

(
i
∂

∂x

)
u(t), t ∈ [0, T ], u(0) = f , P

(
i
∂

∂x

)
=

(
pjk

(
i
∂

∂x

))m

1

,â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], ñâÿçàííîé ñ ñèñòåìàìè äè��åðåíöèàëüíûõ óðàâíå-íèé âèäà

∂

∂t
uj(t, x) =

m∑

k=1

pjk

(
i
∂

∂x

)
uk(t, x), t ≥ 0, x ∈ R, j = 1, . . . ,m. (2)Çäåñü Xm

p �m-ìåðíîå ïðîñòðàíñòâî âåêòîðîâ f = (f1, . . . , fm), êîìïîíåíòû êîòîðûõïðèíàäëåæàò ñîîòâåòñòâóþùåìó ïðîñòðàíñòâó
Xp =

{
Lp(R), åñëè p ∈ [1,∞),
C0(R), åñëè p = ∞,

ñ íîðìîé ‖f‖Xm
p

=

( m∑

j=1

‖fj‖2
Xp

)1/2

;

pjk

(
i
∂

∂x

) � ïîëèíîìû îò îïåðàòîðà i ∂
∂x

ìàêñèìàëüíîãî ïîðÿäêà r ñ ïîñòîÿííûìèêîìïëåêñíûìè êîý��èöèåíòàìè.Ñîãëàñíî êëàññè�èêàöèè ñèñòåì (2) �åëü�àíäà�Øèëîâà (ñì. [2℄) âûäåëèì äâàêëàññà:1. Êëàññ ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó, äëÿ êîòîðûõ ïðè t ≥ 0 íà âåùå-ñòâåííîé ïðÿìîé âûïîëíÿåòñÿ íåðàâåíñòâî
( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

≤ (C1 + C2t
m−1)ea1t(1 + |ξ|)r(m−1), a1 ∈ R.2. Êëàññ ñèñòåì óñëîâíî�êîððåêòíûõ, äëÿ êîòîðûõ ïðè t ≥ 0 íà âåùåñòâåííîéïðÿìîé âûïîëíÿåòñÿ íåðàâåíñòâî

( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

≤ (C1 +C2t
m−1)ea2t(1+ |ξ|)r(m−1)ebt|ξ|

h
, a2 ∈ R, b > 0, 0 < h < 1.(3)Çäåñü g̃jk(t, ζ) (j, k = 1, . . . ,m), ζ = ξ + iη, � ýëåìåíòû ìàòðèöû

etP (ζ) =
∞∑

l=0

tl

l!
P l(ζ).Â ðàáîòå [3℄ äëÿ çàäà÷ (1) â ïðîñòðàíñòâå Xm

2 , ñâÿçàííûõ ñ âûäåëåííûìè êëàñ-ñàìè ñèñòåì, ñ ïîìîùüþ òåõíèêè R-ïîëóãðóïï è ïðåîáðàçîâàíèÿ Ôóðüå �óíêöèé,1�àáîòà âûïîëíåíà ïðè ïîääåðæêå �îññèéñêîãî Ôîíäà Ôóíäàìåíòàëüíûõ Èññëåäîâàíèé,ãðàíò � 06-01-00148a.



�åãóëÿðèçàöèÿ íåêîððåêòíûõ äè��åðåíöèàëüíûõ çàäà÷ Êîøè . . . 57ñóììèðóåìûõ ñ êâàäðàòîì, ïîñòðîåíû ðåãóëÿðèçóþùèå îïåðàòîðû, êîòîðûå ìîæíîïðåäñòàâèòü â âèäå
Rα(t)fδ = F−1[etP (·)K̃αf̃δ], α = α(δ) > 0,ãäå K̃α(ξ) =

{
(1 + αξ2)−r(m−1)/2, â ñëó÷àå ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó,

e−αξ
2
, â ñëó÷àå óñëîâíî�êîððåêòíûõ ñèñòåì.Â íàñòîÿùåé ðàáîòå ñ ïîìîùüþ òåõíèêè ñâåðòêè â ïðîñòðàíñòâàõ Xp, p ∈

∈ [1,∞], è ïðåîáðàçîâàíèÿ Ôóðüå èññëåäîâàí îïåðàòîð Rα(t), îïðåäåëåííûé ïðèíåêîòîðîì ýëåìåíòå K̃α ñëåäóþùèì îáðàçîì:
Rα(t)f = (u

(α)
1 (t), . . . , u

(α)
m (t)), ãäå u

(α)
j (t) =

m∑

k=1

s
(α)
jk (t, ·) ∗ fk (j = 1, . . . ,m),

s
(α)
jk (t, ·) = F−1[g̃jk(t, ·)K̃α] (j, k = 1, . . . ,m).Â ðåçóëüòàòå ïîëó÷åíû óñëîâèÿ íà K̃α (òåîðåìà 5), çàâèñÿùèå îò âûäåëåííûõ êëàñ-ñîâ ñèñòåì è îáåñïå÷èâàþùèå äëÿ îïåðàòîðà Rα(t) âûïîëíåíèå îñíîâíûõ ñâîéñòâðåãóëÿðèçóþùåãî îïåðàòîðà çàäà÷è (1) â ïðîñòðàíñòâå Xm

p ïðè ëþáîì p ∈ [1,∞]:1) ïðè êàæäîì t ∈ (0, T ] {Rα(t)}α>0 � ñåìåéñòâî îãðàíè÷åííûõ îïåðàòîðîâ, îïðå-äåëåííûõ äëÿ âñåõ fδ òàêèõ, ÷òî ‖f − fδ‖Xm
p

≤ δ;2) ñóùåñòâóåò çàâèñèìîñòü α = α(δ) òàêàÿ, ÷òî
α(δ) → 0 è ‖u(t) − Rα(δ)(t)fδ‖Xm

p
→ 0 ïðè δ → 0,ãäå u(t) � ðåøåíèå çàäà÷è (1) äëÿ íà÷àëüíîãî âåêòîðà f .2. Îãðàíè÷åííîñòü îïåðàòîðà Rα(t)Â ýòîì ðàçäåëå ìû ïîëó÷èì óñëîâèÿ íà K̃α, ïðè êîòîðûõ îïåðàòîð Rα(t) ðàâíî-ìåðíî ïî t ∈ [0, T ] îãðàíè÷åí â ïðîñòðàíñòâàõ Xm

p , p ∈ [1,∞].Èçâåñòíî (�18.3 [4℄), ÷òî åñëè s ∈ X1, f ∈ Xp, p ∈ [1,∞], òî s ∗ f ∈ Xp è
‖s ∗ f‖Xp ≤ ‖s‖X1‖f‖Xp . Îòñþäà, åñëè {s(α)

jk (t, ·)}mj,k=1 ⊂ X1, òî ïðè ëþáîì p ∈ [1,∞]

‖Rα(t)f‖Xm
p

=

( m∑

j=1

∥∥∥∥
m∑

k=1

s
(α)
jk (t, ·) ∗ fk

∥∥∥∥
2

Xp

)1/2

≤

≤
( m∑

j=1

( m∑

k=1

‖s(α)
jk (t, ·)‖X1

∥∥fk‖Xp

)2)1/2

≤
m∑

k=1

( m∑

j=1

‖s(α)
jk (t, ·)‖2

X1

)1/2

‖fk‖Xp ≤

≤
( m∑

j,k=1

‖s(α)
jk (t, ·)‖2

X1

)1/2

‖f‖Xm
p
.Ëåììà 1. Ïóñòü �óíêöèÿ s̃ ∈ X1 ëîêàëüíî àáñîëþòíî íåïðåðûâíà íà R, òàêàÿ,÷òî s̃(ξ) → 0 ïðè ξ → ∞ è åå ïðîèçâîäíàÿ ïðèíàäëåæèò ïðîñòðàíñòâó X2. Òîãäàîáðàòíîå ïðåîáðàçîâàíèå Ôóðüå �óíêöèè s̃ � �óíêöèÿ s � ïðèíàäëåæèò ïðîñòðàí-ñòâó X1 è äëÿ ëþáîãî ρ > 0 (4)‖s‖X1 ≤ ρ

π

∫

R

|s̃(ξ)| dξ +
1√
πρ

(∫

R

|s̃′(ξ)|2dξ
)1/2.
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sM (x) =

1

2π

∫ M

−M
s̃(ξ)e−ixξ dξ, M > 0,êîòîðûå â êàæäîé òî÷êå x ∈ R ïðè M → ∞ ñõîäÿòñÿ ê

s(x) =
1

2π

∫

R

s̃(ξ)e−ixξ dξ.Äëÿ �óíêöèé sM ïðè ïðîèçâîëüíûõ M, ρ > 0 è N > ρ âûïîëíÿåòñÿ ñëåäóþùàÿöåïî÷êà íåðàâåíñòâ:
∫ N

−N
|sM (x)| dx =

∫ N

−N

∣∣∣∣
1

2π

∫ M

−M
s̃(ξ)e−ixξ dξ

∣∣∣∣ dx =

=
1

2π

∫

|x|≤ρ

∣∣∣∣
∫ M

−M
s̃(ξ)e−ixξ dξ

∣∣∣∣ dx+

+
1

2π

∫

ρ<|x|≤N

∣∣∣∣
s̃(M)e−ixM − s̃(−M)eixM

−ix +
1

ix

∫ M

−M
s̃′(ξ)e−ixξ dξ

∣∣∣∣ dx ≤

≤ ρ

π

∫ M

−M
|s̃(ξ)| dξ +

1

π
(|s̃(M)| + |s̃(−M)|) ln

N

ρ
+

+
1

2π

(∫

ρ<|x|≤N

dx

x2

)1/2(∫ N

−N

∣∣∣∣
∫ M

−M
s̃′(ξ)e−ixξ dξ

∣∣∣∣
2

dx

)1/2

≤

≤ ρ

π

∫

R

|s̃(ξ)| dξ +
1

π
(|s̃(M)| + |s̃(−M)|) ln

N

ρ
+

+
1√
πρ

(∫

R

∣∣∣∣
∫ M

−M
s̃′(ξ)e−ixξ dξ

∣∣∣∣
2

dx

)1/2

.Îòêóäà ñëåäóåò, ÷òî ïðè ëþáûõ ρ > 0, N > ρ

lim
M→∞

∫ N

−N
|sM (x)| dx ≤ ρ

π

∫

R

|s̃(ξ)| dξ +
1√
πρ

(∫

R

|s̃′(ξ)|2dξ
)1/2,çíà÷èò, ñîãëàñíî òåîðåìå Ôàòó �óíêöèÿ s ñóììèðóåìà íà îòðåçêå [−N,N ] è

∫ N

−N
|s(x)| dx ≤ ρ

π

∫

R

|s̃(ξ)| dξ +
1√
πρ

(∫

R

|s̃′(ξ)|2dξ
)1/2ïðè ëþáûõ ρ > 0, N > ρ. Îòñþäà, â ñèëó ïðîèçâîëüíîñòè N , ñëåäóåò, ÷òî �óíêöèÿ

s ñóììèðóåìà íà âñåé âåùåñòâåííîé ïðÿìîé è äëÿ ëþáîãî ρ > 0 âûïîëíÿåòñÿ (4).Òàêèì îáðàçîì, åñëè ïðîèçâåäåíèÿ g̃jk(t, ·)K̃α (j, k = 1, . . . ,m) óäîâëåòâîðÿþòóñëîâèÿì ëåììû 1, òî s(α)
jk (t, ·) (j, k = 1, . . . ,m) ïðèíàäëåæàò ïðîñòðàíñòâó X1, èïðè ëþáîì ρ > 0 (5)( m∑

j,k=1

‖s(α)
jk (t, ·)‖2

X1

)1/2

≤
( m∑

j,k=1

(
ρ

π
Ajk +

1√
πρ
B

1/2
jk

)2)1/2

≤

≤ ρ

π

( m∑

j,k=1

A2
jk

)1/2

+
1√
πρ

( m∑

j,k=1

Bjk

)1/2

,ãäå Ajk =

∫

R

|g̃jk(t, ξ)K̃α(ξ)| dξ, Bjk =

∫

R

∣∣∣∣
∂

∂ξ
(g̃jk(t, ξ)K̃α(ξ))

∣∣∣∣
2

dξ;
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j,k=1

A2
jk

)1/2

=

( m∑

j,k=1

(∫

R

|g̃jk(t, ξ)K̃α(ξ)| dξ
)2)1/2

≤

≤
∫

R

( m∑

j,k=1

|g̃jk(t, ξ)K̃α(ξ)|2
)1/2

dξ =

∫

R

( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

|K̃α(ξ)| dξ,

m∑

j,k=1

Bjk =

∫

R

m∑

j,k=1

∣∣∣∣
∂

∂ξ
g̃jk(t, ξ)K̃α(ξ) + g̃jk(t, ξ)K̃

′
α(ξ)

∣∣∣∣
2

dξ ≤

≤
∫

R

(( m∑

j,k=1

∣∣∣∣
∂

∂ξ
g̃jk(t, ξ)

∣∣∣∣
2)1/2

|K̃α(ξ)| +
( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

|K̃ ′
α(ξ)|

)2

dξ. (6)Îòñþäà, åñëè ïîëîæèòü Aα =
1

π

∫

R

( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

|K̃α(ξ)| dξ,

Bα =
1

π

∫

R

(( m∑

j,k=1

∣∣∣∣
∂

∂ξ
g̃jk(t, ξ)

∣∣∣∣
2)1/2

|K̃α(ξ)| +
( m∑

j,k=1

|g̃jk(t, ξ)|2
)1/2

|K̃ ′
α(ξ)|

)2

dξ,òî íåðàâåíñòâî (5) ïðèìåò âèä ( m∑

j,k=1

‖s(α)
jk (t, ·)‖2

X1

)1/2

≤ Aαρ +

√
Bα
ρ
. Íàêîíåö,ïåðåõîäÿ ê ìèíèìóìó ïðàâîé ÷àñòè (íåðàâåíñòâî (5) óñòàíîâëåíî ïðè ïðîèçâîëüíîì

ρ > 0), ïîëó÷àåì
( m∑

j,k=1

‖s(α)
jk (t, ·)‖2

X1

)1/2

≤
(

1
3
√

4
+

3
√

4

)
(AαBα)1/3.Çàìåòèì, ÷òî g̃jk(t, ζ) (j, k = 1, . . . ,m) � öåëûå �óíêöèè îò ζ, ñëåäîâàòåëüíî,ïðîèçâîäíûå ∂

∂ξ
g̃jk(t, ·) (j, k = 1, . . . ,m) ñóùåñòâóþò, áîëåå òîãî, ñîãëàñíî [1℄ ïðè

t ∈ [0, T ] íà âåùåñòâåííîé ïðÿìîé âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:
( m∑

j,k=1

∣∣∣∣
∂

∂ξ
g̃jk(t, ξ)

∣∣∣∣
2)1/2

≤ C3(T )(1 + |ξ|)rm−1,
â ñëó÷àå ñèñòåìêîððåêòíûõ ïî Ïåòðîâñêîìó,

( m∑

j,k=1

∣∣∣∣
∂

∂ξ
g̃jk(t, ξ)

∣∣∣∣
2)1/2

≤ C4(T, ε)(1 + |ξ|)rm−h−1e(b+ε)T |ξ|
h
,

â ñëó÷àå óñëîâíî�êîððåêòíûõ ñèñòåì;çäåñü b, h òå æå, ÷òî â íåðàâåíñòâå (3), ε ïðîèçâîëüíîå ïîëîæèòåëüíîå.Íà îñíîâàíèè èçëîæåííûõ ðåçóëüòàòîâ èìååò ìåñòî.Òåîðåìà 1. Ñëåäóþùèå óñëîâèÿ íà �óíêöèþ K̃α:1) íåïðåðûâíàÿ äè��åðåíöèðóåìîñòü íà âåùåñòâåííîé ïðÿìîé;2) óáûâàíèå íà áåñêîíå÷íîñòè: â ñëó÷àå ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó
K̃α(ξ) = O

(
1

|ξ|rm+1

)
, K̃ ′

α(ξ) = O

(
1

|ξ|rm−r+1

) ïðè ξ → ∞,â ñëó÷àå óñëîâíî�êîððåêòíûõ ñèñòåì
K̃α(ξ) = O

(
1

e(b+ε)T |ξ|h |ξ|rm
), K̃ ′

α(ξ) = O

(
1

ebT |ξ|h |ξ|rm−r+1

) ïðè ξ → ∞;îáåñïå÷èâàþò ðàâíîìåðíóþ ïî t ∈ [0, T ] îãðàíè÷åííîñòü îïåðàòîðà Rα(t) â ïðî-ñòðàíñòâàõ Xm
p , p ∈ [1,∞]; ïðè ýòîì ñïðàâåäëèâà îöåíêà (7)‖Rα(t)‖ ≤
(

1
3
√

4
+ 3

√
4

)
(AαBα

)1/3 (Aα, Bα çàäàþòñÿ �îðìóëàìè (6)).



60 Ìåëüíèêîâà È. Â., Âäîâèí Ì. Â.3. �åãóëÿðèçàöèÿ çàäà÷è (1) îïåðàòîðîì Rα(t)Â ýòîì ðàçäåëå ìû îïðåäåëèì ñåìåéñòâî {K̃α}α>0, äëÿ ýëåìåíòîâ êîòîðîãî âû-ïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1, è óñòàíîâèì çàâèñèìîñòü α = α(δ) íà êëàññå îáîá-ùåííûõ ðåøåíèé çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], òàêóþ, ÷òî èç óñëîâèé

δ → 0, ‖f − fδ‖Xm
p

≤ δ ñëåäóåò:
α(δ) → 0 è sup

0≤t≤T
‖u(t) − Rα(δ)(t)fδ‖Xm

p
→ 0,ãäå u(t) � îáîáùåííîå ðåøåíèå çàäà÷è (1) â ïðîñòðàíñòâå Xm
p äëÿ íà÷àëüíîãî âåê-òîðà f .Îïðåäåëåíèå 1. Âåêòîð��óíêöèþ u(t) = (u1(t), . . . , um(t)), t ∈ [0, T ], ïðèíèìàþ-ùóþ çíà÷åíèÿ èç ïðîñòðàíñòâà Xm

p , p ∈ [1,∞], áóäåì íàçûâàòü îáîáùåííûì ðåøå-íèåì çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , åñëè:1) �óíêöèÿ u(t) îãðàíè÷åíà íà îòðåçêå [0, T ];2) äëÿ ëþáîãî ýëåìåíòà ϕ èç D � ïðîñòðàíñòâà áåñêîíå÷íî äè��åðåíöèðóåìûõíà âåùåñòâåííîé ïðÿìîé �èíèòíûõ �óíêöèé, (8)d

dt
〈uj(t), ϕ〉 =

m∑

k=1

〈
uk(t) , pjk

(
− i

∂

∂x

)
ϕ

〉
, t ∈ (0, T ],

lim
t→+0

〈uj(t), ϕ〉 = 〈fj , ϕ〉
(j = 1, . . . ,m),ãäå 〈uj(t), ϕ〉 =

∫

R

uj(t, x)ϕ(x) dx, pjk � ïîëèíîì ñ êîý��èöèåíòàìè êîìïëåêñíîñîïðÿæåííûìè ê êîý��èöèåíòàì ïîëèíîìà pjk.Ïóñòü K̃α óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1, à u(t) � îáîáùåííîå ðåøåíèå çàäà-÷è (1) â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], äëÿ íà÷àëüíîãî âåêòîðà f . Òîãäà â ñèëó ëåììû1 ýëåìåíò Kα = F−1[K̃α] ïðèíàäëåæèò ïðîñòðàíñòâó X1 è, ñëåäîâàòåëüíî, âåêòîð��óíêöèÿ Kα ∗u(t) ñ êîìïîíåíòàìè Kα ∗ uj(t) (j = 1, . . . ,m) â ñèëó ñâîéñòâ ñâåðòêèïðèíèìàåò çíà÷åíèÿ èç ïðîñòðàíñòâà Xm

p . Äîêàæåì ðàâåíñòâî Kα ∗ u(t) = Rα(t)f ,äëÿ ÷åãî ïîñòóïèì ñëåäóþùèì îáðàçîì: ñíà÷àëà ïîêàæåì, ÷òî âåêòîð��óíêöèè
Rα(t)f , Kα∗u(t) ÿâëÿþòñÿ îáîáùåííûìè ðåøåíèÿìè çàäà÷è (1) â ïðîñòðàíñòâå Xm

päëÿ îäíîãî è òîãî æå íà÷àëüíîãî âåêòîðà ñ êîìïîíåíòàìè Kα ∗ fj (j = 1, . . . ,m),à çàòåì ïðèìåíèì òåîðåìó î åäèíñòâåííîñòè îáîáùåííîãî ðåøåíèÿ çàäà÷è (1) âïðîñòðàíñòâå Xm
p , p ∈ [1,∞].Ëåììà 2. Ïóñòü �óíêöèè wj(t) (j = 1, . . . , n), ïðèíèìàþùèå çíà÷åíèÿ èç ïðî-ñòðàíñòâà Xp, p ∈ [1,∞], îãðàíè÷åíû íà îòðåçêå [0, T ] è îáëàäàþò ñâîéñòâîì:ïðè ëþáûõ ϕ ∈ D, t ∈ [0, T ], ∆t 6= 0 (t + ∆t ∈ [0, T ]), ïî÷òè äëÿ âñåõ x ∈ Râûïîëíÿþòñÿ ðàâåíñòâà

(wj(t+ ∆t) ∗ ϕ− wj(t) ∗ ϕ)(x) =
n∑

k=1

∫ ∆t

0
(wk(t+ τ) ∗ ϕjk)(x) (j = 1, . . . , n),ãäå ϕjk = ϕjk(ϕ) (j, k = 1, . . . ,m) � ýëåìåíòû ïðîñòðàíñòâà D. Òîãäà ïðè ëþ-áîì ϕ ∈ D �óíêöèè wj(t) ∗ ϕ (j = 1, . . . , n) äè��åðåíöèðóåìû íà îòðåçêå [0, T ] âïðîñòðàíñòâå Xp è âûïîëíÿþòñÿ ðàâåíñòâà

d

dt
(wj(t) ∗ ϕ) =

n∑

k=1

wk(t) ∗ ϕjk (j = 1, . . . , n).Â ÷àñòíîñòè, åñëè �óíêöèè wj(t) (j = 1, . . . , n) ïðèíèìàþò çíà÷åíèÿ èç ïðî-ñòðàíñòâà X1, òî ïðè ëþáîì ϕ ∈ D �óíêöèè wj(t) ∗ ϕ (j = 1, . . . , n) äè��åðåíöè-ðóåìû íà îòðåçêå [0, T ] âî âñåõ ïðîñòðàíñòâàõ Xp, p ∈ [1,∞].



�åãóëÿðèçàöèÿ íåêîððåêòíûõ äè��åðåíöèàëüíûõ çàäà÷ Êîøè . . . 61Äîêàçàòåëüñòâî. Â ðàìêàõ óñëîâèé äàííîé ëåììû, â ñèëó îáîáùåííîãî íåðàâåí-ñòâà Ìèíêîâñêîãî è íåðàâåíñòâà äëÿ ñâåðòêè, ïîëó÷àåì ñëåäóþùóþ îöåíêó:∥∥∥∥
wj(t+ ∆t) ∗ ϕ− wj(t) ∗ ϕ

∆t
−

n∑

k=1

wk(t) ∗ ϕjk
∥∥∥∥
Xp

=

=
1

|∆t|

∥∥∥∥
n∑

k=1

∫ ∆t

0
(wk(t+ τ) ∗ ϕjk)(·) dτ −

n∑

k=1

∫ ∆t

0
(wk(t) ∗ ϕjk)(·) dτ

∥∥∥∥
Xp

=

=
1

|∆t|

∥∥∥∥
n∑

k=1

∫ ∆t

0

(( n∑

l=1

∫ τ

0
(wl(t+ σ) ∗ ϕ̂kl)(·) dσ

)
∗ ϕjk

)
(·) dτ

∥∥∥∥
Xp

≤

≤ 1

|∆t|
n∑

k=1

∫ ∆t

0

∥∥∥∥
n∑

l=1

∫ τ

0
(wl(t+ σ) ∗ ϕ̂kl)(·) dσ

∥∥∥∥
Xp

‖ϕjk‖X1dτ ≤

≤ 1

|∆t|
n∑

k=1

‖ϕjk‖X1

∫ ∆t

0

n∑

l=1

∫ τ

0
‖wl(t+ σ)‖Xp‖ϕ̂kl‖X1dσdτ ≤

≤M
n∑

k,l=1

‖ϕjk‖X1‖ϕ̂kl‖X1 |∆t|.Åñëè æå �óíêöèè wj(t) (j = 1, . . . , n) ïðèíèìàþò çíà÷åíèÿ èç ïðîñòðàíñòâà X1,òî îöåíêà ïðèìåò âèä∥∥∥∥
wj(t+ ∆t) ∗ ϕ− wj(t) ∗ ϕ

∆t
−

n∑

k=1

wk(t) ∗ ϕjk
∥∥∥∥
Xp

≤M
n∑

k,l=1

‖ϕjk‖Xp‖ϕ̂kl‖Xp |∆t|.Èç ïîëó÷åííûõ îöåíîê ñëåäóåò óòâåðæäåíèå ëåììû.Òåîðåìà 2. Äëÿ ëþáîãî âåêòîðà f ∈ Xm
p , p ∈ [1,∞], âåêòîð��óíêöèÿ Rα(t)f ÿâ-ëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (1) äëÿ íà÷àëüíîãî âåêòîðà ñ êîìïîíåíòàìè

Kα ∗ fj (j = 1, . . . ,m).Äîêàçàòåëüñòâî. Â ñèëó ðàâíîìåðíîé ïî t ∈ [0, T ] îãðàíè÷åííîñòè îïåðàòîðà
Rα(t) â ïðîñòðàíñòâàõ Xm

p , p ∈ [1,∞], ïåðâîå óñëîâèå â îïðåäåëåíèè îáîáùåííîãîðåøåíèÿ âûïîëíÿåòñÿ. Ïîêàæåì, ÷òî âûïîëíÿåòñÿ è âòîðîå óñëîâèå.Ïðè ëþáîì ϕ ∈ D ñîãëàñíî òåîðåìå Ôóáèíè èìååì:
〈u(α)
j (t), ϕ〉 =

〈 m∑

k=1

s
(α)
jk (t, ·) ∗ fk , ϕ

〉
=

m∑

k=1

〈s(α)
jk (t, ·) ∗ ϕ∗, f∗k 〉,ãäå ϕ∗(x) = ϕ(−x), f∗k (x) = fk(−x). Êðîìå òîãî, ïðè ëþáûõ k ∈ {1, . . . ,m}, t ∈

∈ [0, T ], ∆t 6= 0 (t + ∆t ∈ [0, T ]), â ñèëó ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå è ñîãëàñíîòåîðåìå Ôóáèíè, äëÿ âñåõ x ∈ R âûïîëíÿþòñÿ ðàâåíñòâà
(s

(α)
jk (t+ ∆t, ·) ∗ ϕ∗ − s

(α)
jk (t, ·) ∗ ϕ∗)(x) = F−1

[ ∫ ∆t

0

∂

∂t
g̃jk(t+ τ, ·) dτK̃αϕ̃∗

]
(x) =

= F−1

[ ∫ ∆t

0

m∑

l=1

pjlg̃lk(t+ τ, ·) dτK̃αϕ̃∗

]
(x) =

=

m∑

l=1

∫ ∆t

0
F−1[g̃lk(t+ τ, ·)K̃αpjlϕ̃∗](x) dτ =

=
m∑

l=1

∫ ∆t

0

(
s
(α)
lk (t+ τ, ·) ∗ pjl

(
i
∂

∂x

)
ϕ∗

)
(x) dτ (j = 1, . . . ,m),ïîçâîëÿþùèå ïðèìåíèòü ëåììó 2, â ñèëó êîòîðîé äëÿ âñåõ t ∈ [0, T ]
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d

dt
〈u(α)
j (t), ϕ〉 =

m∑

k=1

〈
d

dt
(s

(α)
jk (t, ·) ∗ ϕ∗) , f∗k

〉
=

m∑

k=1

〈 m∑

l=1

s
(α)
lk (t, ·) ∗ pjl

(
i
∂

∂x

)
ϕ∗ , f∗k

〉

=

m∑

l=1

〈 m∑

k=1

s
(α)
lk (t, ·) ∗ fk , pjl

(
− i

∂

∂x

)
ϕ

〉
=

m∑

l=1

〈
u

(α)
l (t) , pjl

(
− i

∂

∂x

)
ϕ

〉
.Ïðè ýòîì óñòàíàâëèâàåòñÿ è íåïðåðûâíîñòü â íóëå:

lim
t→+0

〈u(α)
j (t), ϕ〉 = 〈u(α)

j (0), ϕ〉 = 〈Kα ∗ fj , ϕ〉. �Òåîðåìà 3. Åñëè âåêòîð��óíêöèÿ u(t) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è(1) äëÿ íà÷àëüíîãî âåêòîðà f ∈ Xm
p , p ∈ [1,∞], òî âåêòîð��óíêöèÿ Kα ∗ u(t) ñêîìïîíåíòàìè Kα ∗ uj(t) (j = 1, . . . ,m) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è(1) äëÿ íà÷àëüíîãî âåêòîðà ñ êîìïîíåíòàìè Kα ∗ fj (j = = 1, . . . ,m).Äîêàçàòåëüñòâî. Â ñèëó íåðàâåíñòâà äëÿ ñâåðòêè èìååì ‖Kα ∗ u(t)‖Xm

p
≤

≤ ‖Kα‖X1‖u(t)‖Xm
p
. Ñëåäîâàòåëüíî, â ñèëó îãðàíè÷åííîñòè �óíêöèè u(t) íà îò-ðåçêå [0, T ], èìååò ìåñòî îãðàíè÷åííîñòü �óíêöèè Kα ∗ u(t).Äàëåå, ïðè ëþáîì ϕ ∈ D 〈Kα ∗ uj(t), ϕ〉 = 〈uj(t) ∗ ϕ∗,K∗

α〉; ïðè ýòîì ïðè ëþáûõ
t ∈ (0, T ], ∆t 6= 0 (t+ ∆t ∈ (0, T ]), è âñåõ x ∈ R âûïîëíÿþòñÿ ðàâåíñòâà

(uj(t+ ∆t) ∗ ϕ∗ − uj(t) ∗ ϕ∗)(x) =

∆t∫

0

d

dt
(uj(t+ τ) ∗ ϕ∗)(x) dτ =

=

∫ ∆t

0

d

dt
〈uj(t+ τ), ϕ∗

x〉 dτ =

∫ ∆t

0

m∑

k=1

〈
uk(t+ τ) , pjk

(
i
∂

∂y

)
ϕ∗
x

〉
dτ =

=
m∑

k=1

∫ ∆t

0

(
uk(t+ τ) ∗ pjk

(
i
∂

∂x

)
ϕ∗

)
(x) dτ (j = 1, . . . ,m),ãäå ϕ∗

x(y) = ϕ∗(x− y) ïðè x, y ∈ R. Ñëåäîâàòåëüíî, ìû ìîæåì ïðèìåíèòü ëåììó 2,ñîãëàñíî êîòîðîé äëÿ âñåõ t ∈ (0, T ]

d

dt
〈Kα ∗ uj(t), ϕ〉 =

d

dt
〈uj(t) ∗ ϕ∗,K∗

α〉 =

〈
d

dt
(uj(t) ∗ ϕ∗) , K∗

α

〉
=

=
m∑

k=1

〈
uk(t) ∗ pjk

(
i
∂

∂x

)
ϕ∗ , K∗

α

〉
=

m∑

k=1

〈
Kα ∗ uk(t) , pjk

(
− i

∂

∂x

)
ϕ ,

〉
.Íàêîíåö, ðàññìîòðèì ìîäóëü ðàçíîñòè

|〈Kα ∗ uj(t), ϕ〉 − 〈Kα ∗ fj , ϕ〉| = |〈uj(t),K∗
α ∗ ϕ〉 − 〈fj ,K∗

α ∗ ϕ〉|,äëÿ êîòîðîãî, ïîñêîëüêó K∗
α ∗ ϕ ∈ ⋂

1≤p≤∞
Xp, èìååò ìåñòî îöåíêà

|〈uj(t),K∗
α ∗ ϕ〉 − 〈fj ,K∗

α ∗ ϕ〉| ≤
≤ |〈uj(t), ϕn〉 − 〈fj , ϕn〉| + 〈uj(t),K∗

α ∗ ϕ− ϕn〉| + |〈fj , ϕn −K∗
α ∗ ϕ〉| ≤

≤ |〈uj(t), ϕn〉 − 〈fj , ϕn〉| + 2M‖K∗
α ∗ ϕ− ϕn‖Xp′

,ãäå {ϕn}∞n=1 ⊂ D � ïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ ê K∗
α∗ϕ ïî íîðìå ïðîñòðàíñòâà

Xp′ , 1

p′
+

1

p
= 1. Îòñþäà ñëåäóåò, ÷òî lim

t→+0
〈Kα ∗ uj(t), ϕ〉 = 〈Kα ∗ fj , ϕ〉. �Òåîðåìà 4. Îáîáùåííîå ðåøåíèå çàäà÷è (1) â ïðîñòðàíñòâå Xm

p , p ∈ [1,∞], åäèí-ñòâåííî.Äîêàçàòåëüñòâî. Ñîãëàñíî [2℄ (ãë. II) ñóùåñòâóþò ïðîñòðàíñòâà Sβ,Bα,A ⊂
⊂ Sβ,B′

α,A (B < B′) òàêèå, ÷òî äè��åðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà
etQ(i ∂

∂x) : Sβ,Bα,A → Sβ,B′

α,A , ãäå Q
(
i ∂∂x
)

=
(
qjk
(
i ∂∂x
))m

1
, qjk

(
i ∂∂x
)

= −pkj
(
− i ∂∂x

)
,ðàâíîìåðíî ïî t ∈ [0, T ] îãðàíè÷åí. Òîïîëîãèÿ ïðîñòðàíñòâà Sβ,B′

α,A ñèëüíåå òîïîëî-ãèé ïðîñòðàíñòâ Xp, p ∈ [1,∞], ïîýòîìó êîìïîíåíòû îáîáùåííîãî ðåøåíèåì çàäà÷è(1), â ñèëó îãðàíè÷åííîñòè, ïîðîæäàþò íà ïðîñòðàíñòâå Sβ,B′

α,A ðàâíîìåðíî ïî t ∈
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[0, T ] íåïðåðûâíûå �óíêöèîíàëû â âèäå ∫

R

uj(t, x)ϕ(x) dx (j = 1, . . . ,m), ϕ ∈ Sβ,B′

α,A .Îòñþäà â ðåçóëüòàòå ïåðåñìîòðà äîêàçàòåëüñòâà òåîðåìû 2 ï. 4 �3 ãë. II [2℄ ïîëó÷àåì,÷òî äëÿ îáîáùåííûõ ðåøåíèé çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], ðàâåíñòâà(8) èìåþò ìåñòî äëÿ ëþáîãî ϕ ∈ Sβ,B′

α,A . Ïîñêîëüêó ïðè ýòîì Sβ,Bα,A â ñèëó äîñòàòî÷-íîãî áîãàòñòâà �óíêöèÿìè ÿâëÿåòñÿ ïëîòíûì ìíîæåñòâîì â ïðîñòðàíñòâå Xp ïðèëþáîì p ∈ [1,∞], òî íà îñíîâå òåîðåì �2 ãë. II [2℄, ïîëó÷àåì, ÷òî äëÿ îáîáùåííûõðåøåíèé çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], èìååò ìåñòî åäèíñòâåííîñòü.Òàêèì îáðàçîì, åñëè K̃α óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1, à u(t) � îáîáùåííîåðåøåíèå çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , p ∈ [1,∞], äëÿ íà÷àëüíîãî âåêòîðà f , òîïðè ëþáûõ fδ òàêèõ, ÷òî ‖f − fδ‖Xm

p
≤ δ âûïîëíÿåòñÿ íåðàâåíñòâî (9)‖u(t) − Rα(t)fδ‖Xm

p
≤ ‖u(t) − Rα(t)f‖Xm

p
+ ‖Rα(t)f − Rα(t)fδ‖Xm

p
≤

≤ ‖u(t) −Kα ∗ u(t)‖Xm
p

+ ‖Rα(t)‖δ.Åñëè ïðè ýòîì ∫
R

Kα(x) dx = 1, òî â ñèëó îáîáùåííîãî íåðàâåíñòâà Ìèíêîâñêîãî èíåðàâåíñòâà äëÿ ñâåðòêè, ïîëó÷àåì ñëåäóþùóþ îöåíêó: (10)‖u(t) −Kα ∗ u(t)‖Xm
p

≤
∫

R

‖u(t) − uy(t)‖Xm
p
|Kα(y)| dy,ãäå uy(t) � âåêòîð��óíêöèÿ 
 êîìïîíåíòàìè u

(y)
j (t, x) = uj(t, x − y) (j =

= 1, . . . ,m) ïðè t ∈ [0, T ], x, y ∈ R.Ïðè �èêñèðîâàííîì t0 ∈ [0, T ] ðàññìîòðèì �óíêöèîíàë
ω(u(t0), y) = ‖u(t0) − uy(t0)‖Xm

p
,çàâèñÿùèé îò ïàðàìåòðà y ∈ R, äëÿ �óíêöèè u(t) èç Mp, p ∈ [1,∞], � êëàñ-ñà îáîáùåííûõ ðåøåíèé çàäà÷è (1) â ïðîñòðàíñòâå Xm
p , äëÿ êîòîðûõ âûïîëíÿ-åòñÿ ñëåäóþùåå: ïðè êàæäîì t ∈ [0, T ] êîìïîíåíòû âåêòîðà u(t) � ëîêàëüíî àá-ñîëþòíî íåïðåðûâíûå �óíêöèè íà R; ïðîèçâîäíûå ∂

∂x
uj(t) (j = 1, . . . ,m), t ∈

∈ [0, T ], ïðèíàäëåæàò ïðîñòðàíñòâó Xp è îãðàíè÷åíû íà îòðåçêå [0, T ].Ëåììà 3. Äëÿ ëþáîé �óíêöèè u(t) ∈ Mp, p ∈ [1,∞], èìååò ìåñòî íåðàâåíñòâî
sup

0≤t0≤T
ω(u(t0), y) ≤

{
2M1|y|, åñëè |y| ≤M/M1,

2M, åñëè |y| > M/M1,
ãäå M = sup

0≤t≤T
‖u(t)‖Xm

p
,

M1 = sup
0≤t≤T

∥∥∥ ∂
∂x

u(t)
∥∥∥
Xm

p

.Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì ïðîñòåéøèå ñâîéñòâà �óíêöèîíàëà
ω(u(t0), y).1) �àâíîìåðíàÿ ïî y ∈ R îãðàíè÷åííîñòü:

ω(u(t0), y) ≤ ‖u(t0)‖Xm
p

+ ‖uy(t0)‖Xm
p

≤ 2M.2) ×åòíîñòü ïî y ∈ R: ω(u(t0),−y) = ω(u(t0), y). Ïðè ýòîì ω(u(t0), 0) = 0.3) |ω(u(t0), y1) − ω(u(t0), y2)| ≤ ω(u(t0), y1 − y2) äëÿ ëþáûõ y1, y2 ∈ R.Òåïåðü ïîñêîëüêó �óíêöèÿ u(t) ∈ Mp, òî
‖u(t0) − uy(t0)‖Xm

p
≤

≤
∥∥∥u(t0) − uy(t0)

y
− ∂

∂x
u(t0)

∥∥∥
Xm

p

|y| +
∥∥∥ ∂
∂x

u(t0)
∥∥∥
Xm

p

|y|, y ∈ R \ {0};ïðè ýòîì, êàê èçâåñòíî (�19.5 [4℄), lim
y→0

∥∥∥u(t0) − uy(t0)

y
− ∂

∂x
u(t0)

∥∥∥
Xm

p

= 0.Ñëåäîâàòåëüíî, ñóùåñòâóåò δ > 0 òàêîå, ÷òî
ω(u(t0), y) ≤ 2

∥∥∥ ∂
∂x

u(t0)
∥∥∥
Xm

p

|y| ≤ 2M1|y|äëÿ ëþáûõ y ≤ δ (áàçà èíäóêöèè). Ïóñòü ω(u(t0), yn) ≤ 2M1yn â òî÷êå yn =
= nδ, n ∈ N; òîãäà
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ω(u(t0), y) ≤ ω(u(t0), yn) + |ω(u(t0), y) − ω(u(t0), yn)| ≤

≤ 2M1yn + 2ω(u(t0), y − yn) ≤ 2M1yäëÿ ëþáûõ y ∈ [yn, yn + δ] (øàã èíäóêöèè).Îòñþäà â ñèëó ñâîéñòâà 1) è 2) ïîëó÷àåì óòâåðæäåíèå ëåììû.Íà îñíîâàíèè èçëîæåííûõ ðåçóëüòàòîâ ïîêàæåì, ÷òî èìååò ìåñòî.Òåîðåìà 5. Ïóñòü äëÿ �óíêöèè K̃ âûïîëíÿåòñÿ ñëåäóþùåå.1) Óñëîâèå â íóëå: K̃(0) = 1.2) �ëàäêîñòü: íåïðåðûâíàÿ äè��åðåíöèðóåìîñòü íà âåùåñòâåííîé ïðÿìîé, ïðèýòîì ïðîèçâîäíàÿ K̃ ′ ïðèíàäëåæèò ïðîñòðàíñòâó X1, ëîêàëüíî àáñîëþòíî íåïðå-ðûâíà íà âåùåñòâåííîé ïðÿìîé è K̃ ′′ ∈ X1.3) Óáûâàíèå íà áåñêîíå÷íîñòè: â ñëó÷àå ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó
K̃(ξ) = O

(
1

|ξ|rm+1

)
, K̃ ′(ξ) = O

(
1

|ξ|rm−r+1

) ïðè ξ → ∞,â ñëó÷àå óñëîâíî�êîððåêòíûõ ñèñòåì
K̃(ξ) = O

(
1

e(b+ε)T |ξ|h |ξ|rm
)
, K̃ ′(ξ) = O

(
1

ebT |ξ|h |ξ|rm−r+1

) ïðè ξ → ∞.Îïðåäåëèì K̃α, α > 0, ñëåäóþùèì îáðàçîì: K̃α(ξ) = K̃(αξ) äëÿ ξ ∈ R.Òîãäà äëÿ ëþáîé âåêòîð��óíêöèè u(t) ∈ Mp, p ∈ [1,∞], è ëþáîãî âåêòîðà fδ ∈
Xm
p òàêîãî, ÷òî ‖f − fδ‖Xm

p
≤ δ (u(0) = f), ñïðàâåäëèâà îöåíêà

‖u(t) − Rα(t)fδ‖Xm
p

≤
(
M1 + 4M1‖K̃ ′′‖X1

(
1 + ln

M

M1α

))
α+

(
1
3
√

4
+

3
√

4

)
(AαBα)1/3δ,ãäå M = sup

0≤t≤T
‖u(t)‖Xm

p
, M1 = sup

0≤t≤T

∥∥∥ ∂
∂x

u(t)
∥∥∥
Xm

p

; Aα, Bα çàäàþòñÿ �îðìóëà-ìè (6).Äîêàçàòåëüñòâî. Î÷åâèäíî, �óíêöèè K̃α óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1.Ïðè ýòîì èç óñëîâèÿ 1) è 2) â ñèëó ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóåò, ÷òî
∫

R

Kα(x) dx = 1 è |Kα(x)| ≤
{

1/2α, åñëè |x| ≤ α,

α‖K̃ ′′‖X1/x
2, åñëè |x| > α.Îòñþäà â ñèëó ëåììû 3 îöåíêà (10) ïðèìåò âèä

‖u(t) −Kα ∗ u(t)‖Xm
p

≤
∫

R

sup
0≤t≤T

ω(u(t), y)|Kα(y)| dy ≤

≤ 2

∫ α

0
2M1y

1

2α
dy + 2

∫ M/M1

α
2M1y

α‖K̃ ′′‖X1

y2
dy + 2

∫ ∞

M/M1

2M
α‖K̃ ′′‖X1

y2
dy =

=

(
M1 + 4M1‖K̃ ′′‖X1 ln

M

M1α
+ 4M1‖K̃ ′′‖X1

)
α.Ñëåäîâàòåëüíî, â ñèëó íåðàâåíñòâà (9) è îöåíêè (7), óòâåðæäåíèå òåîðåìû âûïîë-íÿåòñÿ.Ïðèìåð �óíêöèè K̃:

K̃(ξ) =

{
(1 + ξ2)−(rm+1)/2, â ñëó÷àå ñèñòåì êîððåêòíûõ ïî Ïåòðîâñêîìó,

e−ξ
2
, â ñëó÷àå óñëîâíî�êîððåêòíûõ ñèñòåì.Ñïèñîê ëèòåðàòóðû[1℄ �åëü�àíä È. Ì., Øèëîâ �. Å. Îáîáùåííûå �óíêöèè. Âûï. 2. Ïðîñòðàíñòâà îñíîâíûõ è îáîá-ùåííûõ �óíêöèé. Ì.: Ôèçìàòãèç, 1958.[2℄ �åëü�àíä È. Ì., Øèëîâ �. Å. Îáîáùåííûå �óíêöèè. Âûï. 3. Íåêîòîðûå âîïðîñû òåîðèèäè��åðåíöèàëüíûõ óðàâíåíèé. Ì.: Ôèçìàòãèç, 1958.[3℄ Ìåëüíèêîâà È. Â. Ïîëóãðóïïîâàÿ ðåãóëÿðèçàöèÿ íåêîððåêòíûõ çàäà÷. // Äîêë. �ÀÍ, 2003.Ò. 393, � 6. Ñ. 1�5.[4℄ Íèêîëüñêèé Ñ. Ì. Êóðñ ìàòåìàòè÷åñêîãî àíàëèçà. Ò. 2. Ì:. Íàóêà, 1991.



ÓÄÊ 517.5 Îðëîâ Â.Ï.Î ÑÈËÜÍÛÕ �ÅØÅÍÈßÕ ÍÀ×ÀËÜÍÎ-Ê�ÀÅÂÎÉÇÀÄÀ×È ÄËß �Å�ÓËß�ÈÇÎÂÀÍÍÎÉ ÌÎÄÅËÈÍÅËÈÍÅÉÍÎ-ÂßÇÊÎÉ ÂßÇÊÎÓÏ�Ó�ÎÉ Ñ�ÅÄÛ11. ÂâåäåíèåÂ Q = [0, T ] × Ω, ãäå Ω ∈ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ωðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à
vt +

∑n
i=1 vi∂v/∂xi − µ0Div E(v)(t, x) − Div(µ1(S(v)E(v)(t, x))−

µ2Div
∫ t
0 E(v)(s, z(s; t, x)) ds+ grad p(t, x) = f(t, x), (t, x) ∈ Q;

div (t, x) v = 0, (t, x) ∈ Q;
∫
Ω p(t, x) dx, t ∈ [0, T ];

(1)
v(0, x) = v0(x), x ∈ Ω0, v(t, x) = 0, (t, x) ∈ [0, T ] × ∂Ω. (2)Çäåñü v(t, x) = (v1(t, x), ..., vn(t, x)) è p(t, x) èñêîìûå âåêòîðíàÿ è ñêàëÿðíàÿ �óíê-öèè, îçíà÷àþùèå ñêîðîñòü äâèæåíèÿ è äàâëåíèå ñðåäû, f(t, x) � ïëîòíîñòü âíåøíèõñèë, E (v) = {Eij}ni,j=1 � òåíçîð ñêîðîñòåé äå�îðìàöèé, ò.å. ìàòðèöà ñ êîý��èöèåí-òàìè

Eij(v) = 1
2

(
∂vi
∂xj

+
∂vj

∂xi

). Äèâåðãåíöèÿ Div E(v) ìàòðèöû îïðåäåëÿåòñÿ êàê âåêòîðñ êîìïîíåíòàìè � äèâåðãåíöèÿìè ñòðîê, S(v) =
∑2

i,j=1(∂vi/∂xi)
2, µ0 > 0, µ2 ≥ 0� íåêîòîðûå êîíñòàíòû, µ1(s) íåîòðèöàòåëüíàÿ �óíêöèÿ. Âåêòîð-�óíêöèÿ z(τ ; t, x)îïðåäåëÿåòñÿ êàê ðåøåíèå çàäà÷è Êîøè (â èíòåãðàëüíîé �îðìå)

z(τ ; t, x) = x+

τ∫

t

v(s, z(s; t, x)) ds, τ, t ∈ [0, T ], x ∈ Ω. (3)Ïðè µ1 = µ2 = 0 ñèñòåìà óðàâíåíèé (1)-(2) ÿâëÿåòñÿ ñèñòåìîé óðàâíåíèé Íàâüå-Ñòîêñà, îïèñûâàþùåé äâèæåíèå íüþòîíîâñêèõ æèäêîñòåé. Ïðè µ1 6= 0, µ2 = 0 äàí-íàÿ ñèñòåìà îïèñûâàåò äâèæåíèå íåëèíåéíîâÿçêîé æèäêîñòè. Â [3℄ äëÿ n = 2 óñòà-íîâëåíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðåøåíèé çàäà÷è (1)-(2). Â ñëó÷àå µ1 = 0 ñèñòåìà (1)-(2) îïèñûâàåò äâèæåíèå âÿçêîóïðóãîé æèäêî-ñòè. Ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðåøåíèé (v ∈
W 1,2
q (QT ), q ≥ 2) çàäà÷è (1)-(2) äëÿ n = 2 óñòàíîâëåíà â [2℄. Íåëîêàëüíàÿ òåîðåìàñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðåøåíèé (v ∈ W 1,2

2 (QT )) óñòàíîâëåíà â[1℄ ïðè n = 2 äëÿ ðåãóëÿðèçîâàííîé çàäà÷è (1)-(2), ïîëó÷àþùåéñÿ èç (1)-(2) çàìåíîé(3) íà ðåãóëÿðèçîâàííóþ çàäà÷ó Êîøè
z(τ ; t, x) = x+

τ∫

t

Sδv(s, z(s; t, x)) ds, τ ∈ [0, T ], (t, x) ∈ Q. (4)Ââåäåíèå îïåðàòîðà Sδ ðåãóëÿðèçóþùåãî ïîëå ñêîðîñòåé îáúÿñíÿåòñÿ òåì �àêòîì,÷òî ïîëå ñêîðîñòåé v, îïðåäåëÿåìîå êàê ñëàáîå èëè ñèëüíîå îáîáùåííîå ðåøåíèåçàäà÷è (1)-(2) â êëàññàõ �óíêöèé, ñóììèðóåìûõ ñ êâàäðàòîì âìåñòå ñ ïðîèçâîäíû-ìè, íå ïîçâîëÿåò âîññòàíîâèòü òðàåêòîðèè z äâèæåíèÿ ÷àñòèö, èëè æå òðàåêòîðèèíå îáëàäàþò ñâîéñòâàìè ðåãóëÿðíîñòè (ñì[1℄ ), íåîáõîäèìûìè äëÿ êîððåêòíîñòèìîäåëè.Íàøåé öåëüþ ÿâëÿåòñÿ äîêàçàòåëüñòâî òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííî-ñòè ñèëüíûõ ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è â îáùåì ñëó÷àå äëÿ n = 2. Ïðèýòîì èññëåäîâàíèå íà÷àëüíî-êðàåâîé çàäà÷è çàìåíÿåòñÿ èçó÷åíèåì ýêâèâàëåíòíîãî1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ, ãðàíò � 04-01-0008.



66 Îðëîâ Â.Ï.îïåðàòîðíîãî óðàâíåíèÿ. Äëÿ îïåðàòîðíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ñåìåéñòâî àï-ïðîêñèìàöèîííûõ óðàâíåíèé. Ñóùåñòâîâàíèå ðåøåíèÿ àïïðîêñèìàöèîííîãî óðàâ-íåíèÿ óñòàíàâëèâàåòñÿ ñ ïîìîùüþ èòåðàöèîííîãî ïðîöåññà íà îñíîâå ðåçóëüòàòîâ[2℄ è [3℄. �åøåíèå îñíîâíîãî îïåðàòîðíîãî óðàâíåíèÿ ïîëó÷àåòñÿ êàê ñëàáûé ïðåäåëðåøåíèé àïïðîêñèìàöèîííûõ óðàâíåíèé.2. Îáîçíà÷åíèÿ è îñíîâíûå ðåçóëüòàòûÄëÿ u = (u1, · · · , un), v = (v1, · · · , vn) îáîçíà÷èì uv = uivi. ×åðåç |u| áóäåì îáî-çíà÷àòü åâêëèäîâó íîðìó âåêòîðà èëè ìàòðèöû. Ïðè ýòîì çäåñü è äàëåå ìû ïðèìå-íÿåì ñîãëàøåíèå î ñóììèðîâàíèè ïî ïîâòîðÿþùèìñÿ èíäåêñàì, èçìåíÿþùèìñÿ îò1 äî n.Ìû áóäåì èñïîëüçîâàòü ñòàíäàðòíûå îáîçíà÷åíèÿ Lp(Ω), Lp(Q),W k
q (Ω), W k,m

q (Q)äëÿ ïðîñòðàíñòâ Ëåáåãà è Ñîáîëåâà �óíêöèé íà Ω è Q ñ âåùåñòâåííûìè çíà÷å-íèÿìè. Ïðè ýòîì ýòè îáîçíà÷åíèÿ èñïîëüçóþòñÿ äëÿ ñêàëÿðíûõ, âåêòîðíûõ èëèìàòðè÷íûõ �óíêöèé, ÷òî ïîíÿòíî èç êîíòåêñòà. Îáîçíà÷èì ÷åðåç (u, v) ñêàëÿðíîåïðîèçâåäåíèå â L2(Ω) äëÿ �óíêöèé u, v ∈ L2(Ω). Íîðìà �óíêöèè u â L2(Ω), L2(Q),
W k

2 (Ω), W k,m
2 (Q) â êàæäîì èç ïðîñòðàíñòâ îáîçíà÷àåòñÿ ñîîòâåòñòâåííî ñèìâîëîì

|u|0, ‖u‖0, |u|k, ‖u‖k,m.Ïóñòü D(Ω) � ïðîñòðàíñòâî �óíêöèé êëàññà C∞ ñ êîìïàêòíûì íîñèòåëåì â Ωè Ds(Ω) = {u ∈ D(Ω) : div u = 0}. Îáîçíà÷èì ÷åðåç H çàìûêàíèå Ds(Ω) â íîðìåïðîñòðàíñòâà L2(Ω) è ÷åðåç V � çàìûêàíèå Ds(Ω) â íîðìå ïðîñòðàíñòâà W 1
2 (Ω).Ïðè ýòîì íîðìà ‖u‖V �óíêöèè â ïðîñòðàíñòâå V îïðåäåëÿåòñÿ ðàâåíñòâîì: ‖u‖V =

|u|1. Îáîçíà÷èì ÷åðåç P îðòîãîíàëüíûé ïðîåêòîð â L2(Ω) íà H. Ïóñòü ◦

W 1
2 (Ω) �çàìûêàíèå D(Ω) â íîðìå ïðîñòðàíñòâà W 1

2 (Ω).�àññìîòðèì â H ëèíåéíûé íåîãðàíè÷åííûé îïåðàòîð A, îïðåäåëåííûé íà îáëà-ñòè îïðåäåëåíèÿ D(A) = W 2
2 (Ω)∩H∩

◦

W 1
2 (Ω) �îðìóëîé Av = −△v. Îïåðàòîð ÿâëÿ-åòñÿ (ñì.[5℄) ïîëîæèòåëüíî îïðåäåëåííûì ñàìîñîïðÿæåííûì îïåðàòîðîì. Âîçìåì âêà÷åñòâå ðåãóëÿðèçèðóþùåãî îïåðàòîðà Sδ äðîáíóþ ñòåïåíü A−δ, δ > 0 îïåðàòîðà

A è ðàññìîòðèì çàäà÷ó Êîøè
z(τ ; t, x) = x+

τ∫

t

(A−δv)(s, z(s; t, x)) ds, τ ∈ [0, T ], (t, x) ∈ Q. (5)Íàñ áóäåò èíòåðåñîâàòü ðàçðåøèìîñòü çàäà÷è (1)-(3), â êîòîðîé z ÿâëÿåòñÿ ðåøå-íèåì çàäà÷è Êîøè (5).Îïðåäåëåíèå 1. �åøåíèåì çàäà÷è íàçûâàåòñÿ ïàðà �óíêöèé (v, p), v ∈W 1,2
2 (QT ),

p ∈W 0,1
2 (QT ), óäîâëåòâîðÿþùàÿ ïðè ï.â. (t, x) óðàâíåíèÿì (1) è óñëîâèÿì (2).Ñ�îðìóëèðóåì îñíîâíîé ðåçóëüòàò.Òåîðåìà 1. Ïóñòü L2(Q), v ∈ V . Ïóñòü �óíêöèÿ µ1(s) óäîâëåòâîðÿåò óñëîâèÿì

µ1(s) + 2µ′1(s) ≥ 0, s ≥ 0; s|µ1(s)| ≤M, s ≥ a > 0. (6)Òîãäà çàäà÷à (1)-(2), (5) èìååò ðåøåíèå.Äàëåå ãîâîðÿ î ðåøåíèè çàäà÷è (1)-(2), (5) ìû áóäåì, êàê îáû÷íî, èìåòü â âèäóñîëåíîèäàëüíóþ ÷àñòü v ïàðû (v, p). Ïðè ýòîì p íàõîäèòñÿ ÷åðåç v ñòàíäàðòíûìîáðàçîì (ñì. íàïð. [5℄).Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 ðàññìîòðèì âñïîìîãàòåëüíîå ñåìåéñòâî çàâèñÿ-ùèõ îò ïàðàìåòðà ε ≥ 0 àïïðîêñèìèðóþùèõ çàäà÷
vt + PDε(v) + µ0Av +B(v) = F, (7)

v(0, x) = v0(x), x ∈ Ω0, v(t, x) = 0, (t, x) ∈ [0, T ] × ∂Ω, (8)
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B(v) = −PDiv(µ1(S(v)E(v)(t, x)); (9)

C(v) = µ2PDiv

t∫

0

E(v)(s, z(s; t, x)) ds (10)
Dε(v) = vi(1 + ε|v|2)−1∂v/∂xi; (11)

F = µ2C(v) + f, (12)
z � ðåøåíèå çàäà÷è Êîøè (5). Î÷åâèäíî ïðè ε = 0 ïîëó÷àåòñÿ èñõîäíàÿ çàäà÷à âîïåðàòîðíîé �îðìå. Îáîçíà÷èì W = L2(0, T : W 2

2 (Ω)∩H∩
◦

W 1
2 (Ω))∩W 1

2 (0, T : H).Òåîðåìà 2. Ïðè ëþáîì ε > 0 çàäà÷à (7)-(8) èìååò ðåøåíèå v ∈ W , äëÿ êîòîðîãîñïðàâåäëèâî íåðàâåíñòâî
‖v‖1,2 ≤M (13)ñ íå çàâèñÿøåé îò ε êîíñòàíòîé M .Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)-(2), (5) óñòàíàâëèâàåòñÿ ñ ïîìîùüþ ïðåäåëü-íîãî ïåðåõîäà â (7) ïðè ε→ 0. Äîêàçàòåëüñòâî òåîðåì 1 è 2 ïðîâîäèòñÿ â ðàçäåëàõ4 è 5 ñîîòâåòñòâåííî. Â ðàçäåëå 3 ïðèâîäÿòñÿ íåîáõîäèìûå ñâîéñòâà ðåøåíèÿ çà-äà÷è Êîøè (5). Âîçíèêàþùèå â öåïî÷êàõ íåðàâåíñòâ êîíñòàíòû, íå çàâèñÿùèå îòñóùåñòâåííûõ ïàðàìåòðîâ, áóäåì îáîçíà÷àòü ÷åðåç M .3. Câîéñòâà ðåøåíèé çàäà÷è Êîøè.�àññìîòðèì çàäà÷ó Êîøè

z(τ ; t, x) = x+

τ∫

t

v(s, z(s; t, x)) ds, τ ∈ [0, T ], (t, x) ∈ Q. (14)Îáîçíà÷èì ÷åðåç ux ìàòðèöó ßêîáè âåêòîð-�óíêöèè u(x), ÷åðåç uxx òåíçîð, ñîñòî-ÿùèé èç âòîðûõ ïðîèçâîäíûõ îò êîîðäèíàò âåêòîð-�óíêöèè u(x), à ÷åðåç |ux|20 è
|uxx|20 ñóììó êâàäðàòîâ ïåðâûõ è âòîðûõ ïðîèçâîäíûõ ñîîòâåòñòâåííî.Ëåììà 1. (ñì.[2℄) Ïóñòü v ∈ L1(0, T ;C1(Ω)). Tîãäà çàäà÷à Kîøè (14) îäíîçíà÷íîðàçðåøèìà è ñïðàâåäëèâà îöåíêà

|zx(τ ; t, x)| ≤ exp(|
τ∫

t

‖v(s, x)‖C1(Ω) ds|), τ, t ∈ [0, T ]. (15)Ïóñòü v ∈ V . Òîãäà äëÿ îáëàñòè îïðåäåëåíèÿ D(A−δ) îïåðàòîðà A−δ èìååò ìåñòîíåïðåðûâíîå âëîæåíèå D(A−δ) ⊂W 2δ
2 (Ω) (ñì. [4℄, 
.329). Îòñþäà è èç íåïðåðûâíî-ñòè âëîæåíèÿ W σ

2 (Ω) ⊂ C(Ω) ïðè σ > 1 (ñì. [8℄, 
.408) ñëåäóåò, ÷òî
‖A−δv‖C1(Ω) ≤M |v|1. (16)Èç ëåììû 1 è (16) âûòåêàåòËåììà 2. Ïóñòü v ∈ L2(0, T ;V ). Tîãäà çàäà÷à Kîøè

z(τ ; t, x) = x+

τ∫

t

v̂(s, z(s; t, x)) ds, τ, t ∈ [0, T ], x ∈ Ω (17)îäíîçíà÷íî ðàçðåøèìà è ïðè âñåõ τ, t ∈ [0, T ] ñïðàâåäëèâà îöåíêà
‖zεx(τ ; t, x)‖C(Ω) ≤M1 exp(M2‖v‖0,1). (18)



68 Îðëîâ Â.Ï.Çäåñü è äàëåå ïîëàãàåì A−δv = v̂.Ïóñòü z(τ ; t, x) ðåøåíèå çàäà÷è Kîøè (17). Åñëè v ∈ L2(0, T ;V ∩ C1(Ω)), òî
div v(t, x) = 0 ïðè ï.â. (t, x). Ñëåäîâàòåëüíî, det zx(τ ; t, x) = 1, è �óíêöèÿ

y = z(τ ; t, x) (19)îïðåäåëÿåò äè��åîìîð�èçì Ω íà Ω. Ïðè ýòîì ñïðàâåäëèâàËåììà 3. Ïóñòü g(x) ∈ L2(Ω), z(τ ; t, x) ðåøåíèå çàäà÷è Kîøè (17) äëÿ v ∈
L2(0, T ;V ∩ C1(Ω)). Òîãäà g(z(τ ; t, x)) ∈ L2(Ω) ïðè ï.â. τ, t, è |g(z(τ ; t, x))|0 = |g(x)|0.Ëåììà 4. Ïóñòü vε ∈ L2(0, T ;V ), ε ≥ 0 ïðè÷åì

‖vε‖0,1 ≤M. (20)Òîãäà ìíîæåñòâî zε(τ ; t, x) ðåøåíèé çàäà÷ Kîøè
zε(τ ; t, x) = x+

τ∫

t

v̂ε(s, zε(s; t, x)) ds, τ, t ∈ [0, T ], x ∈ Ω (21)êîìïàêòíî â C(Q̂), Q̂ = [0, T ] × [0, T ] × Ω.4. Äîêàçàòåëüñòâî òåîðåìû 2.�àññìîòðèì çàäà÷ó
Lε(v) ≡ vεt + PDε(v

ε) + µ0Av
ε +B(vε) = F, (22)

vε(0, x) = v0(x), x ∈ Ω0, v
ε(t, x) = 0, (t, x) ∈ [0, T ] × ∂Ω, (23)Â [3℄ áûëà óñòàíîâëåíà ðàçðåøèìîñòü çàäà÷è (22)-(23). Ñ�îðìóëèðóåì ýòîò ðåçóëü-òàò â óäîáíîé äëÿ íàñ �îðìå.Ëåììà 5. Ïóñòü F ∈ L2(0, T ;H), v0 ∈ V . Òîãäà ïðè ëþáîì ε > 0 çàäà÷à (22)-(23)èìååò åäèíñòâåííîå ðåøåíèå v ∈W , è ñïðàâåäëèâà ðàâíîìåðíàÿ ïî ε > 0 îöåíêà

max
0≤s≤t

|vε(s, x)|20 +

t∫

0

|vε(s, x)|21 ds ≤ C1(|v0|20 +

t∫

0

|F (s, x)|21 ds), 0 ≤ t ≤ T, (24)ñ êîíñòàíòîé C1 íå çàâèñÿùåé îò t, ε, F, v0, è îöåíêà
‖vε‖1,2 ≤ ϕ(C1‖vε‖0,1)(|v0|1 + ‖F‖0), (25)ãäå ϕ(s) íåêîòîðàÿ ïîëîæèòåëüíàÿ ìîíîòîííî âîçðàñòàþùàÿ ïî s ≥ 0 �óíêöèÿ.Î÷åâèäíî, èç (24) ñëåäóåò, ÷òî ‖vε‖1,2 îöåíèâàåòñÿ íåêîòîðûì ÷èñëîì, çàâèñÿùèìîò |v0|1 è ‖F‖0, íî íàì âàæåí èìåííî õàðàêòåð ýòîé çàâèñèìîñòè, âûðàæåííûéïðàâîé ÷àñòüþ (25).Âîñïîëüçóåìñÿ ýòèì îáñòîÿòåëüñòâîì äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è(7)-(8). Ïîñòðîèì ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ñ ïîìîùüþ èòåðàöèîííîãî ïðî-öåññà

Lε(v
n+1) = f − µ2PDiv

t∫

0

E(vn)(s, zn(s; t, x)) ds, (26)
vn+1(0, x) = v0(x), x ∈ Ω0; v

n+1(t, x) = 0, (t, x) ∈ [0, T ] × ∂Ω, (27)Çäåñü n = 0, 1, 2 . . . , v0(t, x) = v0(x), à zn(τ ; t, x) � ðåøåíèå çàäà÷è Kîøè
zn(τ ; t, x) = x+

τ∫

t

v̂n(s, zn(s; t, x)) ds, τ, t ∈ [0, T ], (t, x) ∈ [0, T ] × ∂Ω. (28)



Î ñèëüíûõ ðåøåíèÿõ íà÷àëüíî-êðàåâîé ... 69Ëåììà 6. Ïðè ëþáîì n çàäà÷à (26)-(27) èìååò åäèíñòâåííîå ðåøåíèå v∈ W , èñïðàâåäëèâà îöåíêà
max
0≤s≤t

|vn+1(s, x)|20 +

t∫

0

|vn+1(s, x)|21 ds ≤ C3(|v0|20+ (29)
t∫

0

|f(s, x)|20 ds+

t∫

0

τ∫

0

|vn(s, x)|21 ds dτñ êîíñòàíòîé C3, íå çàâèñÿùåé îò t, ε, F, v0.Èç ëåììû 6 âûòåêàåòËåììà 7. Â óñëîâèÿõ ëåììû 6 ïðè ëþáîì n äëÿ ðåøåíèé v ∈ W çàäà÷ (26)-(27)ñïðàâåäëèâà îöåíêà
max

0≤t≤T
|vn+1|20 + ‖vn+1‖2

0,1 ≤ C (30)ñ êîíñòàíòîé C íå çàâèñÿùåé îò n, ε (íî çàâèñÿùåé îò f è v0).Âåðíåìñÿ ê çàäà÷å (26)-(27). Ìû óñòàíîâèëè, ÷òî ïðè ëþáîì n çàäà÷à (26)-(27)èìååò åäèíñòâåííîå ðåøåíèå vn+1, è ñïðàâåäëèâà îöåíêà (30). Ýòî îçíà÷àåò, ÷òîìíîæåñòâî ÿâëÿåòñÿ ñëàáî êîìïàêòíûì â L2(0, T ;V ). Áåç îãðàíè÷åíèÿ îáùíîñòèìîæíî ñ÷èòàòü, ÷òî vn ñëàáî ñõîäèòñÿ â L2(0, T ;V ) ê íåêîòîðîé vε. Óìíîæèì (26)â L2(0, T ;H) ñêàëÿðíî íà ãëàäêóþ è �èíèòíóþ ïî (t, x) �óíêöèþ ϕ(t, x) è ïðîèí-òåãðèðóåì ïî ÷àñòÿì. Ìû ïîëó÷èì
−

T∫

0

(vn+1(t, x), ϕt(t, x)) dt+

T∫

0

(Dε(v
n+1)(t, x), ϕ(t, x)) dt+ (31)

µ0

T∫

0

(E(vn+1)(t, x), E(ϕ)(t, x)) dt+

T∫

0

(µ1(S(vn+1))E(vn+1)(t, x), E(ϕ)(t, x)) dt =

T∫

0

(f(t, x), ϕ(t, x)) dt− µ2

T∫

0

t∫

0

(E(vn)(s, z(s; t, x)) ds, E(ϕ)(t, x))) dt.Îáîçíà÷èì ïîñëåäíèé èíòåãðàë ÷åðåç In. Ñäåëàåì â ïîäèíòåãðàëüíîì âûðàæåíèèçàìåíó ïåðåìåíîé
y = zn(s; t, x) (32)è, èñïîëüçóÿ ëåììó 3, ïîëó÷èì

In =

T∫

0

t∫

0

(E(vn)(s, zn(s; t, x)), E(ϕ)(t, x))) ds dt =

T∫

0

t∫

0

∫

Ω

E(vn)(s, y), E(ϕ)(t, zn(t; s, y))) dy ds dt.Èç ñëàáîé ñõîäèìîñòè vn ê vε â L2(0, T ;V ) è èç ðàâíîìåðíîé ñõîäèìîñòè zn ê zâûòåêàåò,÷òî
lim

n→+∞
In =

T∫

0

t∫

0

∫

Ω

E(vε)(s, y), E(ϕ)(t, zε(t; s, y))) dy ds dt. (33)



70 Îðëîâ Â.Ï.�àññìîòðèì çàäà÷ó Êîøè (28). Óìíîæèâ (28) ñêàëÿðíî â L2(0, T ;H) íà ãëàäêóþ è�èíèòíóþ ïî x �óíêöèþ ϕ(x), ïîëó÷èì
∫

Ω

zn(τ, t;x)ϕ(x) dx =

∫

Ω

xϕ(x) dx+

τ∫

t

∫

Ω

v̂n(s, zn(s; t, x))ϕ(x) dx ds. (34)Ñäåëàâ â ïîñëåäíåì âûðàæåíèè çàìåíó ïåðåìåíîé (32), èìååì
∫

Ω

zn(τ, t;x)ϕ(x) dx =

∫

Ω

xϕ(x) dx+

τ∫

t

∫

Ω

v̂n(s, y)ϕ(zn(t, s; y)) dy ds. (35)Ïðèíèìàÿ âî âíèìàíèå ðàâíîìåðíóþ ñõîäèìîñòü zn ê z èç è ñëàáóþé ñõîäèìîñòü
vn ê vε â L2(0, T ;V ), ïîëó÷àåì, ÷òî

∫

Ω

zε(τ, t;x)ϕ(x) dx =

∫

Ω

xϕ(x) dx+

τ∫

t

∫

Ω

vε(s, y)ϕ(zε(t, s; y)) dy ds. (36)Îòìåòèì, ÷òî èç ðàâíîìåðíîé ñõîäèìîñòè zn ê z è èç òîæäåñòâà
zn(s; t, zn(t; s, x)) = x ñëåäóåò, ÷òî zε(s; t, zε(t; s, x)) = x. Òàêèì îáðàçîì, ïðå-îáðàçîâàíèÿ zε(t; s, x) è zε(t; s, x) îáëàñòè Ω ÿâëÿþòñÿ âçàèìíî îáðàòíûìè.Äåëàÿ â ïîñëåäíåì èíòåãðàëå â (36) çàìåíó ïåðåìåíîé y = z(t; s, x) è ó÷èòûâàÿïðîèçâîëüíîñòü ϕ, ïîëó÷àåì, ÷òî

zε(τ ; t, x) = x+

τ∫

t

v̂ε(s, zε(s; t, x)) ds. (37)Ñäåëàâ â (33) çàìåíó ïåðåìåíîé (37), ïîëó÷àåì, ÷òî
lim

n→+∞
In =

T∫

0

t∫

0

∫

Ω

E(v)ε(s, zε(s; t, x))E(ϕ(t, x)) dx ds dt.Ïîëüçóÿñü ñîîòíîøåíèåì, äåëàÿ ïðåäåëüíûé ïåðåõîä êàê â [3℄, èìååì
−

T∫

0

(vε(t, x), ϕt(t, x)) dt+

T∫

0

(Dε(v
ε)(t, x), ϕ(t, x)) dt+ (38)

µ0

T∫

0

(E(v)ε(t, x), (E(ϕ)(t, x)) dt+

T∫

0

(µ1(S(vε))E(v)ε(t, x), (E(ϕ)(t, x)) dt =

T∫

0

(f(t, x)), ϕ(t, x)) dt+ µ2

T∫

0

t∫

0

(E(v)ε(s, z(s; t, x)) ds, E(ϕ)(t, x)) dt.Èç ïîëó÷åííîé ðàíåå ðàâíîìåðíîé ñõîäèìîñòè vn ê vε â W è ñëàáîé ïîëíîòû âû-òåêàåò, ÷òî vε ∈ W . Êðîìå òîãî, ïðè �èêñèðîâàííûõ s è t z(s; t, x)) èìååò íåïðå-ðûâíûå ïðîèçâîäíûå ïî xi â Ω. Ýòî ïîçâîëÿåò ïðîèíòåãðèðîâàòü â (38) ïî ÷àñòÿìè ïåðåáðîñèòü ïðîèçâîäíûå ñ ϕ íà ñîäåðæàùèå vε ñîìíîæèòåëè. Âîñïîëüçîâàâøèñüòåïåðü ïðîèçâîëüíîñòüþ ϕ, ïîëó÷àåì, ÷òî vε ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (22)-(23).Òåîðåìà 2 äîêàçàíà.Çàìå÷àíèå. Èç äîêàçàòåëüñòâà òåîðåìû 2 ñëåäóåò, ÷òî äëÿ ðåøåíèÿ vε çàäà÷è(22)-(23) ñïðàâåäëèâî íåðàâåíñòâî
‖vε‖1,2 ≤ C, (39)ãäå C íå çàâèñèò îò ε, íî çàâèñèò îò f è v0.



Î ñèëüíûõ ðåøåíèÿõ íà÷àëüíî-êðàåâîé ... 715. Äîêàçàòåëüñòâî òåîðåìû 1.�àññìîòðèì ìíîæåñòâî ðåøåíèé çàäà÷ (22)-(23). Óìíîæèì (22) â L2(0, T ;H) ñêà-ëÿðíî íà ãëàäêóþ è �èíèòíóþ ïî (t, x) �óíêöèþ ϕ(t, x) è ïðîèíòåãðèðóåì ïî ÷à-ñòÿì. Ìû ïîëó÷èì
−

T∫

0

(vεt (t, x), ϕt(t, x)) dt+

T∫

0

(Dε(v
ε)(t, x), ϕ(t, x)) dt+ µ0

T∫

0

(E(vε)(t, x), E(ϕ)(t, x)) dt+(1)
T∫

0

(µ1(S(vε))E(vε)(t, x), E(ϕ(t, x))) dt =

T∫

0

(f(t, x)), ϕ(t, x)) dt+

µ2

T∫

0

(

t∫

0

(E(vε)(s, z(s; t, x)) ds, E(ϕ)(t, x)) dt.Èç (39) âûòåêàåò, ÷òî ìíîæåñòâî vε ÿâëÿåòñÿ ñëàáî êîìïàêòíûì â ãèëüáåðòîâîìïðîñòðàíñòâå W . Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ñóùåñòâóåò ïîñëå-äîâàòåëüíîñòü εn (áóäåì ñ÷èòàòü εn = ε), äëÿ êîòîðîé vε ñëàáî ñõîäèòñÿ â W êíåêîòîðîé v. Â [3℄ ïîêàçàíî, ÷òî ïðåäåëå ëåâàÿ ÷àñòü (1) äàåò ëåâóþ ÷àñòü (1) ñçàìåíîé vε íà v è Dε(v
ε) íà D0(v).�àññìîòðèì ïðàâóþ ÷àñòü. Ñäåëàåì âî âòîðîì ñëàãàåìîì çàìåíó x = zε(t; s, y)):

Qε = µ2

T∫

0

t∫

0

(E(vε)(s, z(s; t, x)), E(ϕ)(t, x)) ds dt =

µ2

T∫

0

t∫

0

∫

Ω

E(vε)(s, y)E(ϕ)(t, zε(t; s, y)) dy ds dt.Ïåðåõîäÿ ê ïðåäåëó òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2 â àíàëîãè÷íûõñëàãàåìûõ, èìååì
Q = lim

ε→+∞
Qε = µ2

T∫

0

T∫

0

t∫

0

∫

Ω

E(v)(s, y)E(ϕ)(t, zε(t; s, y)) dy ds dt.Äåëàÿ çàìåíó y = zε(s; t, x)) èíòåãðèðóÿ ïî ÷àñòÿì è ïîëó÷àåì, ÷òî
Q = µ2

T∫

0

T∫

0

t∫

0

∫

Ω

DivE(v)(s, x)ϕ(t, x) ds dt.Îáîñíîâàíèå òîãî, ÷òî v ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (5) è çàêîííîñòü èíòå-ãðèðîâàíèÿ ïî ÷àñòÿì ïðîâåðÿåòñÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2.Èòàê, íàìè ïîêàçàíî, ÷òî ëþáîé ãëàäêîé �èíèòíîé ϕ ñïðàâåäëèâî èíòåãðàëüíîåòîæäåñòâî
T∫

0

(vεt (t, x), ϕ(t, x)) dt+

T∫

0

(Dε(v
ε)(t, x), ϕ(t, x)) dt− µ0

T∫

0

(Div E(vε)(t, x), ϕ(t, x)) dt−(2)
T∫

0

(Divµ1(S(vε))E(vε)(t, x), E(ϕ)(t, x)) dt =

T∫

0

(f(t, x)), ϕ(t, x)) dt+
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µ2

T∫

0

(

t∫

0

(Div E(vε)(s, z(s; t, x)) ds, ϕ(t, x)) dt.Îòñþäà â ñèëó ïðîèçâîëüíîñòè ϕ ñëåäóåò, ÷òî v ÿâëÿåòñÿ ðåøåíèå çàäà÷è (1)-(2),(5). Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)-(2),(5) äîêàçàíî. Òåîðåìà 1 äîêàçàíà.Ñïèñîê ëèòåðàòóðû[1℄ Çâÿãèí Â.�., Äìèòðèåíêî Â.Ò. Î ñèëüíûõ ðåøåíèÿõ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ðåãóëÿðèçî-âàííîé ìîäåëè íåñæèìàåìîé âÿçêîóïðóãîé æèäêîñòè // Èçâåñòèÿ ÂÓÇîâ. Ìàòåìàòèêà.- 2004.- �9(508). - Ñ. 24-40.[2℄ Orlov V.P., Sobolevskii P.E. On mathemati
al models of a vis
oelasti
ity with a memory.//Di�erential and Integral Equations. - 1991. - V.4. - � 1. - pp.103-115.[3℄ Îðëîâ Â.Ï., Ñîáîëåâñêèé Ï.Å. Î ãëàäêîñòè îáîáùåííûõ ðåøåíèé óðàâíåíèé äâèæåíèÿ ïî÷òèíüþòîíîâñêîé æèäêîñòè.// ×èñëåííûå ìåòîäû ìåõàíèêè ñïëîøíîé ñðåäû. - 1985. - ò.16. - �1. - ñ.107-119.[4℄ Êðàñíîñåëüñêèé Ì.À. è äð. Èíòåãðàëüíûå îïåðàòîðû â ïðîñòðàíñòâàõ ñóììèðóåìûõ �óíêöèé.- Ì.:Íàóêà. 1970. - 288ñ.[5℄ Ëàäûæåíñêàÿ Î.À. Ìàòåìàòè÷åñêèå âîïðîñû äèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè. -Ì.:Íàóêà. 1970. - 204ñ.[6℄ Ëèòâèíîâ Â.�. Äâèæåíèå íåëèíåéíî âÿçêîé æèäêîñòè. - Ì.:Íàóêà. 1982. - 376ñ.[7℄ Èîñèäà Ê. Ôóíêöèîíàëüíûé àíàëèç. - Ì.:Ìèð. 1967. - 624ñ.[8℄ Òðèáåëü Õ. Òåîðèÿ èíòåðïîëÿöèè. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Äè��åðåíöèàëüíûå îïå-ðàòîðû. - Ì.:Ìèð. 1980. - 664ñ.[9℄ Òåìàì �. Óðàâíåíèå Íàâüå-Ñòîêñà. Òåîðèÿ è ÷èñëåííûé àíàëèç.- Ì.: Ìèð. 1987. - 408ñ.



ÓÄÊ 519.833.7 Ïîïîâ Â.À.ÝËËÈÏÒÈ×ÅÑÊÈÅÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ-�ÀÇÍÎÑÒÍÛÅ Ó�ÀÂÍÅÍÈßÑ ÂÛ�ÎÆÄÅÍÈÅÌÝëëèïòè÷åñêèå äè��åðåíöèàëüíûå óðàâíåíèÿ ñ âûðîæäåíèåì ðàññìàòðèâàëèñüìíîãèìè àâòîðàìè (ñì., íàïðèìåð [1, 2, 3℄ è èìåþùóþñÿ òàì áèáëèîãðà�èþ).Â ðàáîòå [4℄ ðàññìàòðèâàëèñü íåñàìîñîïðÿæåííûå ýëëèïòè÷åñêèåäè��åðåíöèàëüíî-ðàçíîñòíûå îïåðàòîðû LR ïîðÿäêà 2m 
 âûðîæäåíèåì âè-äà: LRu(x) = LRu(x), ãäå L-ñèëüíî ýëëèïòè÷åñêèé äè��åðåíöèàëüíûé îïåðàòîð,à R-ðàçíîñòíûé îïåðàòîð, ýðìèòîâà ÷àñòü êîòîðîãî ÿâëÿåòñÿ íåîòðèöàòåëüíûìâûðîæäåííûì îïåðàòîðîì. Èíòåðåñ ê òàêèì îïåðàòîðàì âûçâàí ïîÿâëåíèåì ðÿäàïðèíöèïèàëüíî íîâûõ ñâîéñòâ äàæå ïî ñðàâíåíèþ ñ ñèëüíî ýëëèïòè÷åñêèìèäè��åðåíöèàëüíî-ðàçíîñòíûìè îïåðàòîðàìè [5℄, à òàêæå ïðèëîæåíèÿìè ïîëó÷åí-íûõ ðåçóëüòàòîâ ê íåêîòîðûì íåëîêàëüíûì ýëëèïòè÷åñêèì çàäà÷àì, âîçíèêàþùèìâ òåîðèè ïëàçìû [6℄.Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåñàìîñîïðÿæåííûå äè��åðåíöèàëüíî-ðàçíîñòíûå îïåðàòîðû âòîðîãî ïîðÿäêà, â êîòîðûõ êàæäîìó îïåðàòîðó äè�-�åðåíöèðîâàíèÿ ñîîòâåòñòâóåò ñâîé ðàçíîñòíûé îïåðàòîð. Ïîëó÷åíû ýíåðãåòè-÷åñêèå íåðàâåíñòâà, èç êîòîðûõ ñëåäóåò m�ñåêòîðèàëüíîñòü ðàññìàòðèâàåìûõäè��åðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ.1. �àçíîñòíûå îïåðàòîðûÂ íàñòîÿùåì ïàðàãðà�å ìû ñ�îðìóëèðóåì ñâîéñòâà ðàçíîñòíûõ îïåðàòîðîâ âïðîñòðàíñòâå L2(Q), íåîáõîäèìûå íàì â äàëüíåéøåì. Îêàçûâàåòñÿ, ýòè ñâîéñòâàòåñíî ñâÿçàíû ñî ñâîéñòâàìè êîíå÷íîãî ÷èñëà ìàòðèö, ñîñòîÿùèõ èç íóëåé è êî-ý��èöèåíòîâ ðàçíîñòíîãî îïåðàòîðà R. Äîêàçàòåëüñòâà ýòèõ ñâîéñòâ ñîäåðæàòñÿ âðàáîòå [4℄.1. �àññìîòðèì ðàçíîñòíûé îïåðàòîð R : L2(R2) → L2(R2) , îïðåäåëåííûé ïî�îðìóëå:
Ru(x) =

∑

h∈M

ahu(x+ h), (1)ãäå ah�êîìïëåêñíûå ÷èñëà; ìíîæåñòâî M ñîñòîèò èç êîíå÷íîãî ÷èñëà âåêòîðîâ h ∈
R2 
 öåëî÷èñëåííûìè êîîðäèíàòàìè; x = (x1, x2) ∈ R2.Âñþäó â äàëüíåéøåì ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíî ñëåäóþùåå óñëîâèå:1.1. Ïóñòü Q ⊂ R2�ïðÿìîóãîëüíèê (0, a) × (0, b).Ââåäåì îïåðàòîðû IQ, PQ, RQ ñëåäóþùèì îáðàçîì.
IQ : L2(Q) → L2(R2)�îïåðàòîð ïðîäîëæåíèÿ �óíêöèè èç L2(Q) íóëåì â R2\Q; PQ :
L2(R2) → L2(Q)�îïåðàòîð ñóæåíèÿ �óíêöèè èç L2(R2) íà Q; RQ = PQRIQ :
L2(Q) → L2(Q);Îáîçíà÷èì ÷åðåç M àääèòèâíóþ àáåëåâó ãðóïïó, ïîðîæäåííóþ ìíîæåñòâîì M,à ÷åðåç Qr îòêðûòûå ñâÿçíûå êîìïîíåíòû ìíîæåñòâà

Q\
⋃

h∈M

(∂Q+ h).Îïðåäåëåíèå 1. Ìíîæåñòâà Qr ìû ,áóäåì íàçûâàòü ïîäîáëàñòÿìè, à ñîâîêóï-íîñòü R âñåâîçìîæíûõ ïîäîáëàñòåé Qr (r = 1, 2, . . .) íàçîâåì ðàçáèåíèåì îáëà-ñòè Q.Ëåãêî âèäåòü, ÷òî ìíîæåñòâî R êîíå÷íî.Ëåììà 1. ⋃
r
∂Qr = (

⋃
h∈M

(∂Q+ h))
⋂
Q.
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r
Qr = Q2) äëÿ ëþáûõ Qr1 è h ∈ M ëèáî íàéäåòñÿ Qr2 òàêîå, ÷òî Qr2 = Qr1 + h, ëèáî

Qr1 + h ⊂ R2\Q.�àçáèåíèå R åñòåñòâåííûì îáðàçîì ðàñïàäàåòñÿ íà êëàññû. Ìû áóäåì ñ÷èòàòü,÷òî ïîäîáëàñòè Qr1 , Qr2 ∈ R ïðèíàäëåæàò îäíîìó êëàññó è òîìó æå êëàññó, åñëèñóùåñòâóåò âåêòîð h ∈M , äëÿ êîòîðîãî Qr2 = Qr1+h. Áóäåì îáîçíà÷àòü ïîäîáëàñòè
Qr ÷åðåç Qsl, ãäå s�íîìåð êëàññà (s = 1, 2, . . .), à l�ïîðÿäêîâûé íîìåð äàííîéïîäîáëàñòè â s�îì êëàññå. Î÷åâèäíî, êàæäûé êëàññ ñîñòîèò èç êîíå÷íîãî ÷èñëà
N = N(s) ïîäîáëàñòåé Qsl .Ëåììà 3. Îïåðàòîðû IQ : L2(Q) → L2(R2) è PQ : L2(R2) → L2(Q)�îãðàíè÷åííûå; ïðè ýòîì I∗Q = PQ, ò.å. (IQu, v)L2(R2) = (u, PQv)L2(Q) äëÿ ëþáûõ
u ∈ L2(Q), v ∈ L2(R2).Ëåììà 4. Îïåðàòîðû R : L2(R2) → L2(R2) è RQ : L2(Q) → L2(Q)�îãðàíè÷åííûå;

R∗
Q = PQR

∗IQ, R
∗u(x) =

∑

h∈M

ahu(x− h).Îáîçíà÷èì ÷åðåç L2(
⋃
l

Qsl) ïîäïðîñòðàíñòâî �óíêöèé â L2(Q), ðàâíûõ íóëþ âíå
⋃
l

Qsl, à ÷åðåç Ps : L2(Q) → L2(
⋃
l

Qsl)�îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ�óíêöèé èç L2(Q) íà L2(
⋃
l

Qsl) (l = 1, . . . , N(s)). Òàê êàê µn(∂Qsl) = 0, èç àáñîëþò-íîé íåïðåðûâíîñòè èíòåãðàëà Ëåáåãà ñëåäóåò
L2(Q) =

⊕

s

L2(
⋃

l

Qsl).Ëåììà 5. L2(
⋃
l

Qsl)�èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòîðà RQ.Ââåäåì èçîìåòðè÷åñêèé èçîìîð�èçì ãèëüáåðòîâûõ ïðîñòðàíñòâ
Us : L2(

⋃

l

Qsl) → LN2 (Qs1),îïðåäåëèâ âåêòîð��óíêöèþ (Usu)(x) ðàâåíñòâîì
(Usu)l(x) = u(x+ hsl) (x ∈ Qs1),ãäå l = 1, . . . , N = N(s); hsl�òàêîâî, ÷òî Qs1 + hsl = Qsl (hs1 = 0); LN2 (Qs1) =∏

l

L2(Qs1).Ëåììà 6. Îïåðàòîð RQs : LN2 (Qs1) → LN2 (Qs1), îïðåäåëåííûé ïî �îðìóëå
RQs = UsRQU

−1
s ,ÿâëÿåòñÿ îïåðàòîðîì óìíîæåíèÿ íà êâàäðàòíóþ ìàòðèöó Rs ïîðÿäêà N(s)×N(s)ñ ýëåìåíòàìè

rsij =

{
ah, åñëèh = hsj − hsi ∈ M,

0, åñëè h = hsj − hsi 6∈ MËåììà 7. Ñïåêòð îïåðàòîðà RQ ñîâïàäàåò ñ îáúåäèíåíèåì ñïåêòðîâ êîíå÷íîãî÷èñëà ìàòðèö Rsν (ν = 1, . . . , n1). Êàæäàÿ òî÷êà ñïåêòðà σ(RQ) ÿâëÿåòñÿ ñîá-ñòâåííûì çíà÷åíèå áåñêîíå÷íîé êðàòíîñòè.Ëåììà 8. Åñëè îïåðàòîð R : L2(R2) → L2(R2)�ñàìîñîïðÿæåííûé, òî îïåðà-òîðRQ : L2(Q) → L2(Q)�òàêæå ñàìîñîïðÿæåííûé.Ëåììà 9. Äëÿ ñàìîñîïðÿæåííîñòè îïåðàòîðà RQ : L2(Q) → L2(Q)�íåîáõîäèìîè äîñòàòî÷íî, ÷òîáû âñå ìàòðèöû Rsν (ν = 1, . . . , n1) áûëè ýðìèòîâû.



Ýëëèïòè÷åñêèå äè��åðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ ñ âûðîæäåíèåì 752. �àññìîòðèì ñâîéñòâà ðàçíîñòíûõ îïåðàòîðîâ RQ : L2(Q) → L2(Q), èìåþ-ùèõ íåòðèâèàëüíîå ÿäðî.Îáîçíà÷èì N (·) è R(·) ñîîòâåòñòâåííî ÿäðî è îáðàç íåêîòîðîãî îïåðàòîðà.Ëåììà 10. LN2 (Qs1) = N (RQs) ⊕R(R∗
Qs

), LN2 (Qs1) = N (R∗
Qs

) ⊕R(RQs).Îáîçíà÷èì ÷åðåç AQ = (RQ +R∗
Q)/2, BQ = (RQ −R∗

Q)/2i. Î÷åâèäíî,
RQ = AQ + iBQ.Îïåðàòîðû AQ è BQ íàçûâàþòñÿ ñîîòâåòñòâåííî âåùåñòâåííîé è ìíèìîé ÷àñòÿìèîïåðàòîðà RQ. Ïîëîæèì AQs = UsAQU

−1
s è BQs = UsBQU

−1
s . Â ñèëó ëåììû 6îïåðàòîðû AQs , BQs : LN2 (Qs1) → LN2 (Qs1) ÿâëÿþòñÿ îïåðàòîðàìè óìíîæåíèÿ íàìàòðèöû As = (Rs +R∗

s)/2, Bs = (Rs −R∗
s)/2i ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç

PR, PR
∗

, PA, PB : L2(Q) → L2(Q)è
PRs , P

R∗

s , PAs , P
B
S , : LN2 (Qs1) → LN2 (Qs1)îïåðàòîðû îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâà

R(RQ), R(R∗
Q), R(AQ), R(BQ)è

R(RQs), R(R∗
Qs

), R(AQs), R(BQs)ñîîòâåòñòâåííî.Ëåììà 11. L2(Q) = N (RQ) ⊕R(R∗
Q), L2(Q) = N (R∗

Q) ⊕R(RQ), ïðè ýòîì
‖ PR∗

u ‖L2(Q)≤ c ‖ RQu ‖L2(Q),

‖ PRu ‖L2(Q)≤ c ‖ R∗
Qu ‖L2(Q)äëÿ ëþáîé u ∈ L2(Q), ãäå c > 0�ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò u.Îãðàíè÷åííûé ñàìîñîïðÿæåííûé îïåðàòîð A èç ãèëüáåðòîâà ïðîñòðàíñòâà

H â H íàçîâåì ïîëîæèòåëüíûì, åñëè (Au, u)H > 0 äëÿ ëþáîãî 0 6= u ∈ H, èíåîòðèöàòåëüíûì,åñëè (Au, u)H ≥ 0 äëÿ ëþáîãî u ∈ H. Íàçîâåì îïåðàòîð A ïîëîæèòåëüíî îïðåäå-ëåííûì,åñëè (Au, u)H > c(u, u)H äëÿ ëþáîãî u ∈ H, ãäå c > 0.Ëåììà 12. Ïóñòü N (Asν ) ⊂ N (Bsν ) (ν = 1, . . . , n1). Òîãäà N (AQ) ⊂ N (BQ) è äëÿëþáîé �óíêöèè u ∈ L2(Q)

‖ BQu ‖L2(Q)≤ c1 ‖ AQu ‖L2(Q)ãäå c1 > 0 � ïîñòîÿííàÿ,íå çàâèñÿùàÿ îò u.Åñëè, êðîìå òîãî, ìàòðèöû Asν (ν = 1, . . . , n1) � íåîòðèöàòåëüíû, òî îïåðà-òîð AQ � íåîòðèöàòåëüíûé, ïðè ýòîì N (RQ) = N (R∗
Q) = N (AQ) è R(RQ) =

R(R∗
Q) = R(AQ)3. Â çàêëþ÷åíèå ýòîãî ïàðàãðà�à ðàññìîòðèì ñâîéñòâà ðàçíîñòíûõ îïåðàòîðîâ

RQ â ïðîñòðàíñòâàõ Ñîáîëåâà.Îáîçíà÷èì ÷åðåç W k
2 (Q) ïðîñòðàíñòâî Ñîáîëåâà êîìïëåêñíîçíà÷íûõ �óíêöèé ñíîðìîé
‖ u ‖Wk

2 (Q)= (
∑

|α|≤k

∫

Q

|Dαu(x)|2dx)1/2,



76 Ïîïîâ Â.À.ãäå α = (α1, . . . , αn), |α| = α1 + . . . + αn, Dα = Dα1
1 . . .Dαn

n , Dj = −i ∂
∂xj

. ×åðåç
W

k−1/2
2 (Γ) îáîçíà÷èì ïðîñòðàíñòâî ñëåäîâ íà Γ ñ íîðìîé

‖ v ‖
W

k−1/2
2 (Γ)

= inf ‖ u ‖Wk
2 (Q) (u ∈W k

2 (Q) : u|Γ = v),ãäå Γ ⊂ Q�(n − 1)�ìåðíîå ãëàäêîå ìíîãîáðàçèå. �àçëè÷íûå ñïîñîáû ââåäåíèÿ ýê-âèâàëåíòíûõ íîðì â ïðîñòðàíñòâàõ Ñîáîëåâà íåöåëîãî ïîðÿäêà ìîæíî íàéòè, íà-ïðèìåð, â [9, ãë. I℄.Ëåììà 13. Îïåðàòîð RQ íåïðåðûâíî îòîáðàæàåò Ẇ k
2 (Q) â W k

2 (Q), ïðè ýòîì äëÿâñåõ u ∈ Ẇ k
2 (Q)

DαRQu = RQDαu (|α| ≤ k).2. Ýíåðãåòè÷åñêèå íåðàâåíñòâà�àññìîòðèì äè��åðåíöèàëüíî�ðàçíîñòíûé îïåðàòîð LR 
 îáëàñòüþ îïðåäåëåíèÿ
D(LR) = Ċ∞(Q), äåéñòâóþùèé ïî �îðìóëå

LRu(x) = − ∂

∂x1
R1Q

∂u(x)

∂x1
− ∂

∂x2
R2Q

∂u(x)

∂x2
. (2)Çäåñü R1Q = PQR1IQ, R2Q = PQR2IQ; R1, R2 : L2(R2) → L2(R2)�ðàçíîñòíûå îïå-ðàòîðû, îïðåäåëåííûå ïî �îðìóëàì

R1u(x) =
∑

h∈M

ahu(x+ h), R2u(x) =
∑

h∈M

bhu(x+ h), (3)ãäå ah , bh - êîìïëåêñíûå ÷èñëà; ìíîæåñòâî M ñîñòîèò èç êîíå÷íîãî ÷èñëà âåêòîðîâ
h ∈ R2 
 öåëî÷èñëåííûìè êîîðäèíàòàìè; x = (x1, x2).Îáîçíà÷èì Ajs = (Rjs +R∗

js)/2, Bjs = (Rjs −R∗
js)/2i, j = 1, 2.Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ :

2.1) Ìàòðèöû A1s�íåîòðèöàòåëüíû,à ìàòðèöû A2s�ïîëîæèòåëüíî îïðåäåëåíû.
2.2) Re a0 > 0, Re b0 > 0.
2.3) Ìíîæåñòâî S1 = {s : detA1s = 0} � íå ïóñòî, è N (A1s) ⊂ N (B1s) (s ∈ S1).Ëåììà 14. Ïóñòü îáëàñòü Q óäîâëåòâîðÿåò óñëîâèþ 1.1. è ïóñòü âûïîëíåíûóñëîâèÿ 2.1�2.3, òîãäà

Re(LRu, u)L2(Q) ≥ c1 ‖ A1Qux1 ‖2
L2(Q) +c2 ‖ ux2 ‖2

L2(Q), (∀u ∈ Ċ∞(Q)). (4)Äîêàçàòåëüñòâî. Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì:
Re(LRu, u)L2(Q) = (A1Qux1 , ux1)L2(Q) + (A2Qux2 , ux2)L2(Q).Ò.ê. A2 � ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð, òî

Re(LRu, u)L2(Q) ≥ (A1Qux1 , ux1)L2(Q) + c2 ‖ ux2 ‖2
L2(Q) .Äàëåå ââåäåì îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà îáðàç ðàçíîñòíîãî îïå-ðàòîðà A1Q:

PA1 : L2(Q) → R(A1Q)

(A1Qv, v)L2(Q) = (A1Qv, (P
A1 + (I − PA1))v)L2(Q) =

= (A1Qv, P
A1v)L2(Q) + (A1Qv, (I − PA1)v)L2(Q).Èñïîëüçóÿ ëåììó 11

(A1Qv, (I − PA1)v)L2(Q) = 0.Ñëåäîâàòåëüíî,
(A1Qv, v)L2(Q) = (A1Qv, P

A1v)L2(Q) = (A1QP
A1v, PA1v)L2(Q) ≥ c1 ‖ PA1v ‖2

L2(Q)≥
≥ c3 ‖ A1QP

A1Qv ‖2
L2(Q)≥ c3 ‖ A1Qv ‖2

L2(Q) .



Ýëëèïòè÷åñêèå äè��åðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ ñ âûðîæäåíèåì 77Òàêèì îáðàçîì,
(A1Qv, v)L2(Q) ≥ c3 ‖ A1Qv ‖2

L2(Q), ∀v ∈ Ċ∞(Q). (5)Èç 5 èìååì
Re(LRu, u)L2(Q) ≥ c3 ‖ A1Qux1 ‖2

L2(Q) +c2 ‖ ux2 ‖2
L2(Q) .Ëåììà 15. Ïóñòü îáëàñòü Q óäîâëåòâîðÿåò óñëîâèþ 1.1. è ïóñòü âûïîëíåíûóñëîâèÿ 2.1 � 2.3.Òîãäà ñóùåñòâóþò òàêèå êîíñòàíòû c4, c5 > 0, ÷òîäëÿ âñåõ u, v ∈ Ċ∞(Q).

|Re (LRu, v)L2(Q)| ≤ c4 ‖ A1Qux1 ‖L2(Q)‖ A1Qvx1 ‖L2(Q) +c5 ‖ ux2 ‖L2(Q)‖ vx2 ‖L2(Q),(6)
| Im (LRu, v)L2(Q)| ≤ c4 ‖ A1Qux1 ‖L2(Q)‖ A1Qvx1 ‖L2(Q) +c5 ‖ ux2 ‖L2(Q)‖ vx2 ‖L2(Q) .(7)Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì íåðàâåíñòâî 6. Èíòåãðèðóÿ ïî ÷àñòÿì è èñ-ïîëüçóÿ ëåììû 11, 13, à òàêæå îãðàíè÷åííîñòü îïåðàòîðà A2Q, ìû èìååì
|Re (LRu, v)L2(Q)| = |(A1Qux1 , P

A1vx1)L2(Q) + (A2Qux2 , vx2)L2(Q)| ≤
≤ k1 ‖ A1Qux1 ‖L2(Q)‖ A1Qvx1 ‖L2(Q) + ‖ A2Qux2 ‖L2(Q)‖ vx2 ‖L2(Q)≤

≤ k1 ‖ A1Qux1 ‖L2(Q)‖ A1Qvx1 ‖L2(Q) +k2 ‖ ux2 ‖L2(Q)‖ vx2 ‖L2(Q) (8)äëÿ âñåõ u, v ∈ Ċ∞(Q).Àíàëîãè÷íî ïîëó÷èì
| Im (LRu, v)L2(Q)| ≤ k3 ‖ B1Qux1 ‖L2(Q)‖ B1Qvx1 ‖L2(Q) +k4 ‖ ux2 ‖L2(Q)‖ vx2 ‖L2(Q) .(9)Â ñèëó óñëîâèÿ 2.3 è ëåìì 12, 13

‖ B1Qux1 ‖L2(Q)≤ k5 ‖ A1Qux1 ‖L2(Q) (10)äëÿ ëþáîé u ∈ Ċ∞(Q). Òàêèì îáðàçîì èç 9, 10 ïîëó÷àåì íåðàâåíñòâî 7.Àâòîð ãëóáîêî áëàãîäàðåí ïðî�åññîðó À. Ë. Ñêóáà÷åâñêîìó çà âíèìàíèå ê ðàáîòåè ðÿä öåííûõ ñîâåòîâ. Ñïèñîê ëèòåðàòóðû[1℄ Êåëäûø Ì. Â. Î íåêîòîðûõ ñëó÷àÿõ âûðîæäåíèÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà íà ãðàíèöåîáëàñòè. ÄÀÍ ÑÑÑ�. Ò.77. � 1951. �181-183.[2℄ Ôèêåðà �. Ê åäèíîé òåîðèè êðàåâûõ çàäà÷ äëÿ ýëëèïòèêî-ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãîïîðÿäêà. Ìàòåìàòèêà. Ïåðèîä. ñá. ïåðåâ. èí. ñòàòåé. Ò.7. �6. � 1963. �99�121.[3℄ Îëåéíèê Î. À., �àäêåâè÷ Å. Â. Óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåîòðèöàòåëüíîé õàðàêòåðèñòè-÷åñêîé �îðìîé. Èòîãè íàóêè. Ñåðèÿ "Ìàòåì. àíàëèç". Ì.:ÂÈÍÈÒÈ. � 1971.[4℄ Skuba
hevskii A. Ellipti
 fun
tional di�erential equations and apli
ations. "Birkhauser". Basel�Boston�Berlin. � 1997.[5℄ Skuba
hevskii A. The �rst boundary value problems for strongly ellipti
 di�erential-di�eren
eequations. J. Di�erential Equations. V. 63 �3. � 1986.[6℄ Áèöàäçå À. Â., Ñàìàðñêèé À. À. Î íåêîòîðûõ ïðîñòåéøèõ îáîáùåíèÿõ ëèíåéíûõ ýëëèïòè÷å-ñêèõ êðàåâûõ çàäà÷. ÄÀÍ ÑÑÑ�. Ò.185. �4 � 1969.[7℄ Êàòî Ò. Òåîðèÿ âîçìóùåíèé ëèíåéíûõ îïåðàòîðîâ. Ì.: Ìèð. � 1972.[8℄ Ìèõàéëîâ Â. Ï. Äè��åðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Ì.: Íàóêà. � 1976.[9℄ Ëèîíñ Æ., Ìàäæåíåñ Ý. Íåîäíîðîäíûå ãðàíè÷íûå çàäà÷è è èõ ïðèëîæåíèÿ. Ì.: Ìèð. � 1971.



�ûõëîâ Â.Ñ.Î ÏÎËÍÎÒÅ ÑÎÁÑÒÂÅÍÍÛÕ ÔÓÍÊÖÈÉ ÎÄÍÎ�ÎÊËÀÑÑÀ ÏÓ×ÊÎÂ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕÎÏÅ�ÀÒÎ�ÎÂ Ñ ÏÎÑÒÎßÍÍÛÌÈÊÎÝÔÔÈÖÈÅÍÒÀÌÈ 1Â ñòàòüå èññëåäóåòñÿ âîïðîñ îá îäíîêðàòíîé ïîëíîòå â ïðîñòðàíñòâàõ L2[0, 1]è L2[0, σ], 0 < σ < 1, ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé ïó÷-êà îáûêíîâåííûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ, ïîðîæäåííûõ äè��åðåíöèàëü-íûì âûðàæåíèåì ñ ïîñòîÿííûìè êîý��èöèåíòàìè, êîðíè õàðàêòåðèñòè÷åñêîãîóðàâíåíèÿ êîòîðîãî ëåæàò íà îäíîì ëó÷å, è ïîëóðàñïàäàþùèìèñÿ îäíîðîäíûìèêðàåâûìè óñëîâèÿìè ñïåöèàëüíîé ñòðóêòóðû.In the paper the questions of one-fold 
ompleteness in the spa
es L2[0, 1] and L2[0, σ],
0 < σ < 1, of the system of eigenfun
tions and asso
iated fun
tions are investigatedfor the pen
il of ordinary di�erential operators, generated by a di�erential expressionwith 
onstant 
oe�
ients and 
hara
teristi
 equation roots on the same ray, andsemisplitting homogeneous boundary 
onditions of a spe
ial stru
ture.1. Ïîñòàíîâêà çàäà÷èÂ ïðîñòðàíñòâå L2[0, 1] ðàññìîòðèì ïó÷îê îáûêíîâåííûõ äè��åðåíöèàëüíûõîïåðàòîðîâ L(λ), ïîðîæäåííûé îäíîðîäíûì äè��åðåíöèàëüíûì âûðàæåíèåì n-ãîïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè

ℓ(y, λ) :=
∑

s+k=n

pskλ
sy(k), psk ∈ C, p0n 6= 0, (1)è ëèíåéíî íåçàâèñèìûìè äâóõòî÷å÷íûìè íîðìèðîâàííûìè îäíîðîäíûìè êðàåâûìèóñëîâèÿìè ñïåöèàëüíîé ñòðóêòóðû

Uj(y, λ) :=
∑

s+k=κj

λsαjsky
(k)(0) = 0, j = 1, n− 1,

Un(y, λ) :=
∑

s+k=κn

λs
(
αnsky

(k)(0) + βnsky
(k)(1)

)
= 0,

(2)ãäå λ ∈ C � ñïåêòðàëüíûé ïàðàìåòð, αjsk, βnsk ∈ C, κj ∈ {0, 1, . . . , n− 1} � ïîðÿäîê
j-ãî êðàåâîãî óñëîâèÿ.Ïóñòü êîðíè {ωk}n1 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

∑

s+k=n

pskω
k = 0ïîïàðíî ðàçëè÷íû, îòëè÷íû îò íóëÿ è ëåæàò íà îäíîì ëó÷å, èñõîäÿùåì èç íà÷àëàêîîðäèíàò. Íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü

0 < ω1 < ω2 < · · · < ωn. (3)�åøàåòñÿ çàäà÷à î íàõîæäåíèè óñëîâèé íà ïàðàìåòðû ïó÷êà L(λ), ïðè êîòîðûõèìååò ìåñòî èëè îòñóòñòâóåò m-êðàòíàÿ (1 ≤ m ≤ n) ïîëíîòà ñèñòåìû ñîáñòâåííûõè ïðèñîåäèíåííûõ �óíêöèé (ñ.ï.�.) ýòîãî ïó÷êà â ïðîñòðàíñòâå L2[0, 1] èëè, åñëèïîëíîòà íå èìååò ìåñòà íà âñåì îòðåçêå [0, 1], õîòÿ áû â ïðîñòðàíñòâå L2[0, σ] ïðè
0 < σ < 1.Ýòà çàäà÷à àêòóàëüíà òîëüêî äëÿ íåðåãóëÿðíûõ ïó÷êîâ L(λ) [1, 2℄ (èëè âûðîæäåí-íûõ, êàê èõ èíîãäà íàçûâàþò) ñ "ïëîõèì" ïîâåäåíèåì �óíêöèè �ðèíà ïðè |λ| → ∞(íàïðèìåð, ýêñïîíåíöèàëüíûé ðîñò â ñåêòîðàõ ðàñòâîðà ≥ π). Ïðè "õîðîøåì" ïî-âåäåíèè �óíêöèè �ðèíà (íàïðèìåð, ñòåïåííàÿ îãðàíè÷åííîñòü ïðè |λ| → ∞ íà1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà �ÔÔÈ (ïðîåêò 03-01-00169).



Î ïîëíîòå ñîáñòâåííûõ �óíêöèé îäíîãî êëàññà ïó÷êîâ 79íåêîòîðûõ ëó÷àõ) ýòà çàäà÷à óæå ðåøåíà [2, 3℄. Ïó÷îê (1)�(2) â ïðåäïîëîæåíèè (3)ÿâëÿåòñÿ çàâåäîìî íåðåãóëÿðíûì. Âîïðîñ î êðàòíîé ïîëíîòå ñèñòåìû åãî ñ.ï.�. äîñèõ ïîð ïðàêòè÷åñêè íå èññëåäîâàí.Îñíîâîïîëàãàþùåé ïî ýòîé çàäà÷å ÿâëÿåòñÿ ðàáîòà [4℄. Áîëüøîé âêëàä â åå ðå-øåíèå âíåñëè ðàáîòû [5, 6, 7, 8, 9℄. Íàèáîëåå ïîëíîå èññëåäîâàíèå âîïðîñà îá n- è
m-êðàòíîé (1 ≤ m ≤ n) ïîëíîòå ñèñòåìû ñ.ï.�. ïó÷êîâ ñ ïîñòîÿííûìè êîý��èöè-åíòàìè ïðîâåäåíî â ðàáîòàõ [10, 11℄.2. Îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå ñâåäåíèÿÑèñòåìà �óíêöèé yk(x, λ) = exp(λωkx), k = 1, n, ÿâëÿåòñÿ ïðè λ 6= 0 �óíäàìåí-òàëüíîé ñèñòåìîé ðåøåíèé óðàâíåíèÿ ℓ(y, λ) = 0. Îáîçíà÷èâ

Uj0(y, λ) :=
∑

s+k=κj

λsαjsky
(k)(0), j = 1, n,

Un1(y, λ) :=
∑

s+k=κn

λsβnsky
(k)(1),ââåäåì â ðàññìîòðåíèå âåêòîð-ñòîëáöû äëèíû n ïðè k = 1, n

Vk = (v1k, v2k, . . . , vnk)
T =

(
1

λκ1
U10(yk, λ),

1

λκ2
U20(yk, λ), . . . ,

1

λκn
Un0(yk, λ)

)T
,

Wk = (w1k, w2k, . . . , wnk)
T = e−λωk

(
0, 0, . . . , 0,

1

λκn
Un1(yk, λ)

)T
.Ñ ó÷åòîì ýòèõ îáîçíà÷åíèé õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ïó÷êà L(λ) áóäåòèìåòü âèä

∆(λ) = det (Uj(yk, λ))nj,k=1 = λκ

∣∣∣V1 + eλω1W1, V2 + eλω2W2, . . . , Vn + eλωnWn

∣∣∣ =

= λκ∆̃(λ),ãäå κ =
∑n

j=1 κj � ñóììàðíûé ïîðÿäîê êðàåâûõ óñëîâèé (2). Â ñèëó òîãî, ÷òî
rank(Wk,Wl) = 1, 1 ≤ k, l ≤ n, äëÿ îïðåäåëèòåëÿ ∆̃(λ) ñïðàâåäëèâî ïðåäñòàâëåíèå

∆̃(λ) = |V1V2 . . . Vn| + eλω1 |W1V2 . . . Vn| + . . .+ eλωn |V1 . . . Vn−1Wn| =

= ∆0 + eλω1∆1 + . . .+ eλωn∆n,ãäå êîý��èöèåíòû ∆j = |V1 . . . Vj−1WjVj+1 . . . Vn|, j = 1, n, íå çàâèñÿò îò λ. Åñëè÷åðåç (∆0)jk îáîçíà÷èòü àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà (j, k) â îïðåäåëèòåëå
∆0, òî î÷åâèäíî

∆j = wnj(∆0)nj , j = 1, n. (4)Òàêèì îáðàçîì, íåíóëåâûå ñîáñòâåííûå çíà÷åíèÿ ïó÷êà L(λ) ÿâëÿþòñÿ êîðíÿìèóðàâíåíèÿ
∆0 + eλω1∆1 + . . .+ eλωn∆n = 0. (5)Òàê êàê âûïîëíÿåòñÿ óñëîâèå (3), òî õîðîøî èçâåñòíî, ÷òî ìíîæåñòâî êîðíåé óðàâ-íåíèÿ (5) îáðàçóåò ñ÷åòíîå ìíîæåñòâî ñ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé íà áåñ-êîíå÷íîñòè, êîòîðîå ëåæèò â íåêîòîðîé âåðòèêàëüíîé ïîëîñå. Òî÷êà λ = 0 ìîæåòáûòü ñ.ç., à ìîæåò è íå áûòü, äàæå åñëè âûïîëíÿåòñÿ óñëîâèå

∆0 + ∆1 + . . .+ ∆n = 0.Îáîçíà÷èì ÷åðåç Λ ìíîæåñòâî íåíóëåâûõ ñ.ç. ïó÷êà L(λ).Â êà÷åñòâå ïîðîæäàþùåé �óíêöèè äëÿ äëÿ ñèñòåìû ñ.ï.�. ïó÷êà L(λ), ñîîòâåò-ñòâóþùèõ íåíóëåâûì ñ.ç., âîçüìåì �óíêöèþ (ñì. [1℄, ñ. 84)
y(x, λ) :=

1

λκ−κn

∣∣∣∣∣∣∣∣

U10(y1, λ) U10(y2, λ) . . . U10(yn, λ)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Un−10(y1, λ) Un−10(y2, λ) . . . Un−10(yn, λ)
exp(λω1x) exp(λω2x) . . . exp(λωnx)

∣∣∣∣∣∣∣∣
.



80 �ûõëîâ Â.Ñ.�àñêëàäûâàÿ îïðåäåëèòåëü ïî ýëåìåíòàì ïîñëåäíåé ñòðîêè, ïîëó÷èì
y(x, λ) = a1 exp(λω1x) + a2 exp(λω2x) + · · · + an exp(λωnx), (6)ãäå

aj = (∆0)nj , j = 1, n, (7)ïðè÷åì èç (4) è (7) ñëåäóåò, ÷òî
∆j = wnjaj , j = 1, n. (8)Òàêèì îáðàçîì, ïîðîæäàþùàÿ �óíêöèÿ (6) åñòü ëèíåéíàÿ êîìáèíàöèÿ ýêñïîíåíòñ ïîêàçàòåëÿìè, ëåæàùèìè íà îäíîì ëó÷å. Èìåííî òàêèå ïîðîæäàþùèå �óíêöèèèçó÷àëèñü â ðàáîòàõ [12, 13, 14℄. Áûëî, â ÷àñòíîñòè, ïîêàçàíî, ÷òî ïðè ëþáûõ aj ∈ Cñèñòåìà ñ.ï.�., ïîðîæäåííàÿ òàêîé �óíêöèåé, íå ÿâëÿåòñÿ n-êðàòíî ïîëíîé íè â êà-êîì ïðîñòðàíñòâå L2[0, σ], σ > 0, è èìååò â êàæäîì òàêîì ïðîñòðàíñòâå áåñêîíå÷íûéäå�åêò îòíîñèòåëüíî n-êðàòíîé ïîëíîòû. Íàéäåíû òàêæå äîñòàòî÷íûå óñëîâèÿ m-êðàòíîé (2 ≤ m ≤ n − 1) íåïîëíîòû â L2[0, σ], σ > 0, ñ áåñêîíå÷íûì äå�åêòîì, â÷àñòíîñòè, äîñòàòî÷íûå óñëîâèÿ äâóêðàòíîé íåïîëíîòû.Â äàííîé ñòàòüå èññëåäóþòñÿ âîïðîñû îäíîêðàòíîé ïîëíîòû ñèñòåìû ñ.ï.�. ïó÷-êà L(λ), ñîîòâåòñòâóþùèõ íåíóëåâûì ñ.ç., â ïðîñòðàíñòâàõ L2[0, 1] è L2[0, σ] ïðè

0 < σ < 1. Áóäåì äàëåå îáîçíà÷àòü ýòó ñèñòåìó YΛ. Â ñëó÷àå n = 2 îäíîêðàòíûåïîëíîòà è íåïîëíîòà, à òàêæå îäíîêðàòíàÿ áàçèñíîñòü �èññà ñèñòåìû YΛ èññëåäî-âàëàñü â ðàáîòàõ [15, 16℄.3. Îäíîêðàòíàÿ ïîëíîòà â îáùåì ñëó÷àåÏóñòü äàëåå âûïîëíÿåòñÿ óñëîâèå
∆0 6= 0. (9)Â ñèëó (8) ìîæíî ñ÷èòàòü äëÿ îïðåäåëåííîñòè (ýòî íå óìàëÿåò îáùíîñòè), ÷òîèìåþò ìåñòî ñîîòíîøåíèÿ

an = an−1 = · · · = am+1 = 0, am 6= 0,

∆m = ∆m−1 = · · · = ∆l+1 = 0, ∆l 6= 0,
(10)ãäå 2 ≤ m ≤ n è 1 ≤ l ≤ m. Òîãäà ñïðàâåäëèâû ïðåäñòàâëåíèÿ

∆̃(λ) = ∆0 + eλω1∆1 + . . .+ eλωl∆l, (11)
y(x, λ) = a1 exp(λω1x) + . . .+ al exp(λωlx) + al+1 exp(λωl+1x) + . . .+ am exp(λωmx),(12)ïðè÷åì ∆0 6= 0, ∆l 6= 0, am 6= 0, l ≤ m.Äëÿ êðàòêîñòè îáîçíà÷èì δj = ωj/ωm. Î÷åâèäíî, 0 < δl ≤ 1.Åñëè âûïîëíÿåòñÿ óñëîâèå

∆0 + ∆1 + . . .+ ∆l 6= 0, (13)òî òî÷êà λ = 0 íå ÿâëÿåòñÿ íóëåì �óíêöèè ∆̃(λ). Åñëè æå âûïîëíÿåòñÿ óñëîâèå
∆0 + ∆1 + . . .+ ∆l = 0,òî òî÷êà λ = 0 ÿâëÿåòñÿ íóëåì �óíêöèè ∆̃(λ). Ïóñòü s åñòü êðàòíîñòü ýòîãî íóëÿ.Îáîçíà÷èì ÷åðåç Φ = {ϕ1(x), ϕ2(x), . . . , ϕs̃(x)} ìàêñèìàëüíóþ ëèíåéíî íåçàâèñèìóþïîäñèñòåìó ñèñòåìû �óíêöèé

y(x, 0),
∂y(x, 0)

∂λ
, . . . ,

∂s−1y(x, 0)

∂λs−1
.Ïîëîæèì ỸΛ = Yλ

⋃
Φ. Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (13) áóäåì ñ÷èòàòü, ÷òî ỸΛ =

YΛ.



Î ïîëíîòå ñîáñòâåííûõ �óíêöèé îäíîãî êëàññà ïó÷êîâ 81Òåîðåìà 1. Ïóñòü ñïðàâåäëèâû íåðàâåíñòâà (3), âûïîëíÿþòñÿ óñëîâèÿ (9)�(10)è σ = δl. Òîãäà ñèñòåìà ỸΛ îäíîêðàòíî ïîëíà â ïðîñòðàíñòâå L2[0, σ] â òîì èòîëüêî òîì ñëó÷àå, åñëè óðàâíåíèå ñ îáîùåííûì ñäâèãîì
a1

δ1
f

(
x

δ1

)
+
a2

δ2
f

(
x

δ2

)
+ . . .+

am−1

δm−1
f

(
x

δm−1

)
+ amf(x) = 0 (14)èìååò òîëüêî òðèâèàëüíîå ðåøåíèå â ïðîñòðàíñòâå L2[0, σ]. Ïðè ýòîì â (14)�óíêöèÿ f(x) ñ÷èòàåòñÿ ïðîäîëæåííîé íóëåì çà îòðåçîê [0, σ].Òåîðåìà 2. Ïóñòü ñïðàâåäëèâû íåðàâåíñòâà (3), âûïîëíÿþòñÿ óñëîâèÿ (9)�(10) è

σ = δl. Òîãäà ñèñòåìà ỸΛ îäíîêðàòíî ïîëíà â ïðîñòðàíñòâå L2[0, σ].Ñëåäñòâèå 1. Åñëè âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ òåîðåìû è l = m, òî ñèñòåìà�óíêöèé ỸΛ îäíîêðàòíî ïîëíà â ïðîñòðàíñòâå L2[0, 1].4. Îäíîêðàòíàÿ ïîëíîòà â ÷àñòíîì ñëó÷àåÈññëåäóåì îäíîêðàòíóþ ïîëíîòó â ÷àñòíîì ñëó÷àå, à èìåííî: ïóñòü âûïîëíÿåòñÿóñëîâèå (9), à â óñëîâèÿõ (10) áóäåò l = 1 < m. Òîãäà ñîîòíîøåíèÿ (11)�(12) áóäóòèìåòü âèä
∆̃(λ) = ∆0 + eλω1∆1, (15)

y(x, λ) = a1 exp(λω1x) + a2 exp(λω2x) + . . .+ am exp(λωmx), (16)ïðè÷åì ∆0 6= 0, ∆1 6= 0, am 6= 0.Íåíóëåâûå ñ.ç. ïó÷êà L(λ) ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ
∆0 + eλω1∆1 = 0.Êîðíè ýòîãî óðàâíåíèÿ, î÷åâèäíî, ïðîñòûå. ×åðåç Λ áóäåì ïî-ïðåæíåìó îáîçíà÷àòüìíîæåñòâî íåíóëåâûõ ñ.ç. Â äàííîì ñëó÷àå

Λ =

{
λk ∈ C | λk =

2kπi+ d0

ω1
, k ∈ Z

}
\ {0},ãäå d0 = ln0 c0 (÷åðåç ln0 îáîçíà÷àåòñÿ âåòâü íàòóðàëüíîãî ëîãàðè�ìà, äëÿ êîòîðîé

ln0 1 = 0), c0 = −∆0/∆1. Èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî
eλω1 = c0, λ ∈ Λ. (17)Îáîçíà÷èì τα = ωα/ω1, α = 1,m. ßñíî, ÷òî 1 = τ1 < τ2 < · · · < τm è δ1 =

1/τm. Èç òåîðåìû 2 ñëåäóåò, ÷òî ñèñòåìà �óíêöèé ỸΛ ÿâëÿåòñÿ îäíîêðàòíî ïîëíîéâ ïðîñòðàíñòâå L2[0, 1/τm] ïðè ëþáûõ çíà÷åíèÿõ êîý��èöèåíòîâ aj â (16) (am 6= 0).Ñ�îðìóëèðóåì óñëîâèÿ îäíîêðàòíîé ïîëíîòû ñèñòåìû YΛ â ïðîñòðàíñòâå L2[0, σ]ïðè σ > 1/τm.Îïðåäåëèì îïåðàòîð Aρ ∈ L2[0, ρ] → L2[0, 1], äåéñòâóþùèé ïî �îðìóëå
(Aρf) (x) =

{∑s
j=0 c̄0

jf(x+ j), x ∈ [0, ρ− s],∑s−1
j=0 c̄0

jf(x+ j), x ∈ (ρ− s, 1],â ñëó÷àå s < ρ ≤ s + 1, ãäå s ∈ N
⋃{0} (åñëè s = 0, òî ïîëàãàåì ∑s−1

j=0 = 0), èëè,áîëåå êîðîòêî,
(Aρf) (x) =

s∑

j=0

c̄0
jf(x+ j), x ∈ [0, 1],åñëè ñ÷èòàòü �óíêöèþ f(x) ïðîäîëæåííîé íóëåì çà îòðåçîê [0, ρ].Ââåäåì â ðàññìîòðåíèå îïåðàòîðû Bα ∈ L2[0, σ] → L2[0, στα], α = 1,m, äåéñòâó-þùèå ïî �îðìóëàì

(Bαf) (x) = f

(
x

τα

)
, x ∈ [0, στα].Ïðåäïîëîæèì äàëåå, ÷òî

a1 6= 0, (18)



82 �ûõëîâ Â.Ñ.è îáîçíà÷èì bα = aα/a1, α = 1,m (b1 = 1).Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L2[0, σ], σ > 1/τm, ðàññìîòðèì �óíêöèþ
Fσ(λ) =

σ∫

0

y(x, λ)f(x) dx = α1

m∑

α=1

bα

σ∫

0

eλωαxf(x) dx (19)ïðè λ ∈ Λ.Â ñëó÷àå âûïîëíåíèÿ íåðàâåíñòâà k < σ ≤ k + 1 ïðè íåêîòîðîì k ∈ N
⋃{0} ñó÷åòîì ñîîòíîøåíèÿ (17) ïðè λ ∈ Λ áóäåì èìåòü

σ∫

0

eλω1xf(x) dx =

1∫

0

+

2∫

1

+ · · · +
k∫

k−1

+

σ∫

k

=

1∫

0

eλω1xf(x) dx+

+

1∫

0

eλω1xeλω1f(x+ 1) dx+ · · · +
1∫

0

eλω1xeλω1(k−1)f(x+ (k − 1)) dx+

+

σ−k∫

0

eλω1xeλω1kf(x+ k) dx =

1∫

0

eλω1xf(x) dx+

1∫

0

eλω1xc0f(x+ 1) dx+ · · ·+

+

1∫

0

eλω1xck−1
0 f(x+ (k − 1)) dx+

σ−k∫

0

eλω1xck0f(x+ k) dx =

1∫

0

eλω1x(Aσf) (x) dx.(20)Âîñïîëüçîâàâøèñü (20), äëÿ α-ãî èíòåãðàëà â (19) ïîëó÷èì ïðè α = 2,m è λ ∈ Λ

bα

σ∫

0

eλωαxf(x) dx =
bα
τα

στα∫

0

eλω1xf

(
x

τα

)
dx =

=
bα
τα

στα∫

0

eλω1x(Bαf) (x) dx =
bα
τα

1∫

0

eλω1x(AσταBαf) (x) dx.

(21)Ïîäñòàâèâ (20)�(21) â (19), áóäåì èìåòü ïðè λ ∈ Λ

Fσ(λ) = α1

1∫

0

eλω1x
m∑

α=1

bα
τα

(AσταBαf) (x) dx. (22)Åñëè ∆̃(0) = ∆0 + ∆1 = 0, òî îïðåäåëèì Fσ(0) òàêæå �îðìóëîé (22) ïðè λ = 0.Äåëàÿ ñîîòâåòñòâóþùèå çàìåíû ïåðåìåííûõ â êàæäîì ñëàãàåìîì ñïðàâà â (22) ïðè
λ = 0, ìîæíî ïîëó÷èòü

Fσ(0) = α1

1∫

0

m∑

α=1

bα
τα

(AσταBαf) (x) dx =

σ∫

0

ϕ1(x)f(x) dx,ãäå ϕ1(x) ∈ L2[0, σ] åñòü âïîëíå êîíêðåòíàÿ �óíêöèÿ, êîòîðàÿ ìîæåò áûòü âûïèñà-íà. Íî ââèäó åå ãðîìîçäêîñòè, �îðìóëà äëÿ ϕ1(x) â äàííîé ñòàòüå íå ïðèâîäèòñÿ.Â ñëó÷àå ∆̃(0) = 0 îáîçíà÷èì ỸΛ = YΛ
⋃{ϕ1}. Åñëè æå ∆̃(0) 6= 0, òî ñ÷èòàåì

ỸΛ = YΛ.Òåîðåìà 3. Ïóñòü ñïðàâåäëèâû íåðàâåíñòâà (3), âûïîëíÿþòñÿ óñëîâèÿ (9) è (18),à â ñîîòíîøåíèÿõ (10) l = 1 < m. Òîãäà ñèñòåìà ỸΛ îäíîêðàòíî ïîëíà â ïðîñòðàí-ñòâå L2[0, σ], σ > 1/τm, â òîì è òîëüêî òîì ñëó÷àå, åñëè óðàâíåíèå ñ îáîùåííûìñäâèãîì
m∑

α=1

bα
τα
AσταBαf = 0 (23)



Î ïîëíîòå ñîáñòâåííûõ �óíêöèé îäíîãî êëàññà ïó÷êîâ 83èìååò òîëüêî òðèâèàëüíîå ðåøåíèå â ïðîñòðàíñòâå L2[0, σ]. Ïðè ýòîì â (23)�óíêöèÿ f(x) ñ÷èòàåòñÿ ïðîäîëæåííîé íóëåì çà îòðåçîê [0, σ].Òåîðåìà 4. Ïóñòü ñïðàâåäëèâû íåðàâåíñòâà (3), âûïîëíÿþòñÿ óñëîâèÿ (9) è (18),à â ñîîòíîøåíèÿõ (10) l = 1 < m. Åñëè 1/τm < σ ≤ 1, òî äëÿ îäíîêðàòíîé ïîëíîòûñèñòåìû ỸΛ â ïðîñòðàíñòâå L2[0, σ] äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ
m∑

α=2

|bα|√
τα

kα∑

j=1

|c0|j < 1,ãäå ÷èñëà kα ∈ N
⋃{0}, α = 2,m, òàêîâû, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà kα <

στα ≤ kα + 1.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà �ÔÔÈ (ïðîåêò 03-01-00169). Ñïèñîê ëèòåðàòóðû[1℄ Íàéìàðê Ì. À. Ëèíåéíûå äè��åðåíöèàëüíûå îïåðàòîðû. � Ì.: Íàóêà. � 1969. � 528 ñ.[2℄ Øêàëèêîâ À. À. Êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåò-ðîì â ãðàíè÷íûõ óñëîâèÿõ //Òð. ñåìèí. èì. È.�.Ïåòðîâñêîãî. � Ì.: Èçä-âî Ìîñê. óí-òà. �1983. � � 9. � Ñ. 190�229.[3℄ �àñûìîâ Ì. �., Ìàãåððàìîâ À. Ì. Î êðàòíîé ïîëíîòå ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåí-íûõ �óíêöèé îäíîãî êëàññà äè��åðåíöèàëüíûõ îïåðàòîðîâ //Äîêë. ÀÍ Àçåðá. ÑÑ�. � 1974.� Òîì 30. � � 12. � Ñ. 9�12.[4℄ Êåëäûø Ì. Â. Î ñîáñòâåííûõ çíà÷åíèÿõ è ñîáñòâåííûõ �óíêöèÿõ íåêîòîðûõ êëàññîâ íåñà-ìîñîïðÿæåííûõ óðàâíåíèé //Äîêë. ÀÍ ÑÑÑ�. � 1951. � Òîì 77. � � 1. � Ñ. 11�14.[5℄ Õðîìîâ À. Ï. Êîíå÷íîìåðíûå âîçìóùåíèÿ âîëüòåððîâûõ îïåðàòîðîâ. Äèñ. ... äîêò. �èç.-ìàò.íàóê. Íîâîñèáèðñê. � 1973. � 242 ñ.[6℄ Øêàëèêîâ À. À. Î ïîëíîòå ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé îáûêíîâåííîãî äè��å-ðåíöèàëüíîãî îïåðàòîðà ñ íåðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè //Ôóíêö. àíàëèç. � 1976. �Òîì 10. � � 4. � Ñ. 69�80.[7℄ Eberhard W. Zur Vollst�andigkeit des Biorthogonalsystems von Eigenfunktionen irregul�arerEigenwertprobleme //Math. Z. � 1976. � Vol. 146. � N 3. � P. 213-221.[8℄ Freiling G. Zur Vollst�andigkeit des Systems der Eigenfunktionen und Hauptfunktionen irregul�arerOperator-b�us
hel //Math. Z. � 1984. � Vol. 188. � N 1. � P. 55-68.[9℄ Òèõîìèðîâ Ñ. À. Êîíå÷íîìåðíûå âîçìóùåíèÿ èíòåãðàëüíûõ âîëüòåððîâûõ îïåðàòîðîâ â ïðî-ñòðàíñòâå âåêòîð-�óíêöèé. Äèñ. ... êàíä. �èç.-ìàò. íàóê. Ñàðàòîâ. � 1987.[10℄ Âàãàáîâ À. È. �àçëîæåíèÿ â ðÿäû Ôóðüå ïî ãëàâíûì �óíêöèÿì äè��åðåíöèàëüíûõ îïåðàòî-ðîâ è èõ ïðèìåíåíèÿ. Äèñ. ... äîêò. �èç.-ìàò. íàóê. Ìîñêâà. � 1988. � 201 ñ.[11℄ Âàãàáîâ À. È. Ââåäåíèå â ñïåêòðàëüíóþ òåîðèþ äè��åðåíöèàëüíûõ îïåðàòîðîâ. � �îñòîâ-íà-Äîíó: Èçä-âî �îñò. óí-òà. � 1994. � 160 ñ.[12℄ �ûõëîâ Â. Ñ. Î êðàòíîé íåïîëíîòå ñîáñòâåííûõ �óíêöèé ïó÷êîâ îáûêíîâåííûõ äè��åðåíöè-àëüíûõ îïåðàòîðîâ // Ìàòåìàòèêà. Ìåõàíèêà: Ñá. íàó÷. òð. � Ñàðàòîâ: Èçä-âî Ñàðàò. óí-òà.� 2001. � Âûï. 3. � Ñ. 114�117.[13℄ �ûõëîâ Â. Ñ. Î êðàòíîé íåïîëíîòå ñîáñòâåííûõ �óíêöèé ïó÷êîâ äè��åðåíöèàëüíûõ îïå-ðàòîðîâ, êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êîòîðûõ ëåæàò íà îäíîì ëó÷å // Äîêë.�ÀÅÍ. � Ñàðàòîâ: Èçä-âî Ñàðàò. ãîñóä. òåõí. óí-òà. � 2004. � � 4. � Ñ. 72�79.[14℄ �îëóáü À. Â., Êóòåïîâ Â. À., �ûõëîâ Â. Ñ. Êðàòíàÿ íåïîëíîòà ñîáñòâåííûõ �óíêöèé ïó÷êîâäè��åðåíöèàëüíûõ îïåðàòîðîâ, êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êîòîðûõ ëåæàò íàîäíîì ëó÷å. � Äåï. â ÂÈÍÈÒÈ 05.08.04, � 1353-B2004. � Ñàðàòîâ. � 2004. � 24 ñ.[15℄ �ûõëîâ Â. Ñ. Î ïîëíîòå ñîáñòâåííûõ �óíêöèé êâàäðàòè÷íûõ ïó÷êîâ îáûêíîâåííûõ äè��å-ðåíöèàëüíûõ îïåðàòîðîâ / Èçâ. âóçîâ. Ìàòåìàòèêà. � 1992. � Òîì 36. � � 3. � C. 35�44.[16℄ �ûõëîâ Â. Ñ. Î ñâîéñòâàõ ñîáñòâåííûõ �óíêöèé îáûêíîâåííîãî äè��åðåíöèàëüíîãî êâàäðà-òè÷íîãî ïó÷êà âòîðîãî ïîðÿäêà // Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ è ñïåöèàëüíûå �óíêöèè.Èí�îðìàöèîííûé áþëëåòåíü. � Ì.: Íàó÷íî-èññëåäîâàòåëüñêàÿ ãðóïïà ìåæäóíàðîäíîãî æóð-íàëà "Integral Transforms and Spe
ial Fun
tions"è ÂÖ �ÀÍ. � 2001. � Òîì 2. � � 1. � Ñ. 85�103.



Ñêîðîõîäîâ Ñ. Ë.ÒÎ×ÊÈ ÂÅÒÂËÅÍÈß ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉÎÏÅ�ÀÒÎ�À Î��À � ÇÎÌÌÅ�ÔÅËÜÄÀ�àçðàáîòàí íîâûé ìåòîä âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé λn è ñîáñòâåííûõ�óíêöèé îïåðàòîðà Îððà � Çîììåð�åëüäà. Ìåòîä îñíîâàí íà ïðåäñòàâëåíèè ðå-øåíèÿ â âèäå êîìáèíàöèè ðàçëîæåíèé â ñòåïåííûå ðÿäû è èõ ñøèâêå. Ñêîðîñòüñõîäèìîñòè ðÿäîâ èññëåäîâàíà ñ ïîìîùüþ òåîðèè ðåêóððåíòíûõ óðàâíåíèé. Äëÿòå÷åíèÿ Êóýòòà â êàíàëå ÷èñëåííî èññëåäîâàíî ïîâåäåíèå ñïåêòðà ïðè óâåëè-÷åíèè ÷èñëà �åéíîëüäñà R. Ïîêàçàíî, ÷òî ñîáñòâåííûå çíà÷åíèÿ λn(R) èìåþòñ÷åòíîå ìíîæåñòâî òî÷åê âåòâëåíèÿ âòîðîãî ïîðÿäêà íà ìíèìîé îñè.1. ÂâåäåíèåÎïåðàòîð Îððà � Çîììåð�åëüäà âîçíèêàåò ïðè èññëåäîâàíèè òå÷åíèÿ âÿçêîéíåñæèìàåìîé æèäêîñòè â ïëîñêîì êàíàëå [1℄ � [4℄. Îáîçíà÷àÿ ïðîäîëüíóþ êîîð-äèíàòó êàíàëà ÷åðåç x ∈ (−∞, ∞), ïîïåðå÷íóþ � ÷åðåç y ∈ [−1, 1], à âðåìÿ �÷åðåç t > 0, ìàëûå âîçìóùåíèÿ �óíêöèè òîêà Ψ(x, y, t) îòíîñèòåëüíî îñíîâíîãîñòàöèîíàðíîãî òå÷åíèÿ ñ ãîðèçîíòàëüíîé ñêîðîñòüþ U = U(y) ïðåäñòàâëÿþò â âèäåáåãóùåé âîëíû Ψ(x, y, t) = ϕ(y) eiα(x−λt) , ãäå α > 0 � çàäàííîå âîëíîâîå ÷èñëî, à
ϕ(y) è λ � èñêîìûå àìïëèòóäà è ñêîðîñòü.Ïðè ýòîì óðàâíåíèÿ Íàâüå � Ñòîêñà ñ óñëîâèÿìè ïðèëèïàíèÿ æèäêîñòè íà ãðà-íèöàõ êàíàëà ñâîäÿòñÿ ê ëèíåéíîìó óðàâíåíèþ Îððà � Çîììåð�åëüäà ÷åòâåðòîãîïîðÿäêà äëÿ �óíêöèè ϕ(y):

1

iαR

(
ϕ(IV ) − 2α2 ϕ ′′ + α4 ϕ

)
−
(
U − λ

)(
ϕ ′′ − α2 ϕ

)
+ U ′′ ϕ = 0 , (1.1)ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè

ϕ(−1) = ϕ ′(−1) = 0 , ϕ(1) = ϕ ′(1) = 0 . (1.2)Çäåñü i � ìíèìàÿ åäèíèöà, à R � ÷èñëî �åéíîëüäñà; äëÿ ïðàêòèêè íàèáîëåå èíòå-ðåñíûìè ÿâëÿþòñÿ ñëó÷àè áîëüøèõ R≫ 1.Îïåðàòîð, ñîîòâåòñòâóþùèé óðàâíåíèþ (1.1), ÿâëÿåòñÿ íåñàìîñîïðÿæåííûì è ñî-äåðæàùèì ìàëûé êîý��èöèåíò (αR)−1 ïðè ñòàðøåé ïðîèçâîäíîé.Ñïåêòðîì çàäà÷è ÿâëÿåòñÿ ñ÷åòíîå ìíîæåñòâî êîìïëåêñíûõ ñîáñòâåííûõ çíà÷å-íèé (äàëåå - ÑÇ) λn, êàæäîìó λn ñîîòâåòñòâóåò (ñ òî÷íîñòüþ äî ìíîæèòåëÿ) ñîá-ñòâåííàÿ êîìïëåêñíîçíà÷íàÿ �óíêöèÿ ϕn(y).�ëóáîêèå òåîðåòè÷åñêèå ðåçóëüòàòû ïî àñèìïòîòè÷åñêîìó ïðè R→ ∞ ïîâåäåíèþñïåêòðà çàäà÷è (1.1), (1.2) ïîëó÷åíû â [5℄ � [8℄.Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1.1), (1.2) èñïîëüçóþòñÿ íåðàâíîìåðíûå ðàç-íîñòíûå ñåòêè [9℄, ðàçëîæåíèÿ ïî ìíîãî÷ëåíàì ×åáûøåâà [10℄, ìåòîä ðàñùåïëåíèÿîïåðàòîðà çàäà÷è [11℄, [12℄ è äðóãèå ïîäõîäû [13℄. Îäíàêî, â ñèëó íåñàìîñîïðÿæåí-íîñòè îïåðàòîðà çàäà÷è è íàëè÷èÿ ìàëîãî êîý��èöèåíòà ïðè ñòàðøåé ïðîèçâîäíîé,ðàçðàáîòêà ý��åêòèâíîãî ìåòîäà ðåøåíèÿ è èññëåäîâàíèå ñïåêòðà çàäà÷è ïðè ÷èñ-ëàõ R≫ 1 îñòàåòñÿ ïî-ïðåæíåìó àêòóàëüíîé çàäà÷åé.2. ÌÅÒÎÄ �ÅØÅÍÈßÄëÿ îñíîâíîãî ñòàöèîíàðíîãî òå÷åíèÿ U(y) ðàññìàòðèâàþò òðè ñëó÷àÿ.I. Òå÷åíèå Êóýòòà U(y) = y, êîãäà ñòåíêè êàíàëà äâèæóòñÿ â ïðîòèâîïîëîæíûåñòîðîíû ñ îäèíàêîâîé ñêîðîñòüþ.II. Òå÷åíèå Ïóàçåéëÿ U(y) = 1 − y2, êîãäà ñòåíêè ïîêîÿòñÿ, à íà òîðöàõ êàíàëàèìååòñÿ ïåðåïàä äàâëåíèÿ, âûçûâàþùèé äâèæåíèå æèäêîñòè.III. Îáùåå òå÷åíèå Êóýòòà � Ïóàçåéëÿ ñî ñêîðîñòüþ U(y) = ay2 + by + c.Ïîñòðîèì ìåòîä ðåøåíèÿ çàäà÷è (1.1), (1.2) â îáùåì ñëó÷àå III.



Òî÷êè âåòâëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Îððà�Çîììåð�åëüäà 85Ëåãêî óáåæäàåìñÿ, ÷òî ëþáîå ðåøåíèå ϕ = ϕ(α,R, λ; y) óðàâíåíèÿ (1.1) ÿâëÿ-åòñÿ ðåãóëÿðíîé �óíêöèåé â ëþáîé êîíå÷íîé òî÷êå y0 ∈ C, à îñîáîé áóäåò ëèøüáåñêîíå÷íîóäàëåííàÿ òî÷êà y = ∞. �åøåíèå ϕ(y) çàäà÷è (1.1), (1.2) áóäåì èñêàòü ââèäå ðàçëîæåíèé ïî ñòåïåíÿì (1+y)k è (1−y)k, ÷òî ïîçâîëèò òî÷íî óäîâëåòâîðèòüêðàåâûì óñëîâèÿì (1.2).2.1. Îêðåñòíîñòü òî÷êè y = −1. Ïðåäñòàâèì ðåøåíèå ϕ(α,R, λ; y) óðàâíåíèÿ(1.1) â îêðåñòíîñòè ãðàíè÷íîé òî÷êè y = −1 â âèäå, ó÷èòûâàþùåì ïåðâûå äâàêðàåâûõ óñëîâèÿ (1.2):
ϕ(α,R, λ; y) =

∞∑

k=0

dk (y + 1)k+2 , (2.1)ñ êîý��èöèåíòàìè dk = dk(α,R, λ). Êàê áóäåò ïîêàçàíî äàëåå, ðàçëîæåíèå (2.1)ñõîäèòñÿ â ëþáîé êîíå÷íîé òî÷êå y ∈ C.Äè��åðåíöèðóÿ ðÿä (2.1) ÷åòûðå ðàçà, çàïèñûâàÿ �óíêöèþ U(y) â âèäå òðåõ÷ëå-íà ïî ñòåïåíÿì (y + 1)k è ïîäñòàâëÿÿ ýòè ðàçëîæåíèÿ â óðàâíåíèå (1.1), ïîëó÷àåìäëÿ êîý��èöèåíòîâ dk ëèíåéíîå îäíîðîäíîå ðåêóððåíòíîå óðàâíåíèå ïîðÿäêà 6:
dk =

−iaα3R

(k + 2)k(k2 − 1)
dk−6 +

iα3R(2a− b)

(k + 2)k(k2 − 1)
dk−5 +

+
iαR

[
a(k − 4)(k − 1) − α2(a+ c− b− λ)

]
− α4

(k + 2)k(k2 − 1)
dk−4 + (2.2)

+
iαR(k − 2)(b− 2a)

(k + 2)(k + 1)k
dk−3 +

iαR(a+ c− b− λ) + 2α2

(k + 1)(k + 2)
dk−2 , k ≥ 2.Âûáèðàÿ ðàçëè÷íûå çíà÷åíèÿ d0 è d1 è èñïîëüçóÿ (2.2) (ñ ó÷åòîì dk = 0 ïðè k < 0),áóäåì ïîëó÷àòü ðàçëè÷íûå íàáîðû êîý��èöèåíòîâ dk.Òåïåðü ïîñòðîèì äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ ϕ1(y) è ϕ2(y) óðàâíåíèÿ(1.1), óäîâëåòâîðÿþùèõ ïåðâûì äâóì óñëîâèÿì (1.2). Èñïîëüçóåì (2.1), (2.2), à íà-÷àëüíûå êîý��èöèåíòû d0 è d1 äëÿ ðåêóðñèè âûáåðåì äâóìÿ íåçàâèñèìûìè ñïîñî-áàìè:

d
(1)
0 = 1 , d

(1)
1 = 0 ; d

(2)
0 = 0 , d

(2)
1 = 1 .Îòìåòèì çäåñü, ÷òî óêàçàííûå äâà âûáîðà êîý��èöèåíòîâ d0 è d1 ñîîòâåòñòâóþòäâóì ðàçëè÷íûì çàäà÷àì Êîøè â òî÷êå y = −1.Äëÿ óðàâíåíèÿ (1.1) çàïèøåì îáùèé âèä ðåøåíèÿ, óäîâëåòâîðÿþùåãî ëèøü ïåð-âûì äâóì êðàåâûì óñëîâèÿì (1.2):

ϕ(y) = p1 ϕ1(y) + p2 ϕ2(y) , (2.3)ãäå p1 è p2 � ïðîèçâîëüíûå ïîñòîÿííûå. Äàëåå ïîêàæåì, êàê â çàäà÷å íà ñîáñòâåííûåçíà÷åíèÿ íàõîäÿòñÿ ýòè êîíñòàíòû.2.2. Îêðåñòíîñòü òî÷êè y = 1. Ïîñòðîèì àíàëîãè÷íîå (2.1) ïðåäñòàâëåíèåðåøåíèÿ óðàâíåíèÿ (1.1) ñî âòîðûìè äâóìÿ êðàåâûìè óñëîâèÿìè (1.2):
ϕ(α,R, λ; y) =

∞∑

k=0

ek (1 − y)k+2 , (2.4)ãäå ek = ek(α,R, λ). Êàê áóäåò ïîêàçàíî äàëåå, ðàçëîæåíèå (2.4) ñõîäèòñÿ äëÿ ëþáîéêîíå÷íîé òî÷êè y ∈ C.Äëÿ êîý��èöèåíòîâ ek ïîëó÷èì ðåêóððåíòíîå óðàâíåíèå, àíàëîãè÷íîå (2.2); åãîåäèíñòâåííîå îòëè÷èå îò (2.2) ñîñòîèò â èçìåíåíèè çíàêà ïåðåä ïàðàìåòðîì b âêîý��èöèåíòàõ óðàâíåíèÿ.Àíàëîãè÷íî ïðåäûäóùåìó ïîñòðîèì äëÿ óðàâíåíèÿ (1.1) äâà ëèíåéíî-íåçàâèñèìûõ ðåøåíèÿ ϕ3(y) è ϕ4(y), óäîâëåòâîðÿþùèõ âòîðûì äâóì óñëîâèÿì (1.2).Äëÿ ýòîãî íà÷àëüíûå êîý��èöèåíòû e0 è e1 äëÿ ðåêóðñèè âûáåðåì äâóìÿ íåçàâè-ñèìûìè ñïîñîáàìè:
e

(1)
0 = 1 , e

(1)
1 = 0 ; e

(2)
0 = 0 , e

(2)
1 = 1 .



86 Ñêîðîõîäîâ Ñ. Ë.Îòìåòèì çäåñü, ÷òî óêàçàííûå äâà âûáîðà êîý��èöèåíòîâ e0 è e1 ñîîòâåòñòâóþòäâóì ðàçëè÷íûì çàäà÷àì Êîøè â òî÷êå y = 1.Äëÿ óðàâíåíèÿ (1.1) èìååì îáùèé âèä ðåøåíèÿ, óäîâëåòâîðÿþùåãî ëèøü âòîðûìäâóì êðàåâûì óñëîâèÿì (1.2):
ϕ(y) = p3 ϕ3(y) + p4 ϕ4(y) , (2.5)ãäå p3 è p4 � ïðîèçâîëüíûå ïîñòîÿííûå. Ïðè ðåøåíèè çàäà÷è íà ñîáñòâåííûå çíà-÷åíèÿ ýòè êîíñòàíòû áóäóò íàéäåíû.2.3. Ñøèâêà ðåøåíèé. Îáùèå ðåøåíèÿ (2.3) è (2.5) íåîáõîäèìî ãëàäêî ñøèòüâ íåêîòîðîé òî÷êå y∗, ÷òî ïîçâîëèò óäîâëåòâîðèòü âñåì ãðàíè÷íûì óñëîâèÿì (1.2).Äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû â òî÷êå y∗ ñîâïàëè ðåøåíèÿ (2.3) è (2.5) è èõ ïðîèç-âîäíûå äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî.Çàïèøåì ÷åòûðå óðàâíåíèÿ ñøèâêè äëÿ m = 0, 1, 2, 3:

p1 ϕ
(m)
1 (y∗) + p2 ϕ

(m)
2 (y∗) = p3 ϕ

(m)
3 (y∗) + p4 ϕ

(m)
4 (y∗) . (2.6)Ââåäåì âåêòîð ~z ñ êîìïîíåíòàìè z1 = p1, z2 = p2, z3 = −p3, z4 = −p4 è ïåðåïè-øåì ñèñòåìó (2.6) â âåêòîðíîì âèäå:

A~z = ~0 , (2.7)ãäå ìàòðèöà A åñòü
A =

∣∣∣∣∣∣∣∣∣∣∣

ϕ1(y∗) ϕ2(y∗) ϕ3(y∗) ϕ4(y∗)

ϕ′
1(y∗) ϕ′

2(y∗) ϕ′
3(y∗) ϕ′

4(y∗)

ϕ′′
1(y∗) ϕ′′

2(y∗) ϕ′′
3(y∗) ϕ′′

4(y∗)

ϕ′′′
1 (y∗) ϕ′′′

2 (y∗) ϕ′′′
3 (y∗) ϕ′′′

4 (y∗)

∣∣∣∣∣∣∣∣∣∣∣

.Äëÿ íàõîæäåíèÿ íåòðèâèàëüíîãî ðåøåíèÿ ñèñòåìû (2.7) íåîáõîäèìî âûïîëíåíèåóñëîâèÿ
det(A) = 0 ,êîòîðîå ýêâèâàëåíòíî ðàâåíñòâó íóëþ âðîíñêèàíà Wr(ϕ1, ϕ2, ϕ3, ϕ4; y∗):

Wr(ϕ1, ϕ2, ϕ3, ϕ4; y∗) = 0 . (2.8)Óðàâíåíèå (2.8) ÿâëÿåòñÿ îñíîâíûì äëÿ íàõîæäåíèÿ èñêîìûõ ñîáñòâåííûõ çíà-÷åíèé λn. Îíî ðåøàëîñü ÷èñëåííî ñ ïîìîùüþ èòåðàöèîííîãî ìåòîäà Íüþòîíà, àíåîáõîäèìàÿ ïðè ýòîì ïðîèçâîäíàÿ ∂Wr/∂λ íàõîäèëàñü ÿâíî ñ ïîìîùüþ äè��å-ðåíöèðîâàíèÿ ðàçëîæåíèé (2.1) è (2.4) ïî ñïåêòðàëüíîìó ïàðàìåòðó λ. Ïðè ýòîìïðîèçâîäíûå êîý��èöèåíòîâ ∂dk/∂λ âû÷èñëÿëèñü èç ðåêóððåíòíîãî óðàâíåíèÿ, ïî-ëó÷àåìîãî äè��åðåíöèðîâàíèåì ñîîòíîøåíèÿ (2.2) ïî λ. Àíàëîãè÷íûé ïîäõîä ïîç-âîëÿåò âû÷èñëèòü ïðîèçâîäíûå ∂ek/∂λ.Îïðåäåëèâ ñîáñòâåííîå çíà÷åíèå λn, íàéäåì êîý��èöèåíòû pk ïðåäñòàâëå-íèé (2.3), (2.5) ðåøåíèÿ èñõîäíîé çàäà÷è (1.1), (1.2). Cîáñòâåííóþ �óíêöèþ
ϕn(α,R, λ; y) îïðåäåëèì, ïîëîæèâ p4 = 1 â ïðåäñòàâëåíèè (2.5), à îñòàëüíûå êîý�-�èöèåíòû p1, p2, p3 íàéäåì èç ëþáûõ òðåõ óðàâíåíèé ñèñòåìû (2.6).3. ÀÑÈÌÏÒÎÒÈÊÀ �ÅØÅÍÈÉ �ÅÊÓ��ÅÍÒÍÛÕ Ó�ÀÂÍÅÍÈÉ�åêóððåíòíîå óðàâíåíèå (2.2) èìååò øåñòîé ïîðÿäîê è ìîæåò áûòü èññëåäîâàíîñ ïîìîùüþ òåîðèè Ïàóíêàðå � Ïåððîíà � Áèðêãî�à ëèíåéíûõ ðàçíîñòíûõ óðàâ-íåíèé [14℄. Çàïèøåì àñèìïòîòèêó ïðè k → ∞ åãî øåñòè íåçàâèñèìûõ ðåøåíèé
d

(m)
k , m = 1, 2, . . . , 6; ïðè ýòîì áîëåå óäîáíîé äëÿ íàñ ÿâëÿåòñÿ àñèìïòîòèêà îòíî-øåíèé d(m)

k /d
(m)
k−1.



Òî÷êè âåòâëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Îððà�Çîììåð�åëüäà 87Ïîëó÷àåì, ÷òî ïåðâûå ÷åòûðå ðåøåíèÿ èìåþò îäèí õàðàêòåð àñèìïòîòèêè, à ïî-ñëåäíèå äâà � äðóãîé:
d

(m)
k

d
(m)
k−1

=
C

(m)
1√
k

+
C

(m)
2

k
+ . . . , k → ∞, m = 1, 2, 3, 4, (3.1)

d
(m)
k

d
(m)
k−1

=
D

(m)
1

k
+
D

(m)
2

k2
+ . . . , k → ∞, m = 5, 6. (3.2)Ïðèâåäåì çíà÷åíèÿ ëèøü ïåðâûõ êîý��èöèåíòîâ C1 è D1:

C
(m)
1 =

(
iαRa

)1/4
, D

(m)
1 = ±α , a 6= 0 . (3.3)×åòûðå âåòâè êîðíÿ â ðàâåíñòâå (3.3) çàäàþò ÷åòûðå ðàçëè÷íûõ ðåøåíèÿ äëÿ

C
(m)
1 è ïîñëåäóþùèõ êîý��èöèåíòîâ C

(m)
n , à äâà íåçàâèñèìûõ ðåøåíèÿ D

(m)
1 èïîñëåäóþùèõ êîý��èöèåíòîâ D(m)

n îïðåäåëÿþòñÿ âûáîðîì çíàêà ±.Â ñëó÷àå a = 0 óðàâíåíèå (2.2) èìååò ïÿòûé ïîðÿäîê, àñèìïòîòèêà åãî ïÿòè íåçà-âèñèìûõ ðåøåíèé èññëåäóåòñÿ àíàëîãè÷íî. Ïîëó÷àåì, ÷òî ïîñëåäíèå äâà ðåøåíèÿíå èçìåíÿþò õàðàêòåðà àñèìïòîòèêè (3.2), à ïåðâûå òðè ðåøåíèÿ, â îòëè÷èå îò(3.1), èìåþò íîâûé õàðàêòåð:
d

(m)
k

d
(m)
k−1

=
C

(m)
1

k2/3
+
C

(m)
2

k4/3
+ . . . , k → ∞, m = 1, 2, 3, (3.4)ãäå

C
(m)
1 =

(
iαRb

)1/3
, C

(m)
2 = − α2

3C
(m)
1

. (3.5)Êîý��èöèåíòû ek èìåþò àñèìïòîòè÷åñêîå ïîâåäåíèå, àíàëîãè÷íîå (3.1)-(3.5).Èç ïîëó÷åííûõ ðåçóëüòàòîâ ïîâåäåíèÿ êîý��èöèåíòîâ dk è ek ðàçëîæåíèé (2.1) è(2.4), ñîãëàñíî ïðèçíàêó Äàëàìáåðà ñõîäèìîñòè ðÿäîâ ñëåäóåò, ÷òî ýòè ðàçëîæåíèÿñõîäÿòñÿ äëÿ ëþáîé êîíå÷íîé òî÷êè y ∈ C.4. ÑÏÅÊÒ� ÇÀÄÀ×È ÄËß ÒÅ×ÅÍÈß ÊÓÝÒÒÀ�àçðàáîòàííûé ìåòîä ïîêàçàë î÷åíü âûñîêóþ ý��åêòèâíîñòü âïëîòü äî çíà÷åíèé
R = 105 è âûøå. Áûëè ïåðåâû÷èñëåíû ñ òî÷íîñòüþ äî 100 äåñÿòè÷íûõ çíà÷àùèõöè�ð è ñðàâíåíû ðåçóëüòàòû äëÿ âñåõ ÑÇ, èìåþùèõñÿ â ëèòåðàòóðå. Ýòî ïîêàçà-ëî, ÷òî ÷àñòî òî÷íîñòü ïðèâåäåííûõ äàííûõ îêàçûâàåòñÿ âåñüìà íåâûñîêîé, à âíåêîòîðûõ ñëó÷àÿõ (ñì. [10℄) äàæå îáíàðóæåí ïðîïóñê ÑÇ.Îñîáî äåòàëüíî áûë èññëåäîâàí ñïåêòð çàäà÷è äëÿ òå÷åíèÿ Êóýòòà ñ ïîòîêîì
U(y) = y. Ëåãêî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå ñïåêòð îáëàäàåò ñèììåòðèåé îòíîñè-òåëüíî ìíèìîé îñè: åñëè òî÷êà λ0 ÿâëÿåòñÿ òî÷êîé ñïåêòðà, òî è λ1 = −λ∗0 òàêæååñòü òî÷êà ñïåêòðà.Êàê ïîêàçàíî â [6℄ � [8℄ (ñì. òàêæå ññûëêè â ýòèõ ðàáîòàõ), ïðè áîëüøèõ ÷èñ-ëàõ R âåñü ñïåêòð λn ðàñïîëîæåí íà íåñêîëüêèõ âåòâÿõ â ïîëóïîëîñå {λ : Re(λ) ∈
(−1, 1), Im(λ) < 0}. Äâå âåòâè ðàñïîëîæåíû ñâåðõó è ñíèçó îò îòðåçêà L1, ñîåäèíÿ-þùåãî äâå òî÷êè êîìïëåêñíîé ïëîñêîñòè λ ñ êîîðäèíàòàìè λ = −i/

√
3 è λ = 1; íàýòèõ âåòâÿõ ñîäåðæèòñÿ êîíå÷íîå ÷èñëî òî÷åê ñïåêòðà. Òðåòüÿ è ÷åòâåðòàÿ âåòâèðàñïîëîæåíû ñâåðõó è ñíèçó îò îòðåçêà L2, ñèììåòðè÷íîãî L1 îòíîñèòåëüíî ìíè-ìîé îñè. Ïîñëåäíÿÿ âåòâü âêëþ÷àåò ÷èñòî ìíèìûå ñîáñòâåííûå çíà÷åíèÿ íà ëó÷å

{λ : Re(λ) = 0, Im(λ) < −1/
√

3}, èõ ñ÷åòíîå ìíîæåñòâî ñ ïðåäåëüíîé òî÷êîé
λ = −i∞.Íà �èñ. 1 âû÷èñëåí ñïåêòð çàäà÷è äëÿ çíà÷åíèé ïàðàìåòðîâ α = 1, R = 104; íàìíèìîé îñè çäåñü ïîêàçàíû ÑÇ ñ Im(λ) > −1, ñïëîøíîé ëèíèåé îòìå÷åíû îòðåçêè
L1 è L2. Íàä òî÷êîé −i/

√
3 çäåñü âèäíû äâà áëèçêèõ ÑÇ λ = −0.545i è λ =

−0.554i. Ýòó êàðòèíó íàçûâàþò "ñïåêòðàëüíûé ãàëñòóê", äåòàëüíîìó èññëåäîâàíèþýòîãî ïîðòðåòà ïðè áîëüøèõ ÷èñëàõ �åéíîëüäñà R ïîñâÿùåíû ðàáîòû [6℄ � [8℄. Â
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λ

�èñ. 1. Ñïåêòð äëÿ ñëó÷àÿ α = 1, R = 104.÷àñòíîñòè, â [7℄, [8℄ âûâåäåíû àñèìïòîòè÷åñêèå ïðè R→ ∞ �îðìóëû äëÿ êîîðäèíàòÑÇ íà âñåõ ïÿòè âåòâÿõ. Èç ýòèõ ðåçóëüòàòîâ ñëåäóåò, ÷òî ïåðâûå ÷åòûðå âåòâèñòðåìÿòñÿ ê ñâîåìó ïðåäåëüíîìó ïîëîæåíèþ � îòìå÷åííûì îòðåçêàì L1 è L2, àðàññòîÿíèå äî ýòèõ îòðåçêîâ èìååò àñèìïòîòèêó ∼ log(R)/
√
R.
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λ

�èñ. 2. Òî÷íûå ÑÇ (o) è àñèìïòîòèêè(+), ïîëó÷åííûå â [7℄, [8℄; ïîëóïëîñêîñòü
Re(λ) > 0, ïàðàìåòðû α = 1, R = 104.Íà �èñ. 2 äàíî ñðàâíåíèå â îêðåñòíîñòè îòðåçêà L1 òî÷íûõ ÑÇ (îòìå÷åíû "o") èàñèìïòîòèê èç [7℄, [8℄ (îòìå÷åíû "+") äëÿ α = 1, R = 104. Âèäíà âûñîêàÿ òî÷íîñòü



Òî÷êè âåòâëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Îððà�Çîììåð�åëüäà 89ðåçóëüòàòîâ [7℄, [8℄, ïðè÷åì ïðè óâåëè÷åíèè ÷èñëà R ýòà òî÷íîñòü ñòàíîâèòñÿ åùåâûøå.Îäíàêî â îêðåñòíîñòè òî÷êè ïåðåñå÷åíèÿ âåòâåé, òî åñòü òî÷êè λ = −i/
√

3, �îð-ìóëû èç [7℄, [8℄ ïåðåñòàþò ðàáîòàòü è çäåñü íåîáõîäèì äåòàëüíûé ÷èñëåííûé àíàëèçñïåêòðà. Êàê áóäåò ïîêàçàíî äàëåå, èìåííî çäåñü ïðè óâåëè÷åíèè ÷èñëà R ïðîèñõî-äèò ïåðåõîä òî÷åê ñïåêòðà ñ íèæíåé âåòâè íà ÷åòûðå ïåðâûõ âåòâè. Äàëåå ïðèâåäåìðåçóëüòàòû ðàñ÷åòà ñïåêòðà λn, n = 1, 2, . . . ïðè �èêñèðîâàííîì çíà÷åíèè âîëíîâî-ãî ÷èñëà α = 1 è óâåëè÷åíèè ÷èñëà R > 0. Çíà÷åíèÿ λn áóäåì ðàññìàòðèâàòü êàê�óíêöèè ÷èñëà R, òî åñòü λn = λn(R).Ïðè ìàëûõ çíà÷åíèÿõ R âåñü ñïåêòð λn ëåæèò íà ìíèìîé îòðèöàòåëüíîé îñè.Ïðèâåäåì ïåðâûå 4 çíà÷åíèÿ λn äëÿ ÷èñëà R = 1: λ1 = −9.31481i, λ2 =
−20.57596i, λ3 = −38.94677i, λ4 = −60.05523i.Ïðè óâåëè÷åíèè ÷èñëà R äî âåëè÷èíû R = 49 âñå çíà÷åíèÿ λn íåïðåðûâíîïðèáëèæàþòñÿ ê íà÷àëó êîîðäèíàò. Äàäèì ïåðâûå 4 çíà÷åíèÿ λn ïðè R = 49:
λ1 = −0.28817i, λ2 = −0.66644i, λ3 = −0.75028i, λ4 = −1.18513i.Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà R > 49 çíà÷åíèå λ1(R) îñòàíàâëèâàåòñÿ ïðè
Ra = 49.0570, äîñòèãàÿ âåëè÷èíû λ1(Ra) = −0.288165i, à çàòåì óäàëÿåòñÿ îò íà÷àëàêîîðäèíàò, ìåäëåííî ïðèáëèæàÿñü ê çíà÷åíèþ λ2(R).Ïàðàëëåëüíî ýòîìó ïðîöåññó ïðè ÷èñëå R = Rb = 54.93702 çíà÷åíèå λ3 òàêæåîñòàíàâëèâàåòñÿ, äîñòèãàÿ âåëè÷èíû λ3(Rb) = −0.715297i, à çàòåì óäàëÿåòñÿ îòíà÷àëà êîîðäèíàò, ïðèáëèæàÿñü ê çíà÷åíèþ λ4(R). Ïðè ÷èñëå R = R1 = 61.917759çíà÷åíèÿ λ3(R) è λ4(R) ñòàëêèâàþòñÿ, îáðàçóÿ ïåðâîå äâîéíîå ñîáñòâåííîå çíà÷åíèå

λ3(R1) = λ4(R1) = −0.799834979 i . (4.1)Ïðè äàëüíåéøåì óâåëè÷åíèè R > R1 ýòî äâîéíîå ÑÇ ðàñïàäàåòñÿ íà äâà ïðîñòûõ,äâèæóùèõñÿ â êîìïëåêñíîé ïëîñêîñòè ñèììåòðè÷íî îòíîñèòåëüíî ìíèìîé îñè èóäàëÿþùèõñÿ îò íåå. Ìîæíî ïîêàçàòü, ÷òî äëÿ ÷èñåë R â îêðåñòíîñòè òî÷êè R = R1äâà ÑÇ λ3(R) è λ4(R) èìåþò ïîâåäåíèå
λ3, 4(R) = λ∗ ± C

√
R−R1 +O(R−R1), R→ R1, (4.2)ãäå λ∗ � çíà÷åíèå èç (4.1), à C > 0 � íåêîòîðàÿ êîíñòàíòà. Îòñþäà âèäíî, ÷òî�óíêöèè λ3(R) è λ4(R) èìåþò ïðè R = R1 òî÷êó âåòâëåíèÿ âòîðîãî ïîðÿäêà.Àíàëîãè÷íîå ïîâåäåíèå èìååò ïàðà λ1(R) è λ2(R) ïðè äàëüíåéøåì óâåëè÷åíèè÷èñëà R. Ïðè R2 = 65.520229065 çíà÷åíèÿ λ1(R) è λ2(R) ñòàëêèâàþòñÿ, îáðàçóÿâòîðîå äâîéíîå ÑÇ

λ1(R2) = λ2(R2) = −0.388160962 i , (4.3)êîòîðîå ïðè äàëüíåéøåì óâåëè÷åíèè R > R2 òàêæå ðàñïàäàåòñÿ íà äâà ïðîñòûõ,ñèììåòðè÷íûõ îòíîñèòåëüíî ìíèìîé îñè. Òî÷êà R = R2 ïðè ýòîì òàêæå ÿâëÿåòñÿòî÷êîé âåòâëåíèÿ âòîðîãî ïîðÿäêà äëÿ �óíêöèé λ1(R) è λ2(R).Òðàåêòîðèè ÑÇ λ1(R), λ2(R) è λ3(R), λ4(R) ïðè óâåëè÷åíèè ÷èñëà R ∈ [24, 104]ïîêàçàíû íà �èñ. 3. Äëÿ íàãëÿäíîñòè äâèæåíèå ÑÇ ââåðõ è âíèç ïî ìíèìîé îñèçäåñü ïðåäñòàâëåíî â âèäå äâóõ áëèçêèõ ïàðàëëåëüíûõ ïóòåé. Òî÷êà A ñîîòâåòñòâó-åò ïåðâîìó äâîéíîìó ÑÇ (4.1), òî÷êà B � âòîðîìó äâîéíîìó ÑÇ (4.3). Ïóíêòèðîìïîêàçàíû îòðåçêè L1 è L2. Íà �èñ. 3 âèäíî, êàê ñ óâåëè÷åíèåì R çíà÷åíèÿ λ1(R) è
λ2(R) ïðèáëèæàþòñÿ ê ýòèì îòðåçêàì ñâåðõó, à çíà÷åíèÿ λ3(R) è λ4(R) � ñíèçó.Ïîñëåäóþùèå ÑÇ λn(R) ñ íîìåðàìè n > 4 ïðè óâåëè÷åíèè R âåäóò ñåáÿ áîëååñëîæíûì îáðàçîì è èõ íàäî ðàññìàòðèâàòü ÷åòâåðêàìè.Çíà÷åíèå λ5(R) âåäåò ñåáÿ àíàëîãè÷íî ïîâåäåíèþ λ1(R) � ñíà÷àëà îíî ïðèáëèæà-åòñÿ ê íà÷àëó êîîðäèíàò ïî ìíèìîé îñè, çàòåì îñòàíàâëèâàåòñÿ ïðè Rc = 224.300,ïîòîì óäàëÿåòñÿ îò íà÷àëà êîîðäèíàò. Äàëüíåéøóþ åãî äèíàìèêó îïèøåì ïîçæå.Ñëåäóþùåå äâà çíà÷åíèÿ λ6(R) è λ7(R) âíà÷àëå âåäóò ñåáÿ àíàëîãè÷íî ïîâå-äåíèþ λ1(R) è λ2(R) � çíà÷åíèå λ6(R) ïðèáëèæàåòñÿ ê íà÷àëó êîîðäèíàò, çàòåìîñòàíàâëèâàåòñÿ, ïîòîì äâèæåòñÿ íàâñòðå÷ó λ7(R) è îáðàçóåò òðåòüå äâîéíîå ÑÇ
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�èñ. 3. Òðàåêòîðèè ÑÇ λ1(R), λ2(R) è
λ3(R), λ4(R) ïðè óâåëè÷åíèè ÷èñëà R ∈
[24, 104].ïðè R = R3 = 205.77778:

λ6(R3) = λ7(R3) = −0.665270088 i . (4.4)Ïðè ÷èñëå R > R3 ýòî äâîéíîå ÑÇ ðàñïàäàåòñÿ íà äâà ïðîñòûõ ÑÇ, äâèæóùèõñÿñèììåòðè÷íî â êîìïëåêñíîé ïëîñêîñòè, ñíà÷àëà óäàëÿÿñü îò ìíèìîé îñè íà ðàñ-ñòîÿíèå ïîðÿäêà 0.01, à çàòåì ïðèáëèæàÿñü ê íåé. Ïðè R = R4 = 214.4033833 ýòèäâà ïðîñòûõ ÑÇ îïÿòü ñòàëêèâàþòñÿ íà ìíèìîé îñè è îïÿòü îáðàçóþò ñëåäóþùåå,÷åòâåðòîå, äâîéíîå ÑÇ:
λ6(R4) = λ7(R4) = −0.647397672 i . (4.5)Íà �èñ. 4 ïîêàçàíû òðàåêòîðèè çíà÷åíèé λ6(R) è λ7(R) ïðè óâåëè÷åíèè R ∈

[172, 230]. Òî÷êà A çäåñü ñîîòâåòñòâóåò äâîéíîìó ÑÇ (4.4), òî÷êà B � äâîéíîìó ÑÇ(4.5).Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà R > R4 ýòî ÷åòâåðòîå äâîéíîå ÑÇ ðàñïàäàåòñÿíà äâà ïðîñòûõ ÑÇ, äâèæóùèõñÿ â ðàçíûå ñòîðîíû ïî ìíèìîé îñè. Äàëåå îäíîèç ýòèõ ÑÇ, äâèæóùèõñÿ îò íà÷àëà êîîðäèíàò, ïðè ÷èñëå R = R5 = 233.273196ñòàëêèâàåòñÿ ñî çíà÷åíèåì λ8(R) è îáðàçóåò ïÿòîå äâîéíîå ÑÇ:
λ8(R5) = λ(6, 7)(R5) = −0.705749592 i . (4.6)Çäåñü íåîáõîäèìî îòìåòèòü, ÷òî ïîñëå ðàñïàäà äâîéíîãî ÑÇ íà äâà ïðîñòûõ, ìû íåìîæåò îäíîçíà÷íî ïðèïèñàòü íîìåð êàæäîìó ïðîñòîìó ÑÇ � íåîáõîäèìî íåêîòîðîåïðàâèëî èõ íóìåðàöèè. Ïîýòîìó â (4.6) ó âòîðîãî ÑÇ èñïîëüçîâàí èíäåêñ (6, 7),ïîêàçûâàþùèé, ÷òî òîëüêî îäíî èç èñõîäíûõ çíà÷åíèé λ6(R) è λ7(R) ó÷àñòâóåò âîáðàçîâàíèè äâîéíîãî ÑÇ (4.6).Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà R > R5 äâîéíîå ÑÇ (4.6) ðàñïàäàåòñÿ íà äâàïðîñòûõ çíà÷åíèÿ, äâèæóùèõñÿ ñèììåòðè÷íî â êîìïëåêñíîé ïëîñêîñòè è ïðèáëè-æàþùèõñÿ ê ïðåäåëüíûì îòðåçêàì L1 è L2 ñíèçó. Òðàåêòîðèè ýòèõ ÑÇ àíàëîãè÷íûíèæíèì "óñàì" íà �èñ. 3.Îäíîâðåìåííî ñ îïèñàííûì ïîñëåäíèì ïðîöåññîì, ïðè óâåëè÷åíèè ÷èñëà R > R4,êàê áûëî ñêàçàíî ðàíåå, ÷åòâåðòîå äâîéíîå ÑÇ (4.5) ðàñïàäàåòñÿ íà äâà ïðîñòûõ
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�èñ. 4. Òðàåêòîðèè ÑÇ λ6(R) è λ7(R) ïðèóâåëè÷åíèè ÷èñëà R ∈ [172, 230].÷èñòî ìíèìûõ çíà÷åíèÿ. Îäíî èç ýòèõ ÑÇ λ(6, 7) äâèæåòñÿ ê íà÷àëó êîîðäèíàò èïðè ÷èñëå R = R6 = 253.42383 ñòàëêèâàåòñÿ ñî çíà÷åíèåì λ5(R), îáðàçóÿ øåñòîåäâîéíîå ÑÇ:
λ5(R6) = λ(6, 7)(R6) = −0.458236635 i . (4.7)Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà R > R6 äâîéíîå ÑÇ (4.7) ðàñïàäàåòñÿ íà äâàïðîñòûõ çíà÷åíèÿ, äâèæóùèõñÿ ñèììåòðè÷íî â êîìïëåêñíîé ïëîñêîñòè è ïðèáëè-æàþùèõñÿ ê ïðåäåëüíûì îòðåçêàì L1, L2 ñâåðõó. Òðàåêòîðèè ýòèõ ÑÇ àíàëîãè÷íûâåðõíèì "óñàì" íà �èñ. 3.Íà ýòîì çàêàí÷èâàåòñÿ îïèñàíèå òðàåêòîðèé ÷åòâåðêè ÑÇ ñ íîìåðàìè n =

5, 6, 7, 8; ïðè ýòîì ÿñíà âçàèìîñâÿçü ýòîãî "êâàðòåòà" ÑÇ.Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà R âñå ïîñëåäóþùèå ÑÇ âåäóò ñåáÿ àíàëîãè÷-íî ýòîé ÷åòâåðêå. Ñíà÷àëà äâà ÑÇ λ4m+2(R) è λ4m+3(R) ñòàëêèâàþòñÿ íà ìíèìîéîñè, îáðàçóÿ íîâîå äâîéíîå ÑÇ, çàòåì îíî ðàñïàäàåòñÿ íà äâà ïðîñòûõ ÑÇ, äâè-æóùèõñÿ ñèììåòðè÷íî â êîìïëåêñíîé ïëîñêîñòè ïî äóãàì, àíàëîãè÷íûì íà �èñ.4. Äàëåå ýòè ÑÇ îïÿòü ñòàëêèâàþòñÿ íà ìíèìîé îñè, îáðàçóÿ ñëåäóþùåå äâîéíîåÑÇ, êîòîðîå çàòåì ðàñïàäàåòñÿ íà äâà ïðîñòûõ ÷èñòî ìíèìûõ ÑÇ. Äàëåå îäíî èçýòèõ ÑÇ ñòàëêèâàåòñÿ ñ ÑÇ λ4m+4(R), îáðàçóåò ñëåäóþùåå äâîéíîå ÑÇ, êîòîðîåçàòåì ðàñïàäàåòñÿ íà äâà ïðîñòûõ ñèììåòðè÷íûõ ÑÇ, äâèæóùèõñÿ â ïëîñêîñòè èïðèáëèæàþùèõñÿ ïðè R→ ∞ ê ïðåäåëüíûì îòðåçêàì L1 è L2 ñíèçó.Äàëåå âòîðîå ÑÇ èç ïàðû ñ íîìåðàìè 4m + 2 è 4m + 3 ñòàëêèâàåòñÿ ñ ÑÇ
λ4m+1(R), îáðàçóÿ íîâîå äâîéíîå ÑÇ; çàòåì îíî ðàñïàäàåòñÿ íà äâà ñèììåòðè÷íûõïðîñòûõ ÑÇ, ïðèáëèæàþùèõñÿ ïðè R → ∞ ê ïðåäåëüíûì îòðåçêàì L1 è L2ñâåðõó.Îòëè÷èå â ïîâåäåíèè êàæäîé ñëåäóþùåé ÷åòâåðêè ñîñòîèò â òîì, ÷òî íîâûå äâîé-íûå ÑÇ ðàñïîëîæåíû âñå áëèæå ê ïðåäåëüíîé òî÷êå λ∗ = −i/

√
3, à òðàåêòîðèèìåæäó äâóìÿ äâîéíûìè ÑÇ, àíàëîãè÷íûå íà �èñ. 4, âñå ñèëüíåå ïðèæèìàþòñÿ êìíèìîé îñè.



92 Ñêîðîõîäîâ Ñ. Ë.Ïîäîáíàÿ êàðòèíà îáðàçîâàíèÿ è ðàñïàäà äâîéíûõ ÑÇ èìååò ìåñòî ïðè èçìåíåíèèâîëíîâîãî ÷èñëà α.Ïðîâåäåííûé ÷èñëåííûé àíàëèç ïîçâîëÿåò ñäåëàòü âûâîä, ÷òî ïðè �èêñèðîâàí-íîì α > 0 ÑÇ çàäà÷è (1.1), (1.2) äëÿ òå÷åíèÿ Êóýòòà, ðàññìàòðèâàåìûå êàê �óíê-öèè ÷èñëà �åéíîëüäñà R, èìåþò ïðè R > 0 ñ÷åòíîå ìíîæåñòâî òî÷åê âåòâëåíèÿâòîðîãî ïîðÿäêà Rk, â îêðåñòíîñòè êîòîðûõ äâà ÑÇ âåäóò ñåáÿ àíàëîãè÷íî (4.2).Îòìåòèì òàêæå, ÷òî ñ íåîáõîäèìîñòüþ âû÷èñëåíèÿ àíàëîãè÷íûõ òî÷åê âåòâëåíèÿñîáñòâåííûõ çíà÷åíèé âîëíîâîãî ñ�åðîèäàëüíîãî óðàâíåíèÿ ìû ñòîëêíóëèñü â [15℄.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (êîäû ïðîåêòîâ 04�01�00723, 04�01�00773) è ïðè ïîääåðæêå Ïðîãðàììû No 3 �óíäàìåíòàëüíûõ èññëå-äîâàíèé ÎÌÍ �ÀÍ. Ñïèñîê ëèòåðàòóðû[1℄ Drazin R.G., Reid W.H. Hydrodynami
 Stability. Cambridge Univ. Press, 1981.[2℄ Æóê Â.È. Âîëíû Òîëëìèíà � Øëèõòèíãà è ñîëèòîíû. Ì.: Íàóêà, 2001.[3℄ Äðàçèí Ô. Ââåäåíèå â òåîðèþ ãèäðîäèíàìè÷åñêîé óñòîé÷èâîñòè. Ì.: Ôèçìàòëèò, 2005.[4℄ Áîéêî À.Â., �ðåê �.�., Äîâãàëü À.Â., Êîçëîâ Â.Â. Ôèçè÷åñêèå ìåõàíèçìû ïåðåõîäà ê òóðáó-ëåíòíîñòè â îòêðûòûõ òå÷åíèÿõ. Ì.: 2006.[5℄ Reddy S.C., S
hmid P.J., Henningson D.S. Pseudospe
tra of the Orr � Sommerfeld operator //SIAM J. Appl. Math. 1993. V. 53. No 1. P. 15-47.[6℄ Íåéìàí-çàäå Ì.È., Øêàëèêîâ À.À. Î âû÷èñëåíèè ñîáñòâåííûõ çíà÷åíèé çàäà÷è Îððà � Çî-ììåð�åëüäà // Ôóíäàì. è ïðèêë. ìàòåì. 2002. Ò. 8. Âûï. 1. Ñ. 301-305.[7℄ Dya
henko A.V., Shkalikov A.A. On the Orr � Sommerfeld equation with linear pro�le.arXiv:math.FA/0212127 v3 18 De
. 2002.[8℄ Øêàëèêîâ À.À. Ñïåêòðàëüíûå ïîðòðåòû îïåðàòîðà Îððà � Çîììåð�åëüäà ïðè áîëüøèõ ÷èñëàõ�åéíîëüäñà // Ñîâðåì. ìàòåì. Ôóíäàì. íàïðàâë. 2003. Ò. 3. Ñ. 89-112.[9℄ Æàðèëêàñèíîâ À., Ëèñåéêèí Â.Ä., Ñêîáåëåâ Á.Þ., ßíåíêî Í.Í. Ïðèìåíåíèå íåðàâíîìåðíîéñåòêè äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è Îððà � Çîììåð�åëüäà // ×èñëåí. ìåòîäû ìåõàíèêèñïëîøíîé ñðåäû. Íîâîñèáèðñê. 1983. Ò. 14. No 5. Ñ. 45-54.[10℄ Orszag S.A. A

urate solution of the Orr � Sommerfeld equation // J. Fluid Me
h. 1971. V. 50.Part 4. P. 689-703.[11℄ Àëüâàðåñ Ë.Ì., Äèòêèí Â.Â. Î ÷èñëåííîì ðåøåíèè óðàâíåíèÿ Îððà � Çîììåð�åëüäà //Æóðí. âû÷èñë. ìàòåì. è ìàòåì. �èç. 1990. Ò. 30. No 4. Ñ. 611-615.[12℄ Àáðàìîâ À.À., Óëüÿíîâà Â.È. Îá îäíîì ìåòîäå ðåøåíèÿ óðàâíåíèÿ òèïà áèãàðìîíè÷åñêîãî ññèíãóëÿðíî âõîäÿùèì ìàëûì ïàðàìåòðîì // Æóðí. âû÷èñë. ìàòåì. è ìàòåì. �èç. 1992. Ò. 32.
No 4. Ñ. 567-575.[13℄ Äóáðîâñêèé Â.Â., Êàä÷åíêî Ñ.È., Êðàâ÷åíêî Â.Ô., Ñàäîâíè÷èé Â.À. Íîâûé ìåòîä ïðèáëè-æåííîãî âû÷èñëåíèÿ ïåðâûõ ñîáñòâåííûõ ÷èñåë ñïåêòðàëüíîé çàäà÷è Îððà � Çîììåð�åëüäà// Äîêëàäû Àêàäåìèè Íàóê. 2001. Ò. 378. No 4. Ñ. 443-446.[14℄ Wimp J., Zeilberger D. Resurre
ting the asymptoti
s of linear re
urren
es // J. Mathem. Anal.and Appl. 1985. V. 111. P. 162�176.[15℄ Ñêîðîõîäîâ Ñ.Ë., Õðèñòî�îðîâ Ä.Â. Âû÷èñëåíèå òî÷åê âåòâëåíèÿ ñîáñòâåííûõ çíà÷åíèé,ñîîòâåòñòâóþùèõ âîëíîâûì ñ�åðîèäàëüíûì �óíêöèÿì // Æóðí. âû÷èñë. ìàò. è ìàòåì. �èç.2006. Ò. 46. No 7. Ñ. 1195-1210.



ÓÄÊ 517.98 Òåðíîâñêèé Â.Â., Õàïàåâ Ì.Ì.ÎÁ�ÀÒÍÀß ÇÀÄÀ×À ØÒÓ�Ì-ËÈÓÂÈËËßÏðÿìàÿ çàäà÷à Øòóðì-Ëèóâèëëÿ (Ø-Ë )
y′′ − q(x)y = −λy,
y(0) = y(π) = 0

(1)õîðîøî èçó÷åíà. Äëÿ íàõîæäåíèÿ ñîáñòâåííûõ �óíêöèé (ÑÔ ) è ñîáñòâåííûõ çíà-÷åíèé (ÑÇ ) èìåþòñÿ ñòàíäàðòíûå ïðîãðàììû.Îáðàòíàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè ïîòåíöèàëà ïî êîíå÷íîìó íàáîðó ñîá-ñòâåííûõ çíà÷åíèé, èçâåñòíûõ ñ îøèáêîé. Èçâåñòíî [1℄, ÷òî äëÿ íàõîæäåíèÿ ïî-òåíöèàëà íàäî èìåòü äâà ñïåêòðà, ñîîòâåòñòâóþùèõ äâóì ðàçëè÷íûì ïàðàì êðàå-âûõ óñëîâèé. Îäíàêî, åñëè ïîòåíöèàë ñèììåòðè÷åí îòíîñèòåëüíî ñåðåäèíû îòðåç-êà [0, π], òî îáðàòíàÿ çàäà÷à ñ êðàåâûìè óñëîâèÿìè Äèðèõëå èìååò åäèíñòâåííîåðåøåíèå. ßñíî, ÷òî çàøóìëåííîìó ñïåêòðó ñîîòâåòñòâóåò áåñêîíå÷íîå ÷èñëî ïîòåí-öèàëîâ, ñ ÷åì è ñâÿçàíà íåêîððåêòíîñòü çàäà÷è.Â íàñòîÿùåé ñòàòüå ïðåäïîëàãàåòñÿ ïðè ïîñòðîåíèè àëãîðèòìà ðåøåíèÿ îáðàò-íîé çàäà÷è (Ø-Ë) ïðèìåíèòü ìåòîä ðåãóëÿðèçàöèè À. Í. Òèõîíîâà [2℄. Îáçîð ðàáîò,ñîäåðæàùèõ ðåêîíñòðóèðîâàíèå ïîòåíöèàëà ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåä-ïîëîæåíèÿõ, ñîäåðæèòñÿ â [3℄.Ïðåäëàãàåìûé ìåòîä îïèðàåòñÿ íà ââåäåíèå âñïîìîãàòåëüíîãî ïîòåíöèàëà Q(x)â çàäà÷å
v′′ −Q(x)v = −µv,
v(0) = v(π) = 0.

(2)Óìíîæàÿ (1) íà v(x) è (2) íà y(x), à çàòåì âû÷èòàÿ îäíî èç äðóãîãî, ïîëó÷èìèíòåãðàëüíîå òîæäåñòâî:
π∫

0

(q(x) −Q(x) + λ− µ) vy dx = 0. (3)Âîçâîäÿ â êâàäðàò è ñóììèðóÿ òîæäåñòâà (3) äëÿ êàæäîãî i, ïîëó÷èì:
Φ =

∞∑

i=1




π∫

0

(q(x) −Q(x) + λi − µi) viyi dx




2

= 0. (4)Åñëè èçâåñòíû N ñîáñòâåííûõ çíà÷åíèé, à q̃ � ïðîáíûé ïîòåíöèàë èëè ïðèáëèæåíèåê èñêîìîìó ïîòåíöèàëó q(x), òî Φ â 0 íå îáðàùàåòñÿ.Ïðèíèìàÿ âî âíèìàíèå àñèìïòîòèêó ñîáñòâåííûõ çíà÷åíèé ïîòåíöèàëà q(x)
λi = i2 + (1/π)

π∫

0

q(x) dx+ ai(q) {ai(q)}∞i=1 ∈ l2,ïîëó÷èì
∞∑

i=1




π∫

0


q̃(x) −Q(x) + 1/π

π∫

0

(q −Q) dx+ ai(q)


 viỹi dx




2

<∞ ,ãäå ỹi � ÑÔ ïðîáíîãî ïîòåíöèàëà q̃.



94 Òåðíîâñêèé Â.Â., Õàïàåâ Ì.Ì.Îáðàòíàÿ çàäà÷à Ø�Ë (1) �îðìóëèðóåòñÿ êàê çàäà÷à ìèíèìèçàöèè: àéòè ñóììè-ðóåìûé ïîòåíöèàë q̃(x) ∈ L2[0, π] òàêîé, ÷òî ñãëàæèâàþùèé �óíêöèîíàë
Φ(q̃) =

N∑

i=1




π∫

0

(q̃(x) −Q(x) + λi − µi) vi(x)ỹi(x) dx




2

+ αΩ [q̃(x)] (5)äîñòèãàåò ãëîáàëüíîãî ìèíèìóìà, åñëè λi, µi, Q, ui, ỹi èçâåñòíû.Çàìå÷àíèå 5. Ôóíêöèîíàë Φ(q̃) ìîæåò èìåòü ëîêàëüíûå ìèíèìóìû ïðè α = 0.Ýòî óòâåðæäåíèå ñëåäóåò èç àïðèîðíîé èí�îðìàöèè î íååäèíñòâåííîñòè ðåøåíèéíåêîððåêòíîé îáðàòíîé çàäà÷è Ø�Ë äëÿ êîíå÷íîãî íàáîðà ÑÇ.Çàìå÷àíèå 6. Ïîòåíöèàë Q(x) ñëåäóåò âûáèðàòü òàê, ÷òîáû ÑÇ {µi}Ni=1 áûëè âìàëîé îêðåñòíîñòè ÑÇ {λi}Ni=1. Òîãäà çíà÷åíèå Φ(q̃) áóäåò ïðèáëèæàòüñÿ ê íóëþ.Òàêèì îáðàçîì, ñðåäè âñåõ âîçìîæíûõ ïîòåíöèàëîâ Q(x) íàäî âûáðàòü òîò, êîòîðûéïðèâîäèò ê íàèìåíüøåìó çíà÷åíèþ Φ.Ââåäåíèå ñòàáèëèçàòîðà Ω[x], ñîãëàñíî À.Í. Òèõîíîâó, ïðèâîäèò ê åäèíñòâåí-íîñòè ðåøåíèÿ âàðèàöèîííîé çàäà÷è. Â äàííîé çàäà÷å áûë âûáðàí ñòàáèëèçàòîð
Ω[x] =

π∫
0

q2(x)dx, α = 10−5 ÷ 10−7. Ïàðàìåòð α ïîäáèðàëñÿ â äèàïàçîíå îæèäàåìîéñðåäíåêâàäðàòè÷íîé ïîãðåøíîñòè ðåøåíèÿ. Åñëè íàáîðà ÑÇ íåäîñòàòî÷íî äëÿ âîñ-ñòàíîâëåíèÿ ïîòåíöèàëà, íåîáõîäèìî áûëî óâåëè÷èâàòü çíà÷åíèå ïàðàìåòðà ðåãóëÿ-ðèçàöèè α, èíà÷å èòåðàöèè ïåðåñòàâàëè ñõîäèòüñÿ. Íî òîãäà èñêàæàåòñÿ îæèäàåìîåðåøåíèå è �òî÷íûé ïîòåíöèàë� çàìåíÿåòñÿ ðåàëüíî äîñòèæèìûì.�àññìîòðèì âàæíûé âîïðîñ î âû÷èñëåíèè ÑÔ. Â ðàáîòå [4℄ çàäà÷à íà ÑÇ ðåøà-ëàñü â �àçîâûõ ïåðåìåííûõ: ρ(x) è ϕ(x) ïîä÷èíÿëèñü ñîîòíîøåíèÿì
y(x) = ρ(x) sinϕ(x),
y′(x) = ρ(x) cosϕ(x) = 0, ρ(x) > 0.

(6)Ïîäñòàâëÿÿ (6) â (1), ïîëó÷èì äâå çàäà÷è äëÿ �àçîâûõ ïåðåìåííûõ:




ϕ′(x) = cos2 ϕ(x) + (λ− q(x)) sin2 ϕ(x),
ϕ(0) = 0, ϕ(π) = πi, i = 1, 2, . . . ;
ρ(x) = ρ(x)(1 + q(x) − λ) sinϕ(x) cosϕ(x),
ρ(0) = C.

(7)ñ òî÷íîñòüþ äî íîðìèðîâî÷íîãî ìíîæèòåëÿ C. Òàê êàê {λi}Ni=1 èçâåñòíû, q(x) ïðåä-ñòàâëÿåòñÿ ïðèáëèæàþùåé �óíêöèåé (èíòåðïîëÿíòîì) q̃, óñëîâèå ϕ(π) = πi, i =
1, 2, . . . çàäà÷è (7) ìîæåò íå âûïîëíÿòüñÿ èç�çà íåîðòîãîíàëüíîñòè âû÷èñëÿåìûõÑÔ. Îäíàêî âîçìîæíî äîïîëíèòåëüíî ñêîððåêòèðîâàòü êîý��èöèåíòû èíòåðïî-ëÿíòà, ðåøàÿ çàäà÷ó ìèíèìèçàöèè �óíêöèîíàëà

W (q̃) =
N∑

i,j=1

i6=j




π∫

0

yiyj dx




2

. (8)�àñ÷åòû ïîêàçàëè áûñòðóþ ñõîäèìîñòü ìåòîäà âîññòàíîâëåíèÿ ïîòåíöèàëà, íå ïðè-áåãàÿ ê ìèíèìèçàöèè �óíêöèîíàëà (8). Çíà÷åíèå W (q) èñïîëüçîâàëîñü äëÿ êîíòðî-ëÿ îðòîãîíàëüíîñòè ïðèáëèæåííûõ ÑÔ.Ïîøàãîâàÿ ñõåìà àëãîðèòìà ñîñòîèò â ñëåäóþùåì:(1) Ïîëîæèì ïðîáíûé ïîòåíöèàë q̃ 0 = 0 (åñëè íåò àïðèîðíîé èí�îðìàöèè î�óíêöèîíàëüíîé çàâèñèìîñòè èñêîìîãî ïîòåíöèàëà).(2) Âû÷èñëÿåì ÑÔ y0
i (q̃

0) ïî �îðìóëàì (7), èñïîëüçóÿ íàáîð ÑÇ {λi}Ni=1. Êîí-ñòàíòó C âûáèðàåì èç óñëîâèé íîðìèðîâêè ‖yi‖ = 1, i = 1 . . . N .



Îáðàòíàÿ çàäà÷à Øòóðì-Ëèóâèëëÿ 95(3) Ïðåäñòàâèì ïîòåíöèàë q̃1 èíòåðïîëÿöèîííûì ïîëèíîìîì èëè ðàöèîíàëüíîéèíòåðïîëÿöèåé ñ íåèçâåñòíûìè êîý��èöèåíòàìè. Ìèíèìèçèðóåì �óíêöèî-íàë Φ
(
q̃1
)

(5). Ïîëó÷àåì êîý��èöèåíòû ïîëèíîìîâ â q̃1.(4) Âîçâðàùàåìñÿ íà ýòàï 2. Âû÷èñëÿåì y1
i

(
q̃1
).(5) Ïðîâåðÿåì îðòîãîíàëüíîñòü ÑÔ y1

i

(
q̃1
) ïî �îðìóëå (8). Ìèíèìèçèðóåì

W
(
q̃1
) (8) è ïîëó÷àåì ïîäïðàâëåííûå êîý��èöèåíòû â q̃1.(6) Ìèíèìèçèðóåì �óíêöèîíàë Φ

(
q̃1
) è ïîëó÷àåì íîâûå çíà÷åíèÿ êîý��èöèåí-òîâ èíòåðïîëÿöèè. Îáîçíà÷èì èñïðàâëåííûé ïîòåíöèàë q̃ 2. Âîçâðàùàåìñÿíà ýòàï 2 è òàê äàëåå, ïîêà êîý��èöèåíòû èíòåðïîëÿöèîííûõ ïîëèíîìîâ íåáóäóò ìåíÿòüñÿ â ïðåäåëàõ çàäàííîé ïîãðåøíîñòè.Âîññòàíîâëåíèå îñöèëëèðóþùåãî ïîòåíöèàëàÂ îáðàòíûõ �èçè÷åñêèõ çàäà÷àõ ñî ñëîèñòîé ñðåäîé âîçíèêàåò òðóäíàÿ ïðîáëåìàðåêîíñòðóêöèè áûñòðîîñöèëëèðóþùåãî ïîòåíöèàëà. �àññìîòðèì ìîäåëüíûé ïðè-ìåð ïîòåíöèàëà q(x) = cos(4x). ÑÇ âû÷èñëÿþòñÿ èç òðàíñöåíäåíòíîãî àëãåáðàè÷å-ñêîãî óðàâíåíèÿ äëÿ ÑÔ Ìàòüå

MathieuC[λ/4, 1/8, 0] MathieuS[λ/4, 1/8, 2π] −
MathieuS[λ/4, 1/8, 0] MathieuC[λ/4, 1/8, 2π] = 0.Ïðåäïîëîæèì, ÷òî ïåðâûå äåâÿòü ïðèáëèæåííûõ ÑÇ ïîòåíöèàëà q(x) = cos(4x)èçâåñòíû ñ òî÷íîñòüþ 10−5:
λ1 = 0.95849, λ2 = 3.49231, λ3 = 9.02484,
λ4 = 15.99848, λ5 = 25.006, λ6 = 36.0038,
λ7 = 49.0028, λ8 = 64.0021, λ9 = 81.0016.Äëÿ ïðîáíîãî ïîòåíöèàëà q̃ èñïîëüçóåì ðàçëîæåíèå â êîíå÷íûé ðÿä Ôóðüå ñ íåèç-âåñòíûìè êîý��èöèåíòàìè

q̃ = a0 +
7∑

i=1

ai cos(ix) + bi sin(ix).Âûáåðåì íà÷àëüíîå ïðèáëèæåíèå
q̃ 0 = 0, Q = 0, µi = i2, i = 1, 2, . . . ,îïðåäåëèì äåâÿòü ÑÔ ïî �îðìóëàì (7), ðåøèì äàëåå çàäà÷ó ìèíèìèçàöèè äëÿ�óíêöèîíàëà (5) è íàéäåì êîý��èöèåíòû ai è bi ñîãëàñíî ïðèâåäåííîìó âûøå ïî-ýòàïíîìó îïèñàíèþ. Íà 4�é èòåðàöèè êâàäðàòè÷íàÿ íåâÿçêà

δ =

π∫

0

(
q̃ 4 − cos(4x)

)2
dxñîñòàâëÿëà èñêîìóþ òî÷íîñòü 10−5.Äëÿ ïîíèìàíèÿ ðîëè òèõîíîâñêîãî ñòàáèëèçàòîðà Ω [q̃(x)] áûëè ïðîâåäåíû ðàñ-÷åòû ïðè α = 0. Ïðîèçîøåë âçðûâ ïîãðåøíîñòè δ äî çíà÷åíèé 103. Òîëüêî íà 30�éèòåðàöèè ïîòåíöèàë áûë ïîõîæ íà èñêîìûé, ïðè ýòîì ñòàáèëüíîãî ãðà�èêà äîáèòü-ñÿ íå óäàëîñü, à íåâÿçêà δ îñöèëëèðîâàëà îò çíà÷åíèé 10−3 äî 101.Òàêèì îáðàçîì, ÿñíà ðîëü ñòàáèëèçàòîðà äëÿ èòåðàöèîííîãî àëãîðèòìà íåêîð-ðåêòíîé çàäà÷è. Äåéñòâèòåëüíî, óðàâíåíèå (3) îòíîñèòåëüíî ïîòåíöèàëà q(x) âîç-ìîæíî èíòåðïðåòèðîâàòü êàê ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ ïåðâîãî ðîäà, ïî-ýòîìó íåêîððåêòíàÿ îáðàòíàÿ çàäà÷à Ø�Ë ìîæåò áûòü ðåøåíà ñ ïðèìåíåíèåì ðå-ãóëÿðèçóþùèõ àëãîðèòìîâ, îäèí èç âàðèàíòîâ êîòîðûõ ïðåäëîæåí â íàñòîÿùåéñòàòüå. Ïðèìåíåíèå â äàííîé çàäà÷å ðÿäîâ Ôóðüå îïðàâäàíî, òàê êàê òðèãîíîìåò-ðè÷åñêèå �óíêöèè ñîõðàíÿþò ñâîþ îðòîãîíàëüíîñòü íà äèñêðåòíîì ìíîæåñòâå.
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Õîâàíñêèé Ä.Ñ.Î ÍÅÔ�ÅÄ�ÎËÜÌÎÂÎÑÒÈ ÎÄÍÎÉÍÅËÎÊÀËÜÍÎÉ ÇÀÄÀ×ÈÝëëèïòè÷åñêèå çàäà÷è ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè ðàññìàòðèâàëèñüìíîãèìè ìàòåìàòèêàìè è èìåþò ïðèëîæåíèÿ ê òåîðèè ïëàçìû, òåîðèè ìíî-ãîìåðíûõ äè��óçèîííûõ ïðîöåññîâ, ñòîõàñòè÷åñêîé òåîðèè óïðàâëåíèÿ è ò. ä.(ñì. áèáëèîãðà�èþ â [6℄) Â ðàáîòàõ [3℄, [4℄ áûëè ðàññìîòðåíû ýëëèïòè÷åñêèåñèñòåìû â îáëàñòè ñ ãëàäêîé ãðàíèöåé è êðàåâûìè óñëîâèÿìè, ñâÿçûâàþùèìèçíà÷åíèå �óíêöèè è åå ïðîèçâîäíûõ íà ãðàíèöå îáëàñòè ñî çíà÷åíèÿìè íà íåêî-òîðîì ãëàäêîì ìíîãîîáðàçèè áåç êðàÿ, ëåæàùåì ñòðîãî âíóòðè îáëàñòè. Áûëàäîêàçàíà �ðåäãîëüìîâîñòü äàííîé çàäà÷è â ïðåäïîëîæåíèè íåêîòîðûõ óñëîâèéñîãëàñîâàíèÿ íåëîêàëüíûõ è ëîêàëüíûõ êðàåâûõ óñëîâèé. Äàííûå ðåçóëüòàòûáûëè îáîáùåíû â ðàáîòàõ [5℄, [6℄, ãäå òàêæå áûë ïîñòðîåí ïðàâûé ðåãóëÿðèçà-òîð è äîêàçàíà �ðåäãîëüìîâîñòü íåëîêàëüíîé çàäà÷è, íî äîêàçàòåëüñòâî áûëîïðîâåäåíî äëÿ ïðîèçâîëüíûõ ëèíåéíûõ íåëîêàëüíûõ îïåðàòîðîâ è áûëî îñíîâà-íî òîëüêî íà îãðàíè÷åííîñòè ýòèõ îïåðàòîðîâ â ñîîòâåòñòâóþùèõ ïðîñòðàí-ñòâàõ è íà îòäåëèìîñòè íîñèòåëÿ íåíëîêàëüíûõ ÷ëåíîâ îò ãðàíèöû.Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêîå óðàâíåíèå âòîðîãî ïî-ðÿäêà ñ àíàëîãè÷íûì íåëîêàëüíûì êðàåâûì óñëîâèåì. Ïðåäïîëàãàåòñÿ, ÷òî óñëî-âèå îãðàíè÷åííîñòè ñîîòâåòñòâóþùåãî íåëîêàëüíîãî îïåðàòîðà íàðóøàåòñÿ. Âýòîì ñëó÷àå, ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà îïåðàòîð çàäà÷è, äîêàçàíî,÷òî àïðèîðíàÿ îöåíêà äëÿ òàêîé çàäà÷è íåâåðíà.1. Îñíîâíûå îïðåäåëåíèÿÏóñòü Ω ⊂ Rn (n > 1) � îòêðûòàÿ îáëàñòü. Ââåäåì ïðîñòðàíñòâà Ñîáîëåâà�Ñëîáîäåöêîãî W k
2 (Ω), k ≥ 0. Äëÿ öåëîãî k W k

2 (Ω) îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî�óíêöèé, èìåþùèõ âñå îáîáùåííûå ïðîèçâîäíûå âïëîòü äî k-îãî ïîðÿäêà èç L2(Ω)ñ íîðìîé
‖u‖Wk

2 (Ω) =




∑

|α|≤k

∫

Ω

|Dαu(x)|2dx





1/2

.Äëÿ äðîáíîãî k ≥ 0 W k
2 (Ω) îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî �óíêöèé èç W [k]

2 (Ω),èìåþùèõ êîíå÷íóþ íîðìó
‖u‖Wk

2 (Ω) =



‖u‖2

W
[k]
2 (Ω)

+
∑

|α|=[k]

∫

Ω

∫

Ω

|Dαu(x) −Dαu(y)|2
|x− y|n+2µ

dx dy





1/2

,ãäå µ = k − [k], [·] � öåëàÿ ÷àñòü ÷èñëà, 0 < µ < 1 è α � ìóëüòèèíäåêñ.Íàì òàêæå ïîòðåáóþòñÿ ýêâèâàëåíòíûå íîðìû äëÿ ñëó÷àåâ âñåãî ïðîñòðàíñòâà èïîëóïðîñòðàíñòâà, çàïèñàííûå ÷åðåç ïðåîáðàçîâàíèå Ôóðüå. Óñëîâèìñÿ â äàëüíåé-øåì îáîçíà÷àòü ÷åðåç ũ = F(u) ïðåîáðàçîâàíèå Ôóðüå �óíêöèè u.Â ñëó÷àå, êîãäà Ω ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì Rn íîðìó â ïðîñòðàíñòâåÑîáîëåâà�Ñëîáîäåöêîãî äëÿ ïðîèçâîëüíîãî k ∈ R ìîæíî çàïèñàòü a ýêâèâàëåíòíîé�îðìå:
‖u‖Wk

2 (Rn) = ‖(1 + |ξ|2)k/2ũ‖L2(Rn),ãäå ũ� ïðåîáðàçîâàíèå Ôóðüå �óíêöèè u, çàâèñÿùåå îò ïåðåìåííûõ ξ = (ξ1, . . . , ξn).Åñëè æå Ω ïðåäñòàâëÿåò èç ñåáÿ ïîëóïðîñòðàíñòâî: Ω = Rn−1 × R+, òî íîðìó âïðîñòðàíñòâå Ñîáîëåâà�Ñëîáîäåöêîãî äëÿ öåëîãî ïîëîæèòåëüíîãî k ìîæíî ââåñòè
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‖u‖Wk

2 (Ω) =




∞∫

0

(
‖u‖2

Wk
2 (Rn−1

x′
)
+ ‖∂ku/∂xkn‖2

L2(Rn−1
x′

)

)
dxn




1/2

,çäåñü x = (x1, . . . , xn) = (x′, xn).Ïóñòü Q ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ ∈ C∞. Òîãäà ñóùåñòâóåòïîêðûòèå Γ îòêðûòûìè îáëàñòÿìè O(xi) (xi ∈ O(xi) ∩ Γ, i = 1, . . . , ν) òàêèìè, ÷òîâ êàæäîé îáëàñòè O(xi) îïðåäåëåíî áåñêîíå÷íî äè��åðåíöèðóåìîå ïðåîáðàçîâàíèåêîîðäèíàò y = Ci(x), â ðåçóëüòàòå êîòîðîãî O(xi) ∩ Γ ñòàíîâèòñÿ îòðåçêîì ïðÿìîéñ óðàâíåíèåì y2 = 0, à òî÷êà xi ïåðåõîäèò â íà÷àëî êîîðäèíàò. Ïóñòü {αi(x)};
x ∈ Γ, ðàçáèåíèå åäèíèöû â îêðåñòíîñòè Γ, ò.å. �óíêöèè óäîâëåòâîðÿþùèå óñëîâèÿì
ν∑
i=1

αi ≡ 1, αi ∈ Ċ∞(R2), supp αi ∈ O(xi). ×åðåç W k
2 (Γ) îáîçíà÷èì êîìïëåêñíîåïðîñòðàíñòâî Ñîáîëåâà�Ñëîáîäåöêîãî �óíêöèé u ∈ L2(Γ) òàêèõ, ÷òî â ëîêàëüíûõêîîðäèíàòàõ yi ìû èìååì Ci(αiu) ∈ W k

2 (R) (i = 1, . . . , ν). Íîðìà â W k
2 (Γ) ââîäèòñÿïî �îðìóëå

‖u‖Wk
2 (Γ) =

{
ν∑

i=1

‖αiu‖2
Wk

2 (R)

}1/2

,ãäå íîðìû ‖αiu‖Wk
2 (R) âû÷èñëÿþòñÿ â êîîðäèíàòàõ yi.Â äàëüíåéøåì íàì ïîòðåáóåòñÿ åùå îäíî îïðåäåëåíèå. Çàìêíóòûé îïåðàòîð T :

L2(Q) → L2(Q) íàçûâàåòñÿ �ðåäãîëüìîâûì, åñëè R(T ) çàìêíóòî è dimN(T ) =dimR(T )⊥ <∞, ãäå N(T ) è R(T ) � ñîîòâåòñòâåííî ÿäðî è îáðàç îïåðàòîðà T .2. Ïîñòàíîâêà çàäà÷è�àññìîòðèì óðàâíåíèå
Au = f0(x) (x ∈ Q) (1)ñ êðàåâûì óñëîâèåì

Bu = u|Γ +B1u = f1(x) (x ∈ Γ). (2)Çäåñü
(Au)(x) = A(x,D)u(x) =

∑

|α|=2

aα(x)Dαu(x)� äè��åðåíöèàëüíûé îïåðàòîð ñ êîìïëåêñíûìè êîý��èöèåíòàìè aα ∈ C(Q̄);Dα =
Dα1

1 Dα2
2 ; Dj = 1

i
∂
∂xj

, j = 1, 2; α = (α1, α2), |α| = α1 + α2; f0(x) ∈ L2(Q). �àññìîòðèìòàêæå õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí
A(x, ζ) =

∑

|α|=2

aα(x)ζα,ãäå ζ = (ζ1, ζ2), ζα = ζα1
1 ζα2

2 .Â äàëüíåéøåì, áóäåì ïðåäïîëàãàòü, ÷òî îïåðàòîð A óäîâëåòâîðÿåò óñëîâèþ ïðà-âèëüíîé ýëëèïòè÷íîñòè: ïðè x ∈ Q̄ äëÿ ëþáûõ äâóõ îðòîãîíàëüíûõ âåêòîðîâ ν 6= 0 è
η 6= 0 óðàâíåíèå îòíîñèòåëüíî τ A(x, η+τν) = 0 èìååò îäèí êîðåíü â âåðõíåé è îäèíêîðåíü â íèæíåé ïîëóïëîñêîñòÿõ. Òàêæå, î÷åâèäíî, ÷òî ïåðâîå ñëàãàåìîå êðàåâûõóñëîâèé (âçÿòèå ñëåäà u|Γ íà ãðàíèöå îáëàñòè) óäîâëåòâîðÿåò óñëîâèþ äîïîëíèòåëü-íîñòè Ëîïàòèíñêîãî (â äàëüíåéøåì ýòî ñëàãàåìîå ìû áóäåì íàçûâàòü ëîêàëüíîé÷àñòüþ êðàåâûõ óñëîâèé). Äëÿ òîãî, ÷òîáû îïðåäåëèòü îïåðàòîð B1 (íåëîêàëüíóþ÷àñòü êðàåâûõ óñëîâèé) ââåäåì âñïîìîãàòåëüíûé îïåðàòîð B̃1:(B1) B̃1 : W 2

2 (Qδ) → W
3/2
2 (Γ) � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð è f1 ∈

W
3/2
2 (Γ).



Î íå�ðåäãîëüìîâîñòè îäíîé íåëîêàëüíîé çàäà÷è 99Çäåñü Qδ ⊂ Q � îáëàñòü ñ ãðàíèöåé Γδ ∈ Cn0 (ρ(Γδ,Γ) ≥ δ > 0). Íàêîíåö, B1u =

B̃1(u|Qδ
).Â ðàáîòå [5℄ áûëè äîêàçàíû ñïðàâåäëèâîñòü àïðèîðíîé îöåíêè è �ðåäãîëüìîâîñòüäàííîé çàäà÷è â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (B1).Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à (1) � (2), íî ïðè âûïîëíåíèè ñëåäóþ-ùåãî óñëîâèÿ:(B2) B̃1 : W 2

2 (Qδ) → W
3/2
2 (Γ) � ëèíåéíûé íåîãðàíè÷åííûé îïåðàòîð, B̃1 :

W 2
2 (Qδ) → W

1/2
2 (Γ) � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð è f1 ∈ W

1/2
2 (Γ)è B1u = B̃1(u|Qδ

).Òî åñòü, ìû áóäåì ïðåäïîëàãàòü, ÷òî ïîðÿäîê íåëîêàëüíûõ ÷ëåíîâ âûøå, ÷åì ïî-ðÿäîê ëîêàëüíûõ. Ïðèìåðîì òàêîãî îïåðàòîðà ìîæåò ñëóæèòü îïåðàòîð âçÿòèÿíîðìàëüíîé ïðîèçâîäíîé íà Γδ. Â äàííîì ðàçäåëå áóäåò äîêàçàíî, ÷òî â ñëó÷àåâûïîëíåíèÿ óñëîâèÿ (B2) íàðóøàåòñÿ àïðèîðíàÿ îöåíêà äëÿ çàäà÷è (1) � (2).Ââåäåì ãèëüáåðòîâû ïðîñòðàíñòâà
W1(Q,Γ) = L2(Q) ×W

3/2
2 (Γ),

W2(Q,Γ) = L2(Q) ×W
1/2
2 (Γ)ñ íîðìàìè

‖F‖W1(Q,Γ) =

{
‖f0‖2

L2(Q) + ‖f1‖2

W
3/2
2 (Γ)

}1/2

,

‖F‖W2(Q,Γ) =

{
‖f0‖2

L2(Q) + ‖f1‖2

W
1/2
2 (Γ)

}1/2

,ãäå F = (f0, f1). Îïðåäåëèì îïåðàòîðû L1 : W 2
2 (Q) → W1(Q,Γ) è L2 : W 2

2 (Q) →
W2(Q,Γ) êàê îïåðàòîðû çàäà÷è (1)-(2) ïðè âûïîëíåíèè óñëîâèé (B1) èëè (B2) ñî-îòâåòñòâåííî.Íàïîìíèì, ÷òî â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (B1) â ðàáîòå [5℄ äîêàçàíî âûïîë-íåíèå àïðèîðíîé îöåíêè âèäà

‖u‖W 2
2 (Q) ≤ c̃1

(
‖L1u‖W1(Q,Γ) + ‖u‖L2(Q)

)
. (3)Â äàííîé ðàáîòå áóäåò ïîêàçàíî, ÷òî àíàëîãè÷íàÿ îöåíêà äëÿ ñëó÷àÿ (B2) íåâåðíàïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà îïåðàòîð A.3. Îñíîâíûå ðåçóëüòàòûËåììà 1. Ïóñòü 1 < l0 < 3/2. Òîãäà ñóùåñòâóåò �óíêöèÿ ψ(t) ñ êîìïàêòíûìíîñèòåëåì, òàêàÿ ÷òî

ψ ∈W l
2(R) ïðè 1 ≤ l < l0, (4)

ψ 6∈W k
2 (R) ïðè l0 < k ≤ 3/2. (5)�àññìîòðèì �óíêöèþ

ψ(t) =

{
tsξ(t) ïðè t ≥ 0

0 ïðè t < 0
, (6)ãäå ξ(t) � áåñêîíå÷íî äè��åðåíöèðóåìàÿ �óíêöèÿ, îïðåäåëåííàÿ íà [0,∞), òàêàÿ÷òî ξ(t) ≡ 1 ïðè t ∈ [0, ε2 ] è ξ(t) ≡ 0 ïðè x ∈ [3ε/4,∞), ãäå ε � ïîëîæèòåëüíîåäîñòàòî÷íî ìàëîå ÷èñëî. Åñëè òåïåðü âûáðàòü l0 = s+1/2 äëÿ ïðîèçâîëüíîãî 1/2 <

s < 1, òî íåòðóäíî áóäåò ïîêàçàòü, ÷òî �óíêöèÿ (6) áóäåò óäîâëåòâîðÿòü óñëîâèÿì(4) � (5).Ëåììà 2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (B2) è íàéäåòñÿ òàêàÿ xi ∈ Γ, ÷òî âîêðåñòíîñòè O(xi) ýòîé òî÷êè ïðåîáðàçîâàíèå êîîðäèíàò Ci, ðàñïðÿìëÿþùåå ãðà-íèöó ïåðåâîäèò îïåðàòîð A â îïåðàòîð Ëàïëàñà. Òîãäà ñóùåñòâóåò ïîñëåäîâà-òåëüíîñòü {uk} ∈W 2
2 (Q), k = 1, 2, . . . , óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì



100 Õîâàíñêèé Ä.Ñ.(i) ‖uk‖W 2
2 (Q) → ∞ ïðè k → ∞,(ii) supp uk ∈ Q \Qδ,(iii) ‖Auk‖L2(Q) ≤ K1,(iv) ‖uk‖W 1
2 (Q) ≤ K2,ãäå êîíñòàíòû K1 è K2 íå çàâèñÿò îò k.Äîêàçàòåëüñòâî. �àññìîòðèì ïðîèçâîëüíóþ �óíêöèþ ϑ(t) ∈ C∞(R) ñ íîñèòåëåì,ïðèíàäëåæàùèì îòðåçêó [−ε, ε]. Äëÿ òàêèõ �óíêöèé ïîñòðîèì îïåðàòîð E ïðîäîë-æåíèÿ èç R â R × R+. Ïóñòü îïåðàòîð E äåéñòâóåò èç W s

2 (R) â W s+1/2
2 (R × R+) ïî�îðìóëå

(Eϑ)(y1, y2) =
1√
2π

∞∫

−∞

eiξ1y1−
√
ξ21+1 y2 · ϑ̃(ξ1)dξ1 (7)çäåñü s + 1/2 � öåëîå ÷èñëî (íàì ïîòðåáóåòñÿ s = 1/2 è s = 3/2), ϑ̃ � ïðåîáðà-çîâàíèå Ôóðüå F �óíêöèè ϑ, y1 ∈ R, y2 ∈ R+. Âûðàæåíèå (7) ìîæíî çàïèñàòü âýêâèâàëåíòíîé �îðìå

(Eϑ)(y1, y2) = F−1
ξ1

(
e−

√
ξ21+1 y2 ϑ̃(ξ1)

)
(y1)Â äàëüíåéøåì íàì ïîòðåáóåòñÿ, ÷òîáû äëÿ îïåðàòîðà E âûïîëíÿëèñü ñëåäóþùèåñâîéñòâà:(E1) (Eϑ)(y1, 0) = ϑ,(E2) Èìååò ìåñòî ðàâåíñòâî (△− I)Eϑ = 0.(E3) îïåðàòîð E � îãðàíè÷åí.1) Ñâîéñòâî (E1), î÷åâèäíî, âûïîëíÿåòñÿ. Îòñþäà ñëåäóåò, ÷òî îïåðàòîð Eϑäåéñòâèòåëüíî ÿâëÿåòñÿ îïåðàòîðîì ïðîäîëæåíèÿ �óíêöèè θ ñ R íà R×R+.2) Ñâîéñòâî (E2) ñëåäóåò èç ñëåäóþùåãî ñîîòíîøåíèÿ

(△Eψ)(y1, y2) =
1√
2π

∞∫

−∞

(
−ξ21 +

(√
ξ21 + 1

)2
)
eiξ1y1−

√
ξ21+1 y2 · ψ̃(ξ1)dξ1 =

= (Eψ)(y1, y2).3) Äëÿ äîêàçàòåëüñòâà ñâîéñòâà (E3) îöåíèì íîðìó
‖Eψ‖2

W
s+1/2
2 (R×R+)

=

∞∫

0

∞∫

−∞

(1 + ξ21)
s+1/2e−2

√
ξ21+1y2 |ψ̃(ξ1)|2dξ1 dy2 =

=
1

2

∞∫

−∞

(1 + ξ21)
s+1/2|ψ̃(ξ1)|2 · (1 + ξ21)

−1/2dξ1 =
1

2
‖ψ‖2

W s
2 (R)�àññìîòðèì òî÷êó xi ãðàíèöû Γ, òàêóþ, ÷òî â îêðåñòíîñòè O(xi) ýòîé òî÷êè ïðå-îáðàçîâàíèå êîîðäèíàò Ci, ðàñïðÿìëÿþùåå ãðàíèöó ïåðåâîäèò îïåðàòîð A â îïå-ðàòîð Ëàïëàñà (òàêàÿ òî÷êà ñóùåñòâóåò â ñèëó óñëîâèÿ ëåììû). Â ñèëó ëåììû 1íàéäåòñÿ �óíêöèÿ ψ, óäîâëåòâîðÿþùàÿ óñëîâèÿì (4)-(5). Îáîçíà÷èì çà ψε ñóæåíèå�óíêöèè ψ íà îòðåçîê [−ε, ε]. Î÷åâèäíî, ÷òî óñëîâèÿ (4)-(5) âûïîëíÿþòñÿ è äëÿ�óíêöèè ψε â ïðîñòðàíñòâàõ W l

2(−ε, ε). Ââåäåì �óíêöèþ
Ψ(x) =

{
C−1
i (ψε(y1))(x1, x2) ïðè (x1, x2) ∈ O(xi) ∩ Γ,

0 ïðè (x1, x2) ∈ Γ \ O(xi).Ïî îïðåäåëåíèþ íîñèòåëü Ψ ñîñðåäîòî÷åí â O(xi) ∩ Γ. Òàêèì îáðàçîì, òàê êàê ïîîïðåäåëåíèþ Ci(Ψ) = ψε ïîëó÷àåì, ÷òî
Ψ ∈W l

2(Γ) ïðè 1 ≤ l < l0 < 3/2, (8)
Ψ 6∈W l

2(Γ) ïðè l0 + ε0 ≤ l ≤ 3/2. (9)



Î íå�ðåäãîëüìîâîñòè îäíîé íåëîêàëüíîé çàäà÷è 101�àññìîòðèì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü �óíêöèé ψk ∈ Ċ∞([−ε, ε]), k =

0, 1 . . ., ñõîäÿùóþñÿ ê �óíêöèè ψε ïî íîðìå â W 1/2
2 (−ε, ε). Àíàëîãè÷íûì îáðàçîìîïðåäåëèì ïîñëåäîâàòåëüíîñòü �óíêöèé Ψk ∈ C∞(Γ), ñõîäÿùèõñÿ ê �óíêöèè Ψòàêæå ïî íîðìå â W 1/2

2 (Γ). ×åðåç ψ0k îáîçíà÷èì ïðîäîëæåíèå �óíêöèé ψk íóëåìíà âñå R. Î÷åâèäíî, ÷òî ψ0k → ψ ïî íîðìå W 1/2
2 (−ε, ε). Îïðåäåëèì uk ïî �îðìóëå

uk = βiC
−1
i (hiEψ0k) , (10)çäåñü

• hi = hi(y1, y2) � áåñêîíå÷íî äè��åðåíöèðóåìàÿ �óíêöèÿ äâóõ ïåðåìåííûõ,îïðåäåëåííàÿ â ïîëóïëîñêîñòè R × R+, òàêàÿ ÷òî
hi(y1, y2) ≡ 1 ïðè (y1, y2) ∈ B+

ε � ïîëóêðóã ðàäèóñà ε, ëåæàùèé â ïîëó-ïëîñêîñòè R × R+;
hi(y1, 0) ≡ 0 ïðè y1 /∈ [−ε1, ε1] äëÿ íåêîòîðîãî äîñòàòî÷íî ìàëîãî ε1 > ε,âîîáùå ãîâîðÿ çàâèñÿùåãî îò ε;íîñèòåëü �óíêöèè hi(y1, y2) öåëèêîì ëåæèò â ïîëóêðóãå B+

ε1 ðàäèóñà ε1;
• βi = βi(x1, x2) � áåñêîíå÷íî äè��åðåíöèðóåìàÿ �óíêöèÿ äâóõ ïåðåìåííûõ,îïðåäåëåííàÿ â R2, òàêàÿ ÷òî

βi(x1, x2) ≡ 1, åñëè (x1, x2) ëåæàò â ïåðåñå÷åíèè íåêîòîðîé îêðåñòíîñòèòî÷êè xi è îáëàñòè Q, ïðè÷åì äàííîå ïåðåñå÷åíèå ñîäåðæèò ìíîæåñòâî
C−1
i (B+

ε1)
β1(x1, x2) ≡ 0, åñëè (x1, x2) ëåæèò âíå íåêîòîðîé á�îëüøåé îêðåñòíîñòè
xi;Çà ñ÷åò âûáîðà ε è ε1 ìîæíî ñ÷èòàòü, ÷òî íîñèòåëü �óíêöèè βi ëåæèò â

O(xi) è â Q̄ \Qδ.Î÷åâèäíî, ÷òî èç îïðåäåëåíèÿ �óíêöèé uk ñëåäóåò, ÷òî âûïîëíÿåòñÿ óñëîâèå (ii)ëåììû.Äîêàæåì óòâåðæäåíèå (i). Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü íàéäåòñÿ òàêàÿ êîí-ñòàíòà c5 íå çàâèñÿùàÿ îò k, ÷òî ‖uk‖W 2
2 (Q) < c5. Òîãäà èç êîìïàêòíîñòè âëîæåíèÿïðîñòðàíñòâà W 2

2 (Q) â W 2−σ
2 (Q) äëÿ ëþáîãî σ > 0 ñëåäóåò, ÷òî íàéäåòñÿ ïîäïî-ñëåäîâàòåëüíîñòü ukm ∈ W 2
2 (Q) ñõîäÿùàÿñÿ ïî íîðìå â W 2−σ

2 (Q). Çíà÷èò è ïîñëå-äîâàòåëüíîñòü ñëåäîâ ukm |Γ ñõîäèòñÿ â W 3/2−σ
2 (Γ). Íåòðóäíî ïîêàçàòü, ÷òî äàííàÿñõîäèìîñòü ýêâèâàëåíòíà òîìó, ÷òî Ψ ∈ W

3/2−σ
2 (Γ). Âûáèðàÿ σ = 1

2

(
3
2 − l0 − ε0

)ïðèõîäèì ê ïðîòèâîðå÷èþ â ñèëó (8) � (9). Òàêèì îáðàçîì, äîêàçàíî ñîîòíîøåíèå(i).Îöåíèì òåïåðü íîðìó
‖uk‖W 1

2 (Q) = ‖βiC−1
i (hiEψ0k) ‖W 1

2 (Q) ≤ c1‖C−1
i (hiEψ0k) ‖W 1

2 (O(xi)) ≤
≤ c2‖hiEψ0k‖W 1

2 (B+
ε1

) ≤ c3‖Eψ0k‖W 1
2 (R×R+) ≤ c4‖ψ0k‖W 1/2

2 (R)
≤ c5 (11)ãäå c5 � íå çàâèñèò îò k. Äîêàçàíî ñîîòíîøåíèå (iv) ëåììû.Íàêîíåö, ñîîòíîøåíèå (iii) ñëåäóåò èç �îðìóëû Ëåéáíèöà, ñîîòíîøåíèÿ (11),îãðàíè÷åííîñòè îïåðàòîðà óìíîæåíèÿ íà ãëàäêóþ �óíêöèþ, óñëîâèÿ ëåììû î òîì,÷òî ïðè ïðåîáðàçîâàíèè êîîðäèíàò Ci îïåðàòîð A ïåðåõîäèò â îïåðàòîð Ëàïëàñà èñâîéñòâà (E2) îïåðàòîðà ïðîäîëæåíèÿ.Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ Ëåììû 2, òîãäà àïðèîðíàÿ îöåíêà

‖u‖W 2
2 (Q) ≤ c̃2

(
‖L1u‖W2(Q,Γ) + ‖u‖L2(Q)

) (12)ñ íåêîòîðîé êîíñòàíòîé c̃2, íå çàâèñÿùåé îò u äëÿ çàäà÷è (1)-(2) íåâåðíà, òîåñòü, êàêàÿ áû íè áûëà êîíñòàíòà c̃2, íå çàâèñÿùàÿ îò k, íàéäåòñÿ òàêàÿ ïî-ñëåäîâàòåëüíîñòü uk, ÷òî ïðàâàÿ ÷àñòü (12) îãðàíè÷åíà, à ëåâàÿ ñòðåìèòñÿ êáåñêîíå÷íîñòè.Òåîðåìà 2. Â ïðåäïîëîæåíèÿõ Ëåììû 2 îïåðàòîð L2 çàäà÷è (1)-(2) íå ÿâëÿåòñÿ�ðåäãîëüìîâûì îïåðàòîðîì.



102 Õîâàíñêèé Ä.Ñ.Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 7.1 ðàáîòû [1℄ è òåîðåìû 1 ïîëó÷àåì, ÷òî äëÿîïåðàòîðà L2 íàðóøàåòñÿ ïî êðàéíåé ìåðå îäíî èç óñëîâèé: îáðàç L2 çàìêíóò èÿäðî L2 êîíå÷íîìåðíî. Òîãäà, â ñèëó îïðåäåëåíèÿ, äàííûé îïåðàòîð íå ÿâëÿåòñÿ�ðåäãîëüìîâûì.Àâòîð ãëóáîêî áëàãîäàðåí ïðî�åññîðó À. Ë. Ñêóáà÷åâñêîìó çà ïîñòàíîâêó çàäà÷èè ðÿä öåííûõ çàìå÷àíèé. Ñïèñîê ëèòåðàòóðû[1℄ Êðåéí Ñ. �. Ëèíåéíûå óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå. Ì.: Íàóêà, 1971, �104 ñ.[2℄ Ëèîíñ Æ., Ìàäæåíåñ Ý. Íåîäíîðîäíûå ãðàíè÷íûå çàäà÷è è èõ ïðèëîæåíèÿ. Ì.: Ìèð, 1972, �371 
.[3℄ �îéòáåðã ß. À., Øå�òåëü Ç. �. Îá îäíîì êëàññå îáùèõ íåëîêàëüíûõ ýëëèïòè÷åñêèõ çàäà÷//Äîêë. ÀÍ ÑÑÑ�. � 1970. � 192, � 3. � 511-513.[4℄ �îéòáåðã ß. À., Øå�òåëü Ç. �. Íåëîêàëüíûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé è ñèñòåì//Ñèá. ìàò. æóðí. � 1972. � 13, � 1. � 165-181.[5℄ Ñêóáà÷åâñêèé À. Ë. �àçðåøèìîñòü ýëëèïòè÷åñêèõ çàäà÷ ñ êðàåâûìè óñëîâèÿìè òèïà Áèöàäçå�Ñàìàðñêîãî// Äè��åðåíöèàëüíûå óðàâíåíèÿ. � 1985. �21. � 701-706.[6℄ Skuba
hevskii A. L. On the stability of index of nonlo
al ellipti
 problems// J. of Mathemati
alAnalysis and Appli
ations, � 1991. � 160, � 323-341.



ÓÄÊ 519.6(082) Øêàëèêîâà Í.À.Î ÂÅËÈ×ÈÍÅ ÑÅ×ÅÍÈßÑÕÅÌ ÈÇ ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÝËÅÌÅÍÒÎÂÀâòîð ïðåäïîëàãàåò, ÷òî ÷èòàòåëþ èçâåñòíî îïðåäåëåíèå ñõåìû èç �óíêöèîíàëü-íûõ ýëåìåíòîâ, ïðèâåäåííûõ â ðàáîòå [1℄.�àññìîòðèì ïðîèçâîëüíóþ ñõåìó èç �óíêöèîíàëüíûõ ýëåìåíòîâ. Óïîðÿäî÷åííóþïàðó t = (bi, bj), ãäå bi âõîäíîé ïîëþñ èëè ýëåìåíò ñõåìû, à bj ýëåìåíò ñõåìû, áóäåìíàçûâàòü êàíàëîì ñõåìû , åñëè ïðè îáðàçîâàíèè ñõåìû bi ïðèñîåäèíåí ê íåêîòîðîìóâõîäó ýëåìåíòà bj .Ñîñòîÿíèåì êàíàëà t = (bi, bj) ïðè íåêîòîðîì âõîäíîì íàáîðå σ̃ áóäåì ñ÷èòàòüñîñòîÿíèå îáúåêòà bi ïðè ýòîì âõîäíîì íàáîðå.Ñõåìó, â êîòîðîé ìíîæåñòâî âõîäíûõ ïîëþñîâ è ýëåìåíòîâ ñõåìû ðàçáèòî íà äâàïîäìíîæåñòâàM1 èM2 òàê, ÷òîM1∩M2 = ∅ è êàæäîå èç ïîäìíîæåñòâ ñîäåðæèò ïîêðàéíåé ìåðå îäèí ïîëþñ, áóäåì íàçûâàòü ðàññå÷åííîé. Êàíàë (bi, bj) ðàññå÷åííîéñõåìû áóäåì íàçûâàòü ðàññå÷åííûì , åñëè bi è bj ïðèíàäëåæàò ðàçíûì ìíîæåñòâàì
M1 è M2 . Ìíîæåñòâî âñåõ ðàññå÷åííûõ êàíàëîâ áóäåì íàçûâàòü ñå÷åíèåì ñõåìû.Ñå÷åíèå åñòåñòâåííûì îáðàçîì ðàçáèâàåòñÿ íà äâà ïîäìíîæåñòâà A1 è A2:

(bi, bj) ∈ A1, åñëè bi ∈M1, bj ∈M2;

(bi, bj) ∈ A2, åñëè bi ∈M2, bj ∈M1.Íàì áóäåò óäîáíî âõîäíîé íàáîð ðàññå÷åííîé ñõåìû ïðåäñòàâëÿòü â âèäå ïàðû íàáî-ðîâ (α̃, β̃), ãäå α̃ -íàáîð ñîñòîÿíèé âõîäîâ, ïðèíàäëåæàùèõ M1 è β̃ -íàáîð ñîñòîÿíèéâõîäîâ, ïðèíàäëåæàùèõ M2 .Ñîñòîÿíèåì ñå÷åíèÿ (íà íåêîòîðîì âõîäíîì íàáîðå (α̃, β̃) áóäåì íàçûâàòü ñî-âîêóïíîñòü ñîñòîÿíèé âñåõ ðàññå÷åííûõ êàíàëîâ (îáîçíà÷åíèå S(α̃, β̃)). Ñîñòîÿíèåðàññå÷åííîãî êàíàëà t ïðè âõîäíîì íàáîðå (α̃, β̃) áóäåì îáîçíà÷àòü St(α̃, β̃). Ñîâî-êóïíîñòè ñîñòîÿíèé ðàññå÷åííûõ êàíàëîâ, ïðèíàäëåæàùèõ ìíîæåñòâàì A1 è A2,ïðè âõîäíîì íàáîðå (α̃, β̃) áóäåì îáîçíà÷àòü S1(α̃, β̃) è S2(α̃, β̃), ñîîòâåòñòâåííî.Äîêàæåì ñëåäóþùåå óòâåðæäåíèå.Ëåììà 1. Âî âñÿêîé ðàññå÷åííîé ñõåìå òàêîé , ÷òî äëÿ íåêîòîðûõ âõîäíûõ ååíàáîðîâ (α̃1, α̃2) è (β̃1, β̃2) èìååò ìåñòî ðàâåíñòâî
S(α̃1, α̃2) = S(β̃1, β̃2) (1)âûïîëíÿþòñÿ ñîîòíîøåíèÿ

S(α̃1, β̃2) = S(β̃1, α̃2) = S(α̃1, α̃2) = S(β̃1, β̃2).Äîêàçàòåëüñòâî. Áóäåì ãîâîðèòü, ÷òî êàíàë (bq, bk) íåïîñðåäñòâåííî ñëåäóåò çàêàíàëîì (bi, bj), åñëè j=q.Áóäåì ãîâîðèòü, ÷òî êàíàë ti ñëåäóåò çà êàíàëîì tj , åñëè â ñõåìå íàéäåòñÿ öåïî÷êàêàíàëîâ t1, t2, t3..., tn òàêàÿ, ÷òî t1 = ti, tn = tj è äëÿ 2 6 q 6 n êàíàë tq ÿâëÿåòñÿíåïîñðåäñòâåííî ñëåäóþùèì çà êàíàëîì tq−1. Ñîîòíîøåíèå "êàíàë ti ñëåäóåò çàêàíàëîì tj" áóäåì îáîçíà÷àòü tj −→ ti.Îïðåäåëèì ïî èíäóêöèè ïîíÿòèå óðîâíÿ êàíàëà. Êàíàë ti (ti ∈ A1) ,áóäåì íà-çûâàòü êàíàëîì óðîâíÿ 1, åñëè ýòîò êàíàë íå ñëåäóåò íè çà êàêèì êàíàëîì èçìíîæåñòâà A2 ( ò.å. ýòî ïåðâûé ðàññå÷åííûé êàíàë â ëþáîé "íà÷èíàþùåéñÿ"âìíîæåñòâå M1 è ñîäåðæàùåé åãî öåïî÷êå èç íåïîñðåäñòâåííî ñëåäóþùèõ êàíàëîâ.)Äëÿ êàíàëà tj (tj ∈ A2) îïðåäåëåíèå àíàëîãè÷íî.Ïóñòü îïðåäåëåíû êàíàëû óðîâíÿ ìåíüøå i, ïðèíàäëåæàùèå ìíîæåñòâàì A1 è
A2. Êàíàë tq (tq ∈ A1) áóäåì íàçûâàòü êàíàëîì óðîâíÿ i (è îáîçíà÷àòü d(tq) = i ),åñëè èç òîãî, ÷òî tm → tq (tm ∈ A2) ñëåäóåò, ÷òî d(tm) 6 i − 1 è íàéäåòñÿ êàíàë
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tv (tv ∈ A2) òàêîé, ÷òî tv → tq è d(tv) = i − 1. Äëÿ êàíàëîâ, ïðèíàäëåæàùèõìíîæåñòâó A2 îïðåäåëåíèå àíàëîãè÷íî.Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî óñòàíîâèòü, äëÿ äëÿ ëþáîãî êàíàëà t èìå-þò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ.

St(α̃1, β̃2) = St(α̃1, α̃2), (2)
St(β̃1, β̃2) = St(α̃1, α̃2). (3)Äîêàæåì ñîîòíîøåíèÿ (2) è (3) èíäóêöèåé ïî óðîâíþ êàíàëà t.�àññìîòðèì ïðîèçâîëüíûé êàíàë t òàêîé ,÷òî t ∈ A1 è d(t) = 1. Î÷åâèäíî, ÷òî äëÿëþáîãî âõîäíîãî íàáîðà (α̃, β̃) çíà÷åíèå St(α̃, β̃) ïîëíîñòüþ îïðåäåëÿåòñÿ íàáîðîì

α̃. Ïîýòîìó
St(α̃1, β̃2) = St(α̃1, α̃2),

St(β̃1, β̃2) = St(β̃1, α̃2).Èç (1) ñëåäóåò, ÷òî
St(α̃1, α̃2) = St(β̃1, β̃2).Äëÿ êàíàëà t òàêîãî, ÷òî t ∈ A2 è d(t) = 1, äîêàçàòåëüñòâî àíàëîãè÷íî.Òàêèì îáðàçîì, óñòàíîâëåíû ñîîòíîøåíèÿ (2), (3) äëÿ êàíàëà t óðîâíÿ 1.Ïóñòü äëÿ êàíàëîâ óðîâíÿ ìåíüøå j, ïðèíàäëåæàùèõ ìíîæåñòâàì A1 è A2 ñîîò-íîøåíèÿ (2) è (3) äîêàçàíû. Äîêàæåì èõ äëÿ êàíàëîâ óðîâíÿ j.�àññìîòðèì ïðîèçâîëüíûé êàíàë t, òàêîé ÷òî t ∈ A1, d(t) = j. Î÷åâèäíî, ÷òî äëÿëþáîãî âõîäíîãî íàáîðà (α̃, β̃) çíà÷åíèå St(α̃, β̃) ïîëíîñòüþ îïðåäåëÿåòñÿ íàáîðîì

α̃ è ñîâîêóïíîñòüþ ñîñòîÿíèé ðàññå÷åííûõ êàíàëîâ t◦ óðîâíÿ ìåíüøå, ÷åì j íàíàáîðå (α̃, β̃). Îáîçíà÷èì ìíîæåñòâî ýòèõ êàíàëîâ ÷åðåç Â. Â ñèëó èíäóêòèâíîãîïðåäïîëîæåíèÿ äëÿ ëþáîãî êàíàëà t◦ èç Â
St◦(α̃1, β̃2) = St◦(β̃1, α̃2) = St◦(α̃1, α̃2) = St◦(β̃1, β̃2).Ïîýòîìó

St(α̃1, β̃2) = St(α̃1, α̃2),

St(β̃1, β̃2) = St(β̃1, β̃2).Èç (1) ñëåäóåò, ÷òî
St(α̃1, α̃2) = St(β̃1, β̃2).Òåì ñàìûì óñòàíîâëåíû ñîîòíîøåíèÿ (2) è (3) äëÿ êàíàëîâ óðîâíÿ j èç A1. Àíàëî-ãè÷íî óñòàíàâëèâàþòñÿ ñîîòíîøåíèÿ (2) è (3) äëÿ êàíàëîâ óðîâíÿ j èç A2 .Ëåììà ïîëíîñòüþ äîêàçàíà.Îáîçíà÷èì ÷åðåç F (α̃, β̃) íàáîð ñîñòîÿíèé âûõîäîâ ñõåìû ïðè âõîäíîì íàáîðå

α̃, β̃) , à ÷åðåç |S| êîëè÷åñòâî ýëåìåíòîâ â ñå÷åíèè S ðàññå÷åííîé ñõåìû. Äàëåå,÷åðåç F1(α̃, β̃) è F2(α̃, β̃) îáîçíà÷èì ñîâîêóïíîñòè ñîñòîÿíèé âûõîäîâ ñõåìû, ñîîò-âåòñòâóþùèõ âûõîäàì ýëåìåíòîâ, ïðèíàäëåæàùèõ ñîîòâåòñòâåííî ìíîæåñòâàì M1è M2 ïðè âõîäíîì íàáîðå (α̃, β̃).Ñëåäñòâèå 1. Åñëè S(α̃1, α̃2) = S(β̃1, β̃2), òî
F1(α̃1, β̃2) = F1(α̃1, α̃2),

F2(α̃1, β̃2) = F2(β̃1, β̃2).�àññìîòðèì ïðîèçâîëüíóþ ðàññå÷åííóþ ñõåìó èç �óíêöèîíàëüíûõ ýëåìåíòîâ.Ïóñòü P = {(α̃1
1, α̃

1
2), (α̃

2
1, α̃

2
2), (α̃

3
1, α̃

3
2), . . . , (α̃n1 α̃

n
2 )} íåêîòîðîå ìíîæåñòâî âõîäíûõíàáîðîâ, ãäå αi1 è αi2 íàáîðû, ïîäàâàåìûå íà âõîäû, ïðèíàäëåæàùèå ñîîòâåòñòâåííîìíîæåñòâàì M1 è M2 . Îáîçíà÷èì ÷åðåç P ∗ ìíîæåñòâî âñåõ íàáîðîâ (αi1, α

j
2) ïðè

i 6= j, 1 6 j, j 6 n.
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1
2) èç � âûõîäíûå íàáîðû F (α̃i) ñõåìû ñîâïàäàþòè ðàâíû , ñêàæåì, íàáîðó (γ̃);3. Äëÿ ëþáîãî íàáîðà (β̃) èç P ∗ âûïîëíåíî F (β̃) 6= (γ).Òîãäà
|S| > log2 n.Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç k êîëè÷åñòâî êàíàëîâ, ïðèíàäëåæàùèõ ñå÷å-íèþ S. �àññìîòðèì ìíîæåñòâî

{S(α̃1
1, α̃

1
2), S(α̃2

1, α̃
2
2), S(α̃3

1, α̃
3
2), . . . , S(α̃n1 α̃

n
2 )}Äîêàæåì, ÷òî ïðè i 6= j âûïîëíÿåòñÿ ñîîòíîøåíèå

S(α̃i1, α̃
i
2) 6= S(α̃j1, α̃

j
2).Ïóñòü ýòî íå âåðíî. Òîãäà, ïðèìåíÿÿ äîêàçàííóþ ëåììó äëÿ âõîäíûõ íàáîðîâ

(α̃i1, α̃
i
2) è (α̃j1, α̃

j
2), ïîëó÷àåì

S(α̃j1, α̃
j
2) = S(α̃i1, α̃

i
2).Äàëåå, èç ñ�îðìóëèðîâàííîãî â ñëåäñòâèè óòâåðæäåíèÿ ïîëó÷àåì

F1(α̃
i
1, α̃

j
2) = F1(α̃

i
1, α̃

i
2), (4)

F2(α̃
i
1, α̃

j
2) = F2(α̃

j
1, α̃

j
2). (5)Ïî óñëîâèþ 2 äîêàçûâàåìîé òåîðåìû

F (α̃i1, α̃
i
2) = F (α̃j1, α̃

j
2), (6)Ïîýòîìó èç (4), (5), (6) ñëåäóåò

F (α̃i1, α̃
j
2) = F (α̃i1, α̃

i
2) = γ̃.Ýòî ïðîòèâîðå÷èò óñëîâèþ 3 äîêàçûâàåìîé òåîðåìû.Òåì ñàìûì, ìû äîêàçàëè, ÷òî ïðè n âõîäíûõ íàáîðàõ ñîâîêóïíîñòè ñîñòîÿíèéðàññå÷åííûõ êàíàëîâ ðàçëè÷íû. Ïîýòîìó k > log2 n, ÷òî è òðåáîâàëîñü äîêàçàòü.Ñïèñîê ëèòåðàòóðû[1℄ Ëóïàíîâ Î. Á. Îá îäíîì êëàñññå ñõåì èç �óíêöèîíàëüíûõ ýëåìåíòîâ.// Ïðîáëåìû êèáåðíå-òèêè. Ìîñêâà: Ôèçìàòãèç � 1962.� Âûï. 7. Ñ. 285-294.



Bogdansky Yu. V., Tsytsura P. V.THE POINCARE�STOKES FORMULA IN AN INFINITEDIMENSIONAL SPACEWe obtain a generalization of the Poin
are�Stokes formula for surfa
es of
odimension 2 in an in�nite dimensional separable Hilbert spa
e. For surfa
es of anarbitrary �nite 
odimension, a result is announ
ed.Introdu
tionLet X = Rm and ∧(X) =
∧0(X) +

∧1(X) +
∧2(X) + ... be the exterior algebra. Aninner produ
t in ∧s(X) is introdu
ed for de
omposable skew-symmetri
 tensors by

(x|y) = (x1 ∧ ... ∧ xs|y1 ∧ ... ∧ ys) = (det(xi, yj))with a subsequent bilinear extension. Let f1, . . . , fs be smooth ve
tor �elds on X. Asusual, the exterior produ
ts (multive
tor �elds) f1 ∧ f2 ∧ · · · ∧ fs of 
olle
tions of ve
tor�elds are de�ned pointwise and, for s ≥ 2, de�ne a divergen
e of the multive
tor �eldby
div f1 ∧ f2 ∧ ... ∧ fs = (−1)s

[
s∑

l=1

(−1)l(div fl)f1 ∧ ... ∧ f̂l ∧ ... ∧ fs+

s∑

k=1

(−1)k+1

(
dfk
dx

f1 ∧ ... ∧ f̂k ∧ ... ∧ fs + ...+ f1 ∧ ... ∧ f̂k ∧ ... ∧
dfk
dx

fs

)]
, (1)where df

dx is the operator �eld ( ∂f
∂x1 , · · · , ∂f∂xs

)
=
(
∂f i

∂xj

), and f̂ means omitting the
orresponding ve
tor �eld in the formula.Let M be an orientable smooth surfa
e in X of 
odimension p with boundary ∂Mand an orientation on ∂M be 
hosen to agree with the orientation on M . Let now fj besmooth ve
tor �elds on X; nM (x) = n(x) = n1(x)∧ · · · ∧ nm−p (x) a normal normedmultive
tor on M , nj(x) ∈ (TxM)⊥ for x ∈M , whi
h agrees with the orientation on M ;
n∂M (x) a ve
tor �eld on ∂M , uniquely de�ned by the following 
onditions: a) n∂M (x) ∈
(TxM)⊥ ∩ TxM , b) n∂(x) = n1(x) ∧ · · · ∧ nm−p(x) ∧ n∂M (x) is a normal normedmultive
tor on ∂M that agrees with the orientation on ∂M . Finally, denote by dµM and
dµ∂M measures on the surfa
es M and ∂M , 
orrespondingly, indu
ed by the Lebesguemeasure on X.Statement 1. Using the above notations, the Poin
are�Stokes theorem takes thefollowing form:
∫

∂M

(
f1(x) ∧ ... ∧ fm−p+1(x) | n1(x) ∧ ... ∧ nm−p(x) ∧ n∂M (x)

)
dµ∂M =

∫

M

(div (f1(x) ∧ ... ∧ fm−p+1(x)) | n1(x) ∧ ... ∧ nm−p(x))dµM .The idea of the proof of this statement is not di�
ult and we do not give it here. Ofa fundamental importan
e is the fa
t that the embedding M →֒ X permits to 
onsider,instead of di�erential forms on M , multive
tors, more exa
tly, their 
omponents normalwith respe
t to M and to repla
e the exterior di�erential with the divergen
e operation.If the spa
e X is in�nite dimensional and the surfa
e M has �nite 
odimension, it ispossible to generalize the div operation. A prin
iple di�
ulty is that there is no aninvariant measure on X. This di�
ulty has been over
omed in [1℄.
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are�Stokes formula in an in�nite dimensional spa
e 107If the dimension is �nite, one 
an give another de�nition of div .Denote by 〈x|y∗〉 the pairing between elements of the spa
es ∧(X) and ∧(X∗); it isa bilinear operation that is de�ned for tensors x ∈ ∧s(X), y∗ ∈ ∧t(X∗) by
〈x|y∗〉 =

{
0, s 6= t,

det(xi, y
j∗), s = t.For u ∈ ∧(X), y∗ ∈ ∧(X∗), de�ne iu(y∗) by the formula

〈x|iu(y∗)〉 = 〈x ∧ u|y∗〉, ∀x ∈
∧

(X).These operations 
arry over to multive
tor �elds.If e∗ = dx1 ∧ · · · ∧ dxm, then the div operation on tensors in ∧(X) 
an be 
orre
tlyde�ned by the formula
idiv f (e

∗) = d(if (e
∗)).1. Surfa
e integralLet now H be a separable real Hilbert spa
e and µ a �nite measure de�ned on the

σ-algebra of Borel subsets of H.On a smooth surfa
e S of a �nite 
odimension in the H the measure µ indu
es asurfa
e measure µS . For surfa
es of the 
odimension 1 in an in�nite dimensional Hilbertspa
e the 
onstru
tion of a surfa
e integral was 
onsidered in [1℄ for the �rst time. In [2℄was proposed another approa
h to the problem. For our obje
ts it's more 
onvenient touse di�erent 
onstru
tion of the surfa
e integral, that is equivalent in the 
odimension1 to the integrals obtained in [1℄ and [2℄.De�ne a surfa
e S in H to be an open subset of the joint level surfa
e of a �nite
olle
tion of C2-fun
tions onH with bounded supports and having the se
ond derivativesuniformly bounded on H, S ⊂ {x|g1(x) = · · · = gn(x) = 1}.An additional 
ondition, inf
S

Γ(g′1(x), · · · , g′n(x)) > 0, where Γ(·) is the Grammdeterminant, implies that the 
odimension of the embedding of the surfa
e S does notdegenerate, codimS = n.It also follows from the 
onditions that S is bounded and the fun
tion Γ(·) is integrable,
Γ(·) ∈ L1(H,µ).Suppose now that the surfa
e S 
an be proje
ted in one-to-one way (orthogonally)onto an (open) subset of the spa
e L ⊂ H, PL : S → PLS ⊂ L, and denote by UL themapping inverse to PL (the �pull ba
k� operator), UL : PLS → S. The mapping UL issmooth by the impli
it fun
tion theorem.Let nL be a multive
tor normal to L, it is assumed to have norm one, and n(x) amultive
tor normal to S at the point x ∈ S. Let the 
ondition inf

S
|(n(x)|nL)| > 0 holds,whi
h 
an lo
ally be satis�ed.A

ording to [1℄, denote by Mµ the set of admissible translations of the measure µ.A ve
tor a ∈ H was 
alled in [1℄ an admissible dire
tion for the measure µ if λa ∈ Mµfor all λ > 0. If n = e1 ∧ · · · ∧ ep and all ve
tors ±e1, · · · ,±ep are admissible dire
tions,then the multive
tor n is 
alled an admissible dire
tion. We will assume that nL is anadmissible dire
tion.Similarly to [1℄, denote by µL⊥ the proje
tion of the measure µ on L⊥, µL theproje
tion of the measure µ onto L, ∼µ = µL⊥×µL, σ(·) = σn(·) the density of the measure

µL⊥ with respe
t to the Lebesgue measure on L⊥; for a ∈Mµ, ρµ(a, x) = dµa

dµ (x).Let i : Rn → L⊥ ∈ H be an Eu
lidean isomorphism. Then ∼
µ ≺ µ and, for all x ∈ H,

d
∼
µ

dµ
(x) = σ(PL⊥x)

∫

Rn

ρµ(i(~α), x)d~α. (2)A proof of this fa
t is an immediate 
orollary of the te
hnique developed in [1℄ §20.



108 Bogdansky Yu. V., Tsytsura P. V.Let tm(~s) be a δ-shape sequen
e of 
ompa
tly supported fun
tions on Rn at the point
~1 = (1, · · · , 1). More exa
tly,

1) tm ∈ C(Rn); tm(~s) ≥ 0, ~s ∈ Rn;

2)
∫
Rn

tm(~s) d~s = 1;

3) ∀ε > 0 ∃M ∀m ≥M, supp tm ⊂ {~s| ‖~s−~1‖ ≤ ε}.The 
onditions on the 
olle
tion of fun
tions {gk(·)} imply that there exist ε > 0 and
δ > 0 su
h that S ⊂ {x ∈ SL, δ|∀j : |gj(x)− 1| < ε}, where SL, δ = {x1 + x2|x1 ∈ S;x2 ∈
L⊥; ‖x2‖ < δ}.For a fun
tion f bounded and 
ontinuous on H, de�ne a surfa
e integral of f by theformula ∫

S

f(x)dµS = lim
m→∞

∫

SL, δ

f(x)tm(g1(x), ..., gn(x))
√

Γ(g′1(x), ..., g
′
n(x)) dµ. (3)Let us also assume the following:a) the fun
tion x 7→

∫
Rn

ρµ(i(~α), x)d~α is 
ontinuous and bounded from below on
PLS by a positive 
onstant;b) inf
x∈S

|(n(x) | nL)| > 0, where n(x) is a normed normal multive
tor.Theorem 1. Formula (3) is well-de�ned, that is, the limit in the right-hand side exists,does not depend on a 
hoi
e of the sequen
e {tm} and a 
olle
tion of the fun
tions
{g1, · · · , gn} that de�ne the surfa
e. We also have that

∫

S

f(x)µS(dx) =

∫

PLS

f(ULx)∫
Rn

ρµ(i(~α), ULx)d~α |(n(ULx) | nL)| µL(dx). (4)Äîêàçàòåëüñòâî. Let us transform the integral in the right-hand side of (3) using (2),
∫

SL, δ

f(x)tm(g1(x), ..., gn(x))
√

Γ(g′1(x), ..., g
′
n(x))dµ

=

∫

PLS

∫

Bδ

f(·)tm(g1(·), ..., gn(·))
√

Γ(g′1(·), ..., g′n(·))
σ(x2)

∫
Rn

ρµ(i(~α), ·)d~α
∣∣∣
ULx1+x2

dµL⊥ dµL.Here Bδ is a δ-neighborhood of 0 in the spa
e L⊥.Sin
e supports of the δ-shape sequen
e 
ontra
t to ~1, without loss of generality, theinner integral 
an be taken over the whole spa
e L⊥. Hen
e, the right-hand side of (3)be
omes
∫

PLS

dµL

∫

Rn

f(·)tm(g1(·), ..., gn(·))
√

Γ(g′1(·), ..., g′n(·))∫
Rn

ρµ(i(~α), ·)d~τ
∣∣∣
ULx+i(~τ)

d~τ .If we will prove that
∫

Rn

tm(g1(·), · · · , gn(·))
√

Γ(g′1(·), · · · , g′n(·))
∣∣∣
ULx+i(~τ)

d~τ →
m→∞

1

|(n(ULx)|nL)| (5)for all x ∈ PLS, then we would have that
hm(x) =

∫

Rn

f(·)tm(g1(·), · · · , gn(·))
√

Γ(g′1(·), · · · , g′n(·))∫
Rn

ρµ(i(~α), ·)d~α
∣∣∣
ULx+i(~τ)

d~τ

→
m→∞

f(ULx)∫
Rn

ρµ(i(~α), ULx)d~τ · |(n(ULx)|nL)|
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e 109everywhere on PLS.The 
onditions imposed on the fun
tions f , ρµ, and {gk} allow to 
on
lude that thefun
tions hm are measurable and uniformly bounded on PLS and, hen
e, applying theLebesgue theorem shows that the sequen
e in the right-hand side of (3) 
onverges and (4)holds.Let us now pass to a proof of (5).Make a 
hange of variables,
1 =

∫

Rn

tm(~s)d~s =

∫

Rn

tm(~g(ULx+ i(~τ))) ·
∣∣∣∣det

∂~g

∂~τ
(~τ)

∣∣∣∣ d~τ.Denote by ~g ′(·) the multive
tor g′1(·) ∧ ... ∧ g′n(·). Then is not di�
ult to 
he
k that
det

∂~g

∂~τ
(~τ) = (~g ′(ULx+ i(~τ))|nL).Hen
e, for all m, ∫

Rn

tm(~g(ULx+ i(~τ))) ·
∣∣(~g ′(ULx+ i(~τ))|nL

)∣∣ d~τ = 1. (6)Fix x ∈ PLS and 
onsider the fun
tion
Gx(~τ) =

√
Γ(ULx+ i(~τ)) |(n(ULx)|nL)| −

∣∣(~g ′(ULx+ i(~τ))|nL)
∣∣ .Then Gx(~0) = 0. Indeed, the multive
tors ~g ′(ULx) and ~n(ULx) are 
ollinear and themodulus of the 
ollinearity 
oe�
ient is the volume of the parallelepiped 
onstru
ted onthe ve
tors g′1(ULx), · · · , g′n(ULx), whi
h is √Γ(ULx).The fun
tion Gx(~τ) is 
ontinuous and, hen
e, for a δ-shape sequen
e tm with supports
ontaining ~1, we have ∫

Rn

tm(~g(ULx+ i(~τ))) ·Gx(~τ) d~τ →
m→∞

0.Comparing this with (6) we get (5).Sin
e we have two expressions (3) and (4) for ∫
S

f dµS , the se
ond of whi
h dependsneither on the sequen
e {tm} nor on the 
olle
tion {g1, · · · , gn}, using a standardargument we see that formula (3) does not depend on {tm} and {gk}. �Remark 1. The same argument shows that the right-hand side of (3) does not dependon δ > 0. More involved 
onsiderations show that the found quantity does not, in fa
t,depend on the 
hoi
e of the admissible spa
e L.Remark 2. It follows from (4) that, on the surfa
e, there is a measure de�ned on the
σ-algebra of Borel subsets of S and the surfa
e integral is de�ned for all measurablefun
tions on S for whi
h the right-hand side of (4) makes sense.Remark 3. In the 
ase where the surfa
e S 
an be given as a �nite or a 
ountable unionof parts ea
h of whi
h satis�es the 
ondition for formula (3) to be applied, the surfa
eintegral 
an be de�ned on the whole surfa
e via the additivity prin
iple. In parti
ular,if the surfa
e S is de�ned as a level surfa
e 
ommon to a system of smooth fun
tions,

S = {x | g1(x) = · · · = gm(x) = 1},and the fun
tions gk satisfy the 
onditions mentioned above, then S 
an be split intoa 
ountable number of parts ea
h of whi
h admits a one-to-one proje
tion onto somesubspa
e L ⊂ H. In su
h a 
ase, the formula∫

S

f(x)dµS = lim
m→∞

∫

H

f(x)tm(g1(x), ..., gn(x))
√

Γ(g′1(x), ..., g
′
n(x))dµ. (7)
an be obtained, for example, by applying the 
orresponding partition of the identityte
hnique [3℄.
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are�Stokes formula for a surfa
e of 
odimension 2Let S be a surfa
e of 
odimension 1 in a Hilbert spa
e H with a measure µ, S ⊂
{x | g1(x) = 1}, ∂S = {x | g1(x) = g2(x) = 1}, and the fun
tions g1 and g2 satisfy the
onditions in Se
tion 2 for the integrals over S and ∂S to be de�ned.Theorem 2. If the surfa
e S and ∂S satisfy the above mentioned 
onditions, then forany fun
tion f bounded on H and a sequen
e of δ-shape fun
tions tm (see Se
tion 2),we have ∫

∂S

f(x)dµ∂S = lim
m→∞

∫

S

f(x)hm(x)dµS , (8)where
hm(x) = tm(g2(x))

√
Γ(g′1(x), g

′
2(x))

‖g′1(x)‖
. (9)Äîêàçàòåëüñòâî. Consider a portion of the surfa
e ∂S that admits a one-to-one proje
tiononto a 
odimension 2 subset of the spa
e L2 su
h that the interse
tion of an ε-neighborhoodof this part of ∂S with the surfa
e S is proje
ted in a one-to-one way onto a subset of a
odimension 1 subspa
e L1 ⊃ L2. In virtue 
ondition 3) on 
ontra
tions of the supportsof the fun
tions tm to a point and Remark 3, it is su�
ient to obtain formulas (8) and (9)lo
ally. This portion of ∂S will still be denoted by ∂S and a strip of S in a vi
inity of

∂S will be denoted as before by SIf PL1 and PL2 are 
orresponding orthogonal proje
tion operators, then PL2 = PL1
L2

◦
PL1 , where PL1

L2
is the operator of proje
tion onto L2 in L1, and PL1(∂S) = ∂(PL1S)in the appropriate notations. Let the symbols UL1 , UL2 , UL1

L2
denote the 
orrespondinglifting operators (UL1

L2
: PL2(∂S) → PL1(∂S)). Here, ∂(PL1S) = PL1S ∩ {x ∈ L1 | (g2 ◦

UL1(x) = 1} for a smooth fun
tion g2 ◦ UL1 .It follows from (4) that
∫

∂S

f(x)dµ∂S =

∫

PL2
∂S

f(UL2x)∫
R2

ρµ(i(~α), UL2x)d~α · |(n∂(UL2x)|nL2)|
dµL2 . (10)On the other hand, Theorem 1 gives

lim
m→∞

∫

S

f(x)hm(x)dµS = lim
m→∞

∫

PL1
S

f(UL1x)hm(UL1x)∫
R

ρµ(αnL1 , UL1x)dα· |(nS(UL1x), nL1)|
dµL1 =

= lim
m→∞

∫

PL1
S

f(UL1x)
√

Γ(g′1(UL1x), g
′
2(UL1x)) · tm((g2 ◦ UL1)x)

∥∥(g2 ◦ UL1)
′x
∥∥

∫
R

ρµ(αnL1 , UL1x)dα· |(nS(UL1x), nL1)| · ‖g′1(UL1x)‖ ·
∥∥(g2 ◦ UL1)

′x
∥∥dµL1 .Again, applying Theorem 1 to the 
orresponding fun
tion on the spa
e L1, we see thatthe latter limit exists and equals

∫

PL2
∂S

f(UL2x)
√

Γ(g′1(UL2x), g
′
2(UL2x))∫

R

ρµ(αnL1 , UL2x)dα· |(nS(UL2x), nL1)| · ‖g′1(UL2x)‖ ·
∥∥∥(g2 ◦ UL1)

′(UL1
L2
x)
∥∥∥

· 1
∫
R

ρµL1
(β · nL1

L2
, UL1

L2
x)dβ ·

∣∣∣(nL1
∂PL1

S(UL1
L2
x), nL1

L2
)
∣∣∣
dµL2 . (11)Here nL1

∗ denote normal ve
tors in the spa
e L1.The equality of the expressions (10) and (11) follows from equalities that are easilyto 
he
k: for x ∈ L2,∫

R2

ρµ(i(~α), UL2x)d~α =

∫

R

ρµ(α · nL1 , UL2x)dα·
∫

R

ρµL1
(β · nL1

L2
, UL1

L2
x)dβ; (12)
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1

|(n∂(UL2x)|nL2)|
=

√
Γ(g′1(UL2x), g

′
2(UL2x))

|(nS(UL2x), nL1)| · ‖g′1(UL2x)‖

· 1∥∥∥(g2 ◦ UL1)
′(UL1

L2
x)
∥∥∥ ·
∣∣∣(nL1

∂PL1
S(UL1

L2
x), nL1

L2
)
∣∣∣
. (13)

�Remark 4. Assuming that the proje
tions of S and ∂S to L1 and L2 ⊂ L1, 
orrespondingly,are one-to-one, it follows from the proof of the theorem that
∫

∂S

f dµ∂S =

∫

∂(PL1
S)

f(UL1x)∫
R

ρµ(αnL1 , UL1x)dα·
∣∣∣(n∂(UL1x)|nL1 ∧ n∂(PL1

S)(x))
∣∣∣
dµ∂(PL1

S).(14)Indeed, by (10) and (12) we get
∫

∂S

f dµ∂S =

∫

PL2
(∂S)

f(UL2x)∫
R

ρµ(α · nL1 , UL2x)dα ·
∫
R

ρµL1
(β · nL1

L2
, UL1

L2
x)dβ · |(n∂(UL2x)|nL2)|

dµL2

=

∫

P
L1
L2
∂(PL1

S)

f(UL1U
L1
L2
x)

∫
R

ρµ(α · nL1 , UL1U
L1
L2
x)dα ·

∫
R

ρµL1
(β · nL1

L2
, UL1

L2
x)dβ

· 1∣∣∣(nL1

∂(PL1
S)(U

L1
L2
x), nL1

L2
)
∣∣∣ ·
∣∣∣(n∂(UL2x)|nL1 ∧ n∂(PL1

S)(U
L1
L2
x))
∣∣∣
dµL2

=

∫

∂(PL1
S)

f(UL1x)∫
R

ρµ(αnL1 , UL1x)dα·
∣∣∣(n∂(UL1x)|nL1 ∧ n∂(PL1

S)(x))
∣∣∣
dµ∂(PL1

S).The identity
|(n∂(UL2x)|nL2)| =

∣∣∣(nL1

∂(PL1
S)(U

L1
L2
x), nL1

L2
)
∣∣∣ ·
∣∣∣(n∂(UL2x)|nL1 ∧ n∂(PL1

S)(U
L1
L2
x))
∣∣∣is obtained from the simple geometri
al 
onsiderations.The sought formula in 
odimension 2 has the following form:

∫

∂S

(f1(x) ∧ f2(x)|nS(x) ∧ n∂S(x))dµ∂S

=

∫

S

(div (f1(x) ∧ f2(x)) + lµ(f1(x), x)f2(x) − lµ(f2(x), x)f1(x), nS(x))dµS (15)Here fk(·) are smooth ve
tor �elds; the divergen
e of the bive
tor �eld f1(·) ∧ f2(·) isgiven by (1) for s = 2,
div (f1(x) ∧ f2(x)) = −Tr f ′1(x) · f2(x) + Tr f ′2(x) · f1(x) + f ′1(x)f2(x) − f ′2(x)f1(x).

nS(x) is the normal to the surfa
e S; {nS(x), n∂S(x)} is an orthonormal base in thespa
e normal to ∂S at the point x. For x ∈ ∂S, the normal ve
tor n∂S(x) is dire
tedoutward with respe
t to S (the agreement of the orientations). lµ(a;x) is the logarithmi
derivative of the measure µ in the dire
tion a at the point x.In the 
ourse of obtaining formula (15) we will obtain additional su�
ient 
onditionson the ve
tor �elds, the measure, and the surfa
e.Let us �rst 
onsider the 
ase f1(x)∧f2(x) = f(x)a∧b, where f is a number C1-fun
tionon H, a and b are �xed orthonormal ve
tors.
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e S 
an be proje
ted onto the subspa
e L = La = (a)⊥in a one-to-one way su
h that a, more exa
tly ±a, is an admissible dire
tion. By (14)we have
∫

∂S

(f(x)a ∧ b|nS(x) ∧ n∂S(x))dµ∂S

=

∫

∂PLS

(f(ULx)a ∧ b|nS(ULx) ∧ n∂S(UL(x)))∫
R

ρµ(τa, ULx)dτ · |(nS(UL(x)) ∧ n∂S(ULx)|a ∧ n∂PLS(x))|dµ∂PLS , (16)where n∂(PLS) is a ve
tor normal to ∂(PLS) in L.Lemma 1. We have the following:
|(nS ∧ n∂S |a ∧ n∂PLS)| =

√
(nS , a)2 + (n∂S , a)2, (17)

nS ∧ n∂S = nS ∧ n∂PLS
|(nS ∧ n∂S |a ∧ n∂PLS)|

(nS , a)
. (18)For x ∈ ∂(PLS), denote

s(x) = sign (nS(ULx) ∧ n∂S(ULx)|a ∧ n∂PLS(x)).Then by using Lemma 1 and sin
e a and n∂(PLS) are orthogonal, the right-hand sideof (16) 
an be rewritten as
∫

∂PLS

(f(ULx)a ∧ b|nS(ULx) ∧ n∂S(ULx))∫
R

ρµ(τa, ULx)dτ · |(nS(ULx) ∧ n∂S(ULx)|a ∧ n∂PLS(x))|dµ∂PLS

=

∫

∂PLS

(f(ULx)a ∧ b|nS(ULx) ∧ n∂PLS(x))∫
R

ρµ(τa, ULx)dτ · (a, nS(ULx))
s(x)dµ∂PLS

=

∫

∂PLS

f(ULx) · ((a, nS(ULx)) · (b, n∂(PLS)(x)) − (b, nS(ULx)) · (a, n∂PLS(x)))∫
R

ρµ(τa, ULx)dτ · (a, nS(ULx))
·

s(x)dµ∂PLS

=

∫

∂PLS

f(ULx) · (b, n∂PLS(x))∫
R

ρµ(τa, ULx)dτ
s(x)dµ∂PLS

=

∫

∂PLS

(
f(ULx)∫

R

ρµ(τa, ULx)dτ
b, s(x)n∂PLS(x))dµ∂PLS .If the ve
tor a is 
hosen su
h that (a, nS(x)) > 0 on S, then sin
e the orientationsof S and ∂S agree, it follows that s(x) = 1 and, hen
e, we 
an apply formula (6) from

§ 28 [1℄, whi
h is a generalization of the Gauss�Ostrogradsi�� formula, to get for the latterexpression the following:
∫

PLS

Tr (
f(ULx)∫

R

ρµ(τa, ULx)dτ
b)′ − lµL(

f(ULx)∫
R

ρµ(τa, ULx)dτ
b, x)dµL. (19)The dire
tional derivative of a measure is understood in the sense of [1℄, whi
h
orresponds to the weak derivative of the measure in the sense of [4℄, [5℄.Lemma 2. 1) If there exists lµ(b, ·), then there is lµL(b, ·) on L and

lµL(b, x) =

∫

R

lµ(b, x+ τa)∫
R

ρµ(αa, x+ τa)dα
dτon L.
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e 1132) If there exists ρµ(b, ·), then there is ρµL(b, ·) on L and
ρµL(b, PLx) =

∫
R

ρµ(τa, x− b) dτ

∫
R

ρµ(αa, x)dα
ρµ(b, x)on H.The generalized Gauss�Ostrogradski�� formula from [1℄ was used for a ve
tor �eld of theform g(x)b. Although the surfa
e integral in the paper is de�ned di�erently as 
omparedwith [1℄, formula (4), in the 
ase of 
odimension 1, remains true, and pre
isely thisformula was used in [1℄ for obtaining the generalized Gauss-Ostrogradski�� formula. Hen
e,using the result of Lemma 2, appli
ability of this formula follows from the following
onditions, assumed in addition to the 
onditions formulated in Se
tion 2:1) f(x) is a C1-fun
tion on H;2) there exists (∫

R

ρµ(τa, x)dτ

)′

b

∈ L1(H,µ);3) the fun
tion lµ(b, x) is de�ned and lµL(b, x− λb) is 
ontinuous with respe
t to λfor almost all x (mod µ).Lemma 3. In addition to the above assumptions let the following hold:1) the fun
tion ρµ(·, ·) is bounded on bounded sets;2) the fun
tion lµ(a, x) is de�ned and lµ(a, x− λa) is 
ontinuous with respe
t to λfor almost all x (mod µ);3) the fun
tion F (x) =
∫
R

ρµ(τa, x)dτ is di�erentiable uniformly in the dire
tion bon bounded subsets of H, that is, for every bounded set B ⊂ H, the sequen
e
1
λ(F (x+ λb) − F (x)) 
onverges to F ′

b(x) uniformly in x ∈ B for λ→ 0.Then we have the following almost everywhere on H:

1

/ ∞∫

−∞

ρµ(τa, x)dτ




′

b

= (lµL(b, PLx) − lµ(b, x))

/ ∞∫

−∞

ρµ(τa, x)dτ,

∃




∞∫

−∞

ρµ(τa, x)dτ




′

a

=

∞∫

−∞

ρµ(τa, x)dτ · lµ(a, x).Lemma 4. For x ∈ L, we have that
(f ◦ UL)′(x, b) = f ′(ULx, b) −

(b, nS(ULx))

(a, nS(ULx))
f ′(ULx, a).(Here and in the sequel, f ′(x, b) = f ′b(x) denotes the derivative of the fun
tion f at thepoint x in the dire
tion of b.)By using Lemma 4 and linearity almost everywhere with respe
t to the �rst argument,let us transform the integrand in (19) as follows:

Tr (
f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

b)′ − lµL(
f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

b, x)

= Tr (
f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

b)′ − f(ULx)
∞∫

−∞
ρµ(τa, ULx)dτ

lµL(b, x)

= (
f(·)

∞∫
−∞

ρµ(τa, ·)dτ
)′(ULx, b) −

(b, nS(ULx))

(a, nS(ULx))
(

f(·)
∞∫

−∞

ρµ(τa, ·)dτ
)′(ULx, a)
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− f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

lµL(b, x).By Lemma 3, the above expression be
omes
f ′(ULx, b)

∞∫
−∞

ρµ(τa, ULx)dτ

− f(ULx)

(
∞∫

−∞
ρµ(τa, ULx)dτ)2

(

∞∫

−∞

ρµ(τa, ·)dτ)′(ULx, b)

− (b, nS(ULx))

(a, nS(ULx))
(

f ′(ULx, a)
∞∫

−∞
ρµ(τa, ULx)dτ

− f(ULx)

(
∞∫

−∞
ρµ(τa, ULx)dτ)2

(

∞∫

−∞

ρµ(τa, ·)dτ)′(ULx, a))

− f(ULx)

(
∞∫

−∞

ρµ(τa, ULx)dτ)2
(

∞∫

−∞

ρµ(τa, ULx)dτ · lµ(b, ULx) − (

∞∫

−∞

ρµ(τa, ·)dτ)′(ULx, b))

=
f ′(ULx, b) − lµ(b, ULx)f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

− (b, nS(ULx))

(a, nS(ULx))

f ′(ULx, a) − lµ(a, ULx)f(ULx)
∞∫

−∞
ρµ(τa, ULx)dτ

.(20)Let us transform the right-hand side of (15). First note that the value of the �rst termin div (f1(x) ∧ f2(x)) does not depend on a de
omposition of the bive
tor ω into ω =
f1(x) ∧ f2(x). Be
ause of (modµ)-linearity of lµ(·, ·) with respe
t to the �rst argument,the value of lµ(f1(x), x)f2(x)− lµ(f2(x), x)f1(x) does not depend on the de
ompositiontoo.Hen
e, we 
an take that f1(x) = f(x)a, f2(x) = b, where f(x) is the 
onsidered abovesmooth s
alar fun
tion on H. Then

div (f1(x) ∧ f2(x)) = −Tr
[
(f(x)a)′

]
b+ (f(x)a)′b = −f ′(x, a)b+ f ′(x, b)a;

lµ(f1(x), x)f2(x) − lµ(f2(x), x)f1(x) = f(x)(lµ(a, x)b− lµ(b, x)a) (mod µ).Sin
e the orientations of S and ∂S agree, re
all that (a, nS(x)) > 0 on S. Hen
e, withthe use of (4) the right-hand side of (15) be
omes
∫

S

(f ′(x, b) − lµ(b, x)f(x)) · (a, nS(x)) − (f ′(x, a) − lµ(a, x)f(x)) · (b, nS(x))dµS

=

∫

PLS



f ′(ULx, b) − lµ(b, ULx)f(ULx)

∞∫
−∞

ρµ(τa, ULx)dτ

− (b, nS(ULx))

(a, nS(ULx))

f ′(ULx, a) − lµ(a, ULx)f(ULx)
∞∫

−∞

ρµ(τa, ULx)dτ


 dµL,where the integrand 
oin
ides with the fun
tion in (20). This proves formula (15) for thebive
tor �eld of the form f(x)a ∧ b.Both sides of formula (14) are additive with respe
t to S and, hen
e, this formularemains valid if the surfa
e S is split into a �nite or a 
ountable number of parts ea
hof whi
h 
an be proje
ted in a one-to-one way onto La = (a)⊥. Sin
e both sides offormula (15) depend linearly on the bive
tor �eld, the result remains true if the ve
tor�elds f1(x) and f2(x), whi
h de�ne the bive
tor f1(x) ∧ f2(x), belong to a �xed �nitedimensional subspa
e Nn with Nn ⊂ Mµ for every x ∈ H. We assume that the surfa
e
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S satis�es the following additional 
ondition: for all a ∈ Nn it 
an be subdivided into a�nite or a 
ountable number of parts ea
h of whi
h 
an be proje
ted onto La = (a)⊥ ina one-to-one way.For a bive
tor �eld f1(x) ∧ f2(x) de�ned by a smooth bounded ve
tor �elds f1 and
f2 su
h that f ′1(·) and f ′2(·) are �elds of nu
lear operators, following [1℄ we assume thatthere exists an in
reasing 
hain of �nite dimensional subspa
es Nn su
h that the union
N =

∞⋃
n=1

Nn is dense in H and N ⊂ Mµ. For every n, the subspa
e Nn has the abovementioned property. For all a ∈ N , lµ(a, x) is de�ned and measurable with respe
t to
x. Then the bive
tor �eld Pnf1(x) ∧ Pnf2(x) satis�es (15), where Pn is an orthogonalproje
tion onto Nn, and
∫

∂S

(Pnf1(x) ∧ Pnf2(x)|nS(x) ∧ n∂S(x))dµ∂S

=

∫

S

(−Tr
(
Pnf

′
1(x)

)
· Pnf2(x) + Tr

(
Pnf

′
2(x)

)
· Pnf1(x)

+ Pnf
′
1(x)Pnf2(x) − Pnf

′
2(x)Pnf1(x)

+ lµ(Pnf1(x), x) · Pnf2(x) − lµ(Pnf2(x), x) · Pnf1(x), nS(x))dµS .Sin
e N is dense in H, Pnfk(x) → fk(x) and Tr (Pnf
′
k(x)) → Tr (f ′k(x)) 
onvergeeverywhere on H. However, we need a 
ondition that would imply that we 
an pass tothe limit.Let us now gather su�
ient 
onditions for appli
ability of formula (15), 
ounting theresult of A. V. Skorokhod [1℄.1. The surfa
e S of 
odimension 1 and its boundary ∂S satisfy the 
onditionsimposed in Se
tion 2, whi
h permit to 
orre
tly introdu
e µS and µ∂S and havethe orientations that agree in the above sense.2. There exists an in
reasing sequen
e of �nite dimensional subspa
es Nn su
h thattheir union, N , is dense in H and N ⊂Mµ.3. The ve
tor �elds f1(x), f2(x) are C1 on H; fk(x) ∈ N for almost all x(mod µ);

Tr f ′k(x) exists for almost all x(modµ); fk, ‖f ′k(x)‖, Tr f ′k(x) are bounded on Hor in a neighborhood of the surfa
e S.4. The fun
tion ρµ(·, ·) is bounded on all bounded sets; the fun
tion ∫
R

ρµ(τa, x)dτis 
ontinuous on H, inf
x∈H

∫
R

ρµ(τa, x)dτ > 0, for all a ∈ N .5. The fun
tion lµ(a, ·) is de�ned on H for every a ∈ N and for all b ∈ N, b ⊥ a,the fun
tions lµ(a, x− λa), lµ
(a)⊥

(b, x− λb) are 
ontinuous with respe
t to λ foralmost all x (modµ).6. For all a, b ∈ N, a ⊥ b, there exists (∫
R

ρµ(τa, x)dτ

)′

b

∈ L1(H,µ), and F (x) =
∫
R

ρµ(τa, x)dτ is di�erentiable uniformly with respe
t to the dire
tion b on boundedsubsets of H, that is, for every bounded set B ⊂ H, the sequen
e 1
λ(F (x+λb)−

F (x)) 
onverges to F ′
b(x) for λ→ 0 uniformly in x ∈ B.7. The sequen
e of fun
tions |lµ(Pnfk(x), x)| is uniformly integrable with respe
tto the measure µ on H, or in a neighborhood of the surfa
e S.8. For every a ∈ N , the surfa
e S 
an be split into a �nite or a 
ountable numberof parts ea
h of whi
h is proje
ted onto La = (a)⊥ in a one-to-one way.Theorem 3. If 
onditions 1�8 are satis�ed, then both sides of identity (14) make senseand formula (15) holds.
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are�Stokes formula for a surfa
e of finite
odimensionLet us introdu
e the following notations:
(div µf) (x) = Tr f ′(x) − lµ(f(x), x),where f is a ve
tor �eld on H;

div µ(f1 ∧ · · · ∧ fm) = (−1)m(
m∑

k=1

(−1)k(div µfk)f1 ∧ · · · ∧ f̂k ∧ · · · ∧ fm

+
m∑

k=1

(−1)k+1
∑

j 6=k

f1 ∧ · · · ∧ fj−1 ∧
dfk
dx

fj ∧ · · · ∧ f̂k ∧ · · · ∧ fm),where f = f1 ∧ · · · ∧ fm is a multive
tor �eld on H.Then using (1) we have
div µ(f1 ∧ · · · ∧ fm) = div (f1 ∧ · · · ∧ fm)+

+(−1)m+1
m∑

k=1

(−1)klµ(fk(x), x)f1 ∧ · · · ∧ f̂k ∧ · · · ∧ fm.If S is a smooth surfa
e in H of 
odimension m − 1 with boundary ∂S, n(x) =
n1(x) ∧ · · · ∧ nm−1(x) is a multive
tor formed from an orthonormal basis in (TxS)⊥,
n∂S(x) is an outer normal �eld to ∂S in S, n∂S(x) ∈ (Tx(∂S))⊥, n∂(x) = n(x)∧n∂S(x),then, making some te
hni
al assumptions on S, µ, f , we have the following formula:∫

∂S

(f |n∂) dµ∂S =

∫

S

(div µf |n) dµS .Referen
es[1℄ A. V. Skorokhod, Integration in a Hilbert spa
e, Nauka, Mos
ow, 1975. (Russian).[2℄ A. V. Uglanov, Integration on in�nite-dimensional surfa
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ademi
 Publishers, Dordre
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tion to di�erentiable manifolds, , Columbia University, New York, 1962.[4℄ V. I. Averboukh, O. G. Smoluanov, S. V. Fomin, Di�erentiable measures, Generalized fun
tions anddi�erentiable equations in linear spa
es, Trudy Mosk. Mat. Obsh
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es,Nauka, Mos
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Freyberg I.A., Melnikova I.V.RELATIONS BETWEEN MODERN AND CLASSICALSEMIGROUPSClassi�
ation of '
lassi
al' semigroups: strongly 
ontinuous, of 
lass C0,C,C(k),A,and growth order α, and 'modern' ones: integrated, 
onvoluted, and R-semigroups is
onstru
ted a

ording to behavior of their generators.1. Introdu
tionIn the end of last 
entury we 
ould see sharp in
rease of interest to investigation ofsolving operators to the abstra
t Cau
hy problem
u′(t) = Au(t), t ∈ [0;T ), T ≤ ∞, u(0) = f, (1)as well as to some others operators related to (1) in Bana
h and lo
ally 
onvexspa
es. There were introdu
ed new families of operators 
alled integrated semigroups,

R-semigroups and 
onvoluted semigroups [1, 2, 3, 4, 5, 6℄. Natural development of thesesemigroups theory led to the problem of setting relations between new semigroup families[11, 13℄ and between these semigroups and well-studied semigroups of 
lass C0 [8℄.In the present paper we made an attempt to 
onstru
t 
lassi�
ation of semigroupsby ordering semigroups of 
lass C0 and those without property of strong 
ontinuity atzero with modern semigroups. The last-named being not semigroups upon a whole are
losely related to semigroups of solving operators and turn out to be important for manyappli
ations.The basi
 part of the paper presents a s
heme of relations between semigroupsmentioned above upon to in
lusions of their generators; that is se
tion 3. In se
tion 2ne
essary de�nitions and properties of semigroups are given. Se
tion 4 presents proof ofthe in
lusions. Examples reading the stru
ture of in
lusions and some semigroup 
lassesnonemptiness 
omplete the paper.2. Ne
essary definitions and properties of semigroupsDe�nition 1. A family of bounded linear operators {U(t), t > 0} a
ting on a Bana
hspa
e X and satisfying the 
onditions(U1) U(t+ h) = U(t)U(h), t, h ≥ 0; U(0) = I;(U2) U(·) is an operator�fun
tion strongly 
ontinuous with respe
t to t > 0;is 
alled a strongly 
ontinuous semigroup. Operator de�ned by the equality:
U ′(0)f = lim

h→0
h−1(U(h) − I)f, DomU ′(0) =

{
f ∈ X : ∃ lim

h→0
h−1(U(h) − I)f

}
,is 
alled an in�nitesimal operator, it is 
losable and A := U ′(0), is 
alled an(in�nitesimal) generator of the family {U(t), t > 0}.If the operator fun
tion U(·) strongly 
ontinuous with respe
t to t ≥ 0, it is 
alled asemigroup of 
lass C0. Su
h semigroups and only they are bounded in the neighborhoodof zero [7℄.Now we introdu
e semigroups where the 
ondition of strong 
ontinuity at t ≥ 0(equivalent to strong 
ontinuity at t = 0) is repla
ed by 
ertain weaker 
onditions.De�nition 2. Let ∫ 1

0 ‖U(t)f‖ dt < ∞, f ∈ X. If U(·) is Cesaro�summable (C�summable): lim
η→0

C(η)f = f, f ∈ X, where C(η)f :=
1

η

η∫

0

U(s)f ds, it is 
alled a
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lass C; if Abel�summable (A�summable): limλ→∞ λŨ(λ)f = f, f ∈ X,where Ũ(λ)f :=

∞∫

0

e−λtU(t)f dt, λ ∈ R, then a semigroup of 
lass A.It is known that for any strongly 
ontinuous in t > 0 semigroup the generator isdense in X0 :=
⋃
t>0 U(t)[X], and for semigroups mentioned above X0 is dense in X[7℄. Hen
e A is densely de�ned. Besides, if X0 = X, then due to Bana
h�Steinhousetheorem, behavior at zero of semigroup of 
lass C0,C, and A is relatively des
ribed asfollows:

‖U(t)‖ =t→0 O(1), ‖C(η)‖ =η→0 O(1), ‖Ũ(λ)‖ =λ→∞ O (1/λ) . (2)For semigroups of 
lass C(k) and semigroups of growth order α de�ned below, X0 = Xis taken as the preset 
ondition. These semigroups, similar to semigroups of 
lass C and
A, are not bounded in a neighborhood of zero and their main property is de�ned bytheir spe
ial behavior at zero.De�nition 3. Let X0 = X. A semigroup {U(t), t ≥ 0} is 
alled a semigroups of 
lass
C(k) if(1) ∃w : ∀λ > w, operator Ũ(λ) is de�ned on X0 and invertible;(2) DomAk) ⊂ Σ = {f ∈ X : limt→+0 U(t)f = f}.A semigroup {U(t), t ≥ 0} is 
alled a semigroup of growth order α (α ≥ 0) if(1) ∀t > 0, U(t)f = 0 ⇒ f = 0,(2) ‖tαU(t)‖ is bounded as t→ +0.In the general 
ase a semigroup of solving operators to the Cau
hy problem (1) maybe not only unbounded in a neighborhood of zero, but be de�ned not on the whole X.In this 
ase some new families of operators modifying the family of solving operators areintrodu
ed. They smooth solving operators in t (integrated and 
onvoluted semigroups)or 
orre
t them by a 
ertain operator R in X (R-semigroups).De�nition 4. A one parameter family of linear bounded operators {V (t), t ∈ [0, τ)}, τ ≤
∞, a
ting on a Bana
h spa
e X is 
alled an n-times integrated semigroup if(V1) 1

(n−1)!

∫ t
0 [(s− r)n−1V (t+ r) − (t+ s− r)n−1V (r)]dr = V (t)V (s),

t, s, t+ s ∈ [0, τ), V (0) = 0;(V2) the operator�fun
tion V (·) is strongly 
ontinuous in t ∈ [0, τ);(V3) (∀t ∈ [0, τ), V (t)f = 0) ⇒ f = 0.As it is well-known, all strongly 
ontinuous semigroups are exponentially bounded(that is ∃M > 0, a, ω ∈ R : ‖U(t)‖ ≤ Meωt, t > a). The introdu
ed integratedsemigroups as well as introdu
ed below 
onvoluted ones and R-semigroups may be notexponentially bounded, moreover they 
an be de�ned only lo
ally.A semigroup {V (t), t ∈ [0, τ)} is 
alled exponentially bounded if τ = ∞ and
‖V (t)‖L(X) ≤Meωt, t ≥ 0,for 
ertain M > 0, ω ∈ R. It is 
alled lo
al if τ <∞.The generator of an exponentially bounded n-times integrated semigroup is de�nedas follows. A := λI − r(λ)−1, ℜλ > ω, where r(λ) =

∫∞
0 eλtV (t)dt. The generator of alo
al one is de�ned as the parti
ular 
ase from de�nition 5 given below.De�nition 5. Let A be a linear 
losed operator on X. Let R(t) be an integrable on

[0, τ), τ ≤ ∞, operator fun
tion. A strongly 
ontinuous with respe
t to t ∈ [0, τ) familyof linear bounded operators {Q(t), t ∈ [0, τ)} a
ting on X and satisfying equations
A

t∫

0

Q(s)f ds = Q(t)f −
t∫

0

R(s)f ds, f ∈ X, t ∈ [0, τ), (3)
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t∫

0

Q(s)Af ds = Q(t)f −
t∫

0

R(s)f ds, f ∈ DomA, t ∈ [0, τ), (4)is 
alled a regularized (R�regularized) semigroup of operators generated by A, in addition
A is 
alled the generator of the family {Q(t), t ∈ [0, τ)}.A R�regularized semigroup is 
alled nondegenerate if Q(t)f = 0 for every t ∈ (0; τ)implies f = 0.If R(t) = k(t)I, where k is R�valued 
ontinuous fun
tion, an R-regularized semigroupis 
alled k�
onvoluted semigroup of operators generated by A.De�nition 6. A family of linear bounded operators {S(t), t ∈ [0, τ)}, τ ≤ ∞, a
ting on
X and satisfying 
onditions(R1) S(t+ s)R = S(t)S(s), s, t, s+ t ∈ [0, τ); S(0) = R;(R2) operator�fun
tion S(·) is strongly 
ontinuous with respe
t to t ∈ [0, τ);is 
alled an R�semigroup.In the 
ase R = I 
hara
teristi
 property of R�semigroup (R1) 
oin
ides withsemigroup property U(t + s) = U(t)U(s) whi
h 
an be 
ontinued for ea
h t, s ≥ 0.Thus I�semigroup is a semigroup of 
lass C0.As the basis for de�nition of a generator of introdu
ed family we take the de�nitionof in�nitesimal generator. Nevertheless in the 
ase of R�semigroups there are some ofsu
h de�nitions.De�nition 7. Let {S(t), t ∈ [0, τ)} be an R�semigroup. Operators G and Z de�ned byequalities

Gf := lim
t→0

R−1S(t) − I

t
f, Zf := R−1 lim

t→0

S(t) −R

t
f,with domains DomG :=

{
f ∈ RanR : lim

t→0

R−1S(t) − I

t
f exists } ,DomZ :=

{
f ∈ X : there exists lim

t→0

S(t) −R

t
f ∈ RanR} ,
orrespondingly, are 
alled in�nitesimal generators of the family {S(t), t ∈ [0, τ)}.An operator equal to the 
losure of G: A = G is 
alled (
omplete in�nitesimal)generator of the family {S(t), t ∈ [0, τ)}.Note that de�ning su
h semigroups authors initially 
alled them C-semigroups (seee.g. [5, 13℄. We prefer the notation 'R-semigroup' due to its regularization property andunlike C0-semigroups (semigroups of 
lass C0), where C stands for '
ontinuity'.3. S
heme of relations between generators of semigroups

A is the generator ofI a semigroup of 
lass C0

⇓ ⇓II a semigroupof 
lass C
⇓ ⇓III a semigroupof 
lass A
⇓ ⇓IV a semigroupof 
lass C(k)

VIII a semigroupof growth order α
⇓ ⇓
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onvolutedsemigroup ⇐=

Van exp. boundedn-times integratedsemigroup =⇒
IXan exp.boundedR-semigroup

⇓ ⇓ ⇓XIIIa K-
onvolutedsemigroup ⇐=
VIan n-timesintegr. semigroup =⇒ X anR-semigroup

⇓ ⇓ ⇓XIV a lo
alK-
onvolutedsemigroup ⇐=
VII a lo
aln-times integratedsemigroup =⇒ XI a lo
alR-semigroup

⇓ ⇓ ⇓XV a lo
al regularized semigroup4. Proof of impli
ationsBefore proving the impli
ations we note that in the 
ase of all strongly 
ontinuoussemigroups (of 
lassC0,C,C(k),A) we deal with very solving operators. Sin
e de�nitionsof generators for these semigroups are the same, in
lusions for 
lasses of generators ofthese semigroups in the s
heme are really the in
lusions for 
lasses of 
orrespondingsemigroups. In the 
ase of integrated and R-semigroups we deal not with solvingoperators, but with some their (di�erent) transformations, therefore the in
lusionssettled for the generators do not hold for the semigroups. As for integrated and
onvoluted ones, they are transformed in a similar manner, and the in
lusions againtake pla
e for generators and semigroups.I =⇒ II =⇒ III. It is evident that if limη→0+ U(η)f = f for any f ∈ X,then limη→0+
1
η

∫ η
0 U(s)fds = f. Let us show that if limη→0+C(η)fds = f , then

limλ→∞ λŨ(λ)f = f.

λŨ(λ)f = λ

∞∫

0

e−λtU(t)fdt = λ[e−λt
t∫

0

U(s)fds|∞0 −
∞∫

0

−λe−λt[
t∫

0

U(s)fds]fdt] =

= λ2

∞∫

0

e−λtt[
1

t

t∫

0

U(s)fds]dt = λ2

∞∫

0

e−λttC(t)fdt,hen
e Ũ(λ)f − f = λ2
∫∞
0 e−λtt [C(t)f − f ] dt. Let δ > 0. Sin
e C(t), t ≥ 0, is (ω-)exponentially bounded, then for λ ≥ a > ω we have

‖λ2

δ∫

0

e−λtt[C(t)f − f ]dt‖ ≤ sup
0≤t≤δ

‖C(t)f − f‖,

λ2

∞∫

δ

e−λtt[C(t)f − f ]dt‖ ≤ λ2M

(λ− w)2
e−(λ−w)δ.Thus the impli
ations are proved. As for the reverse one, it is proved in [7℄ that asemigroup of 
lass A belongs to 
lass C, if and only if its generator is 
losed.III =⇒ IV. It was mentioned above that 
ondition X0 = X holds for semigroups of
lass A. Existen
e of operator�fun
tion Ũ(λ) for λ large enough follows from de�nitionof semigroups of 
lass A, and its invertibility from the fa
t that Ũ(λ) for semigroupsof 
lass A 
oin
ides with the resolvent of A: Ũ(λ) = R(λ). Besides, it is proved that

limη→0+ U(η)f = f for f ∈ DomA2 [7℄. Hen
e a semigroup of 
lass A belongs to 
lass
C(2).
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al semigroups 121I =⇒ VIII. If in de�nition of semigroups of growth order α to take α = 0, we obtain astrongly 
ontinuous bounded semigroup with densely de�ned generator. As it was readin the previous se
tion, a bounded strongly 
ontinuous semigroup is a semigroup of 
lass
C0.For semigroups of growth order α there exists operator (λI−A)−1, but generally it isnot bounded and hen
e (λI −A)−1 is not the resolvent of A. That makes the importantdi�eren
e between semigroups of growth order α and semigroups of 
lass A and C(k).VIII =⇒ IX. In is proved in [11℄ that if A is the generator of a semigroup {U(t), t ≥ 0}of growth order α, then family {S(t) = U(t)R, t ≥ 0}, where

Rf =
1

n!

∞∫

0

sne−λsU(s)fds = (λI −A)−(n+1), f ∈ X, n = [α],forms an R-semigroup.V =⇒ IX (VI =⇒ X, VII =⇒ XI). Proof of the in
lusions follows from result on
onne
tion of R-semigroups and n-times integrated semigroups [13℄: Let A be a 
losedoperator on X,λ ∈ ρ(A), n ∈ N, then the following assertions are equivalent:(1) A is the generator of an n-times integrated semigroup {V (t), t ∈ [0, τ)};(2) A is the generator of an R-semigroup {S(t), t ∈ [0, τ)};Here 
onstru
tion of an R�semigroup via an integrated one and the inverse 
onstru
tionare as follows:
S(t)f :=

dn

dtn
V (t)Rn(λ0)f, V (t)f = (λ0I −A)n

t∫

0

t1∫

0

. . .

tn−1∫

0

S(tn)f dtn . . . dt2 dt1,

f ∈ X.IV =⇒ V. It is proved in [11℄ that for a semigroup of 
lass C(k) operator Ũ(λ)f =∫∞
0 e−λtU(t)fdt, λ > ω, is the resolvent of its generator: Ũ(λ) = R(λ), and the family
{S(t) = U(t)Rk(λ0)} forms an R-semigroup with R = Rk(λ0) for ea
h λ0 > ω. Thendue to the assertion in the previous point, A is the generator of a k-times integratedsemigroup.V =⇒ XII (VI =⇒ XIII, VII =⇒ XIV). It follows from the 
onne
tion of n-timesintegrated semigroups with Cau
hy problem (1) that equations (3)�(4) take pla
e with
k(t) = tn/n! and A, the generator of the semigroup [1, 9℄. Hen
e an n-times integratedsemigroup is a parti
ular 
ase of a k-
onvoluted semigroup.XIV =⇒ XV. In
lusions for semigroups and their generators follows from de�nitionsof these semigroups.XI =⇒ XV. It follows from the 
onne
tion of R-semigroups with Cau
hy problem(1) that equations (3)�(4) take pla
e with R(t) = R and A, the generator of the R-semigroup [5, 9℄. Moreover, it is proved in [10℄ that de�nition of an R�semigroup as aparti
ular 
ase of an R-regularized semigroup with R(t) ≡ R is equivalent to de�nition6 in a Hilbert spa
e.5. Examples reading the stru
ture of impli
ations1. Example of an operator whi
h depends on a parameter γ and generates a semigroupof 
lass C0, an integrated semigroup, a semigroup of growth order α or an R�semigroupin dependen
e on value of γ [9℄.Let X = Lp(R) × Lp(R), 1 ≤ p < ∞, be the spa
e of ve
tor�fun
tions f(·) =
(f1(·), f2(·)) with norm ‖f‖ = ‖f1‖p + ‖f2‖p. Consider the operator A of multipli
ationby the matrix

(
−h 0
−g −h

)
=: A, Dom A = {f ∈ X : hf1, gf1 + hf2 ∈ Lp(R)} ,



122 Freyberg I.A., Melnikova I.V.where h(x) = 1 + x2, g(x) = x2γ , x ∈ R, γ ≥ 0. Then
U(t) = eAt = I+ tA+

t2A2

2!
+ . . .+

tnAn

n!
+ . . . = e−t(1+x

2)

(
1 0

−tx2γ 1

)
, t ≥ 0, x ∈ R.

‖U(t)‖L(X) = max

{
max
x∈R

e−t(1+x
2); max

x∈R

t|x|2γe−t(1+x2)

}
= max

{
e−t; γγt1−γe−t−γ

}
.(5)It is proved that if 0 ≤ γ ≤ 1 then operators U(t) are bounded on the whole semi�axis

t ≥ 0. Thus the family of bounded operators {U(t), t ≥ 0} with 0 ≤ γ ≤ 1 forms a
C0�semigroup.For γ > 1 the 
ondition MFPHY is not true for (λI −A)−1. However this operator isbounded as 1 < γ ≤ 2 and unbounded as γ > 2, therefore, the resolvent of A exists for
γ ≤ 2 only.As it follows from the estimate (5) in the 
ase of γ > 1 the family {U(t), t ≥ 0} hasa pe
uliarity as t = 0. If, in addition, γ < 2, then the pe
uliarity is integrable. We showthat in the 
ase of 1 < γ < 2 the operator A generates an 1-time integrated semigroup:

V (t) =

t∫

0

U(s) ds =
1

h

(
1 − e−ht 0

tge−ht − (1 − e−ht) gh 1 − e−ht

)
, t ≥ 0.The operators V (t) are bounded, V (·) is strongly 
ontinuous with respe
t to t ≥ 0;the family {V (t), t ≥ 0} with 1 < γ < 2 satis�es all 
onditions of the de�nition of anintegrated semigroup, and A is the generator of this semigroup.For γ > 1 the estimate (5) implies that the values ‖tαU(t)‖L(X) are bounded as t→ 0for ea
h α ≥ γ − 1. The set X0 :=

⋃
t>0 U(t)(X) is dense in X sin
e the operator

U(t) with t > 0 maps the dense in X set of �nite ve
tor�fun
tions into the set of �niteve
tor�fun
tions. The family {U(t), t ≥ 0} is nondegenerate: if U(t)f = 0 for ea
h t ≥ 0,then f = 0. Therefore, it forms a semigroup of growth order α ≥ γ − 1. Then, as it wasshown A generates an R-semigroup with R = (λ0I −A)−n, n = [α] + 1. Note that herethe operator (λI −A)−n is an n�th exponent of the resolvent only in the 
ase of γ ≤ 2.For another γ just the operator (λI −A)−n is bounded, and the resolvent itself doesn'texist.2. Consider a set of operators A = A(an, bn), and U(t){xn, yn} = eAt{xn, yn}
= {eant(xn cos bnt− yn sin bnt), e

ant(yn cos bnt+ xn sin bnt)}in X, spa
e of pairs {xn, yn}, from [7, 12℄ demonstrating the stru
ture of someimpli
ations in the s
heme. We show that for su
h operators in dependen
e on 
hoi
e of
an, bn and norms in X, the family {U(t), t ≥ 0} is an example of(i) a strongly 
ontinuous semigroup of 
lass A, but not C;(ii) a strongly 
ontinuous semigroup of 
lass growth order α, but not A;(iii) operator A is the generator of an integrated semigroup, but not any of strongly
ontinuous ones.LetX be the spa
e of pairs {(xn, yn)} su
h that limn→∞ xn = 0 and∑∞

n=1 n
1
2 |yn| <∞with norm ‖{(xn, yn)}‖ = supn |xn| +

∑∞
n=1 n

1
2 |yn|.De�ne U(t){(xn, yn)} =

{e−(n
3
2+in2)t(xn cosn

1
2 t− yn sinn

1
2 t), e−(n

3
2+in2)t(yn cosn

1
2 t+ xn sinn

1
2 t)}.The family {U(t), t > 0} forms a semigroup of bounded operators:

‖U(t){(xn, yn}‖ ≤ sup |x|n[1 +

∞∑

n=1

n
1
2 e−n

3
2 t] + 2

∞∑

n=1

n
1
2 |yn|, (6)strongly 
ontinuous as t > 0 and not as t ≥ 0. The set X0 ≡ ⋃t>0 U(t)[X] in
ludes allve
tors, whose 
omponents equal to zero for large enough numbers, hen
e it is dense in
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X. Operators R(λ){xn, yn} =

∞∫

0

e−λtU(t){(xn, yn)}dt = {αn(λ)xn − βn(λ)yn, αn(λ)yn + βn(λ)xn}, (7)
αn(λ) =

λ+ n
3
2 − in2

(λ+ n
3
2 − in2)2 + n

, βn(λ) =
n

1
2

(λ+ n
3
2 − in2)2 + n

exist, bounded for ea
h
λ > 0, and αn(λ) ≤ 1

λ , βn(λ) ≤ n
1
2

λ2+n4 . Hen
e ‖R(λ)‖ ≤ C
λ as λ > 1, and

limλ→∞ λR(λ){xn, yn} = {xn, yn}. Hen
e {U(t), t ≥ 0} is a semigroup of 
lass A.From (6) we obtain ‖U(t)‖ = Ot→0(t
− 1

3 ). Hen
e ∫ η0 U(s)ds exists, nevertheless C(η)is not bounded as η → 0. Thus the semigroup being of 
lass A is not of 
lass C.Let X be the spa
e of pairs {(xn, yn)} with ‖{xn, yn}‖ =
∑∞

n=1(|xn|2 + n|yn|2)
1
2 andlet an = −(n+ 1), bn = n. Then

U(t) = {e−(n+1)(xn cosnt+ yn sinnt), e−(n+1)(yn cosnt− xn sinnt)},

‖U(t)‖ ≤ sup
n

(n
1
2 e−(n+1)t) = (2et)−

1
2 e−t.The family {U(t), t ≥ 0} is a semigroup strongly 
ontinuous as t > 0. The set X0 isdense in X. Operators R(λ) de�ned by (7), where

αn(λ) =
λ+ n+ 1

(λ+ n+ 1)2 + n2
, βn(λ) =

n

(λ+ n+ 1)2 + n2
.are bounded for ea
h λ > 0. Nevertheless for λ > 0,

‖R(λ,A)‖ ≥ sup
n

(
n

1
2

n

(λ+ n+ 1)2 + n2

)
≥ 1

10(λ+ 1)
1
2

.Hen
e, by (2) operator A is not the generator of 
lass A. Sin
e
‖t 1

2U(t)‖ ≤ sup
n

(
t

1
2n

1
2 e−(n+1)t

)
≤ 1

4
e−(t+ 1

2
) ≤ 1

4
,

{U(t), t ≥ 0} is a semigroup of 
lass growth order α = 1
2 .Let X be the spa
e of pairs {xn, yn} su
h that limn→∞ xn = 0 and ∞∑

n=1

|yn|2 < ∞with norm ‖{xn, yn}‖ = supn |xn| + (
∑∞

n=1 |yn|2)
1
2 . Let

DomA = {{(xn, yn)} ∈ X : lim
n→∞

|ienxn − nyn| = 0,
∞∑

n=1

|nxn + ienyn|2 <∞}

A{xn, yn} := {ienxn − nyn, nxn + ienyn} on DomA, and 
orresponding family
U(t) = eAt = {eient

((xn cosnt = yn sinnt), eie
nt

((yn cosnt+ xn sinnt)}.Operator A is 
losed linear and densely de�ned. Consider operator (λI −A)−1:
(λI −A)−1{xn, yn} =

(
λ− ien n
−n λ− ien

)−1

=

{αn(λ)xn − βn(λ)yn, αn(λ)yn + βn(λ)xn},where αn(λ) =
λ− ien

(λ− ien)2 + n2
, βn(λ) =

n

(λ− ien)2 + n2
. Operator (λI − A)−1(λ) isbounded for ℜλ > 1, hen
e it is the resolvent of A, and it may be veri�ed that allestimates su�
ient for the resolvent of the generator of an integrated semigroup areful�lled.Now we show that operators U(t) are unbounded not only in a neighborhood of zero,but in every point in
ommensurable with 2π. let t0 be in
ommensurable with 2π. Then
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2 , k = 1, 2, . . . ; taking xn = k−

1
2 as n = nk, xn = 0 forothers n, and yn = 0 for ea
h n, we have

‖U(t0)x‖ ≥ 1

2

(
∞∑

n=1

|xn|2
) 1

2

=
1

2

(
∞∑

n=1

1

k

) 1
2

= ∞.Thus the family {U(t), t ≥ 0} has singularities not only as t = 0, hen
e it is not a strongly
ontinuous semigroups. Nevertheless family {
∫ t
0 U(s)ds, t > 0} is strongly 
ontinuous as

t ≥ 0 and forms 1-times integrated semigroups.Referen
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Konyukhova N.B., Kuro
hkin S.V.ON NONLINEAR GINZBURG�LANDAU BOUNDARYVALUE PROBLEM FOR A SUPERCONDUCTINGPLATE IN A MAGNETIC FIELDTo the memory of G.F.ZharkovRevised and 
omplemented presentation of the results of [1℄ on the analysis andnumeri
al simulation of a nonlinear Ginzburg�Landau boundary value problem isgiven. The problem des
ribes the stationary states of an in�nite super
ondu
ting plateof �nite thi
kness in a magneti
 �eld. The a

ompanying spe
tral problems relating tothe examination of the dynami
 (in) stability of solutions in the framework of linearperturbation theory are studied. More a

urate formulations and explanations of someresults of [1℄ are given.1. Statement of the nonlinear boundary value problem and itssolvability, upper and lower fun
tionsThe Ginzburg�Landau (GL) ma
ros
opi
 theory of super
ondu
tivity [2℄ is widelyused to des
ribe the states of super
ondu
tors in a magneti
 �eld near the 
riti
altemperature (see, e.g., [3℄, [4℄ and referen
es therein).In the 
ase of an in�nite plate of �nite thi
kness, the GL nonlinear boundary valueproblem (BVP) for a system of ordinary di�erential equations (ODEs), in terms ofnormalized dimensionless variables of [4℄, has the form
a′′ − ψ2a = 0, 0 ≤ x ≤ D, (1)

ψ′′ + κ2(ψ − ψ3) − a2ψ = 0, 0 ≤ x ≤ D, (2)
a(0) = 0, ψ′(0) = 0, (3)
a′(D) = h, ψ′(D) = 0. (4)Here all the magnitudes are real, 0 < D is the half�width of the plate; a is the potentialof the magneti
 �eld; ψ is the e�e
tive wave fun
tion of the super
ondu
ting ele
tronsin metal (so 
alled the order parameter); h and κ are positive parameters, where h isthe magneti
 �eld strength and κ is the parameter of the GL theory that 
hara
terizesthe material of super
ondu
tor.The quantity ψ2 is equal to the 
on
entration of the super
ondu
ting ele
trons in themetal that implies

0 ≤ ψ2 ≤ 1,where ψ = 0 
orresponds to a normal (n) phase of the state of the plate whereas ψ 6= 0
orresponds to a super
ondu
ting (s) phase (both in the magneti
 �eld, when h > 0,and without it, when h = 0).It is easy to prove that this physi
al 
onstraint is a natural 
onstraint for a ψ�
omponent of ea
h solution to BVP (1) � (4). Indeed, let a pair {a(x), ψ(x)} be a solutionto (1), (2) satisfying 
onditions (3) and let x = x̃ ∈ (0, D] be su
h that ψ(x̃) > 1 (resp.,
ψ(x̃) < −1). Then ψ′′(x) > 0 (resp., ψ′′(x) < 0) ∀x ≥ x̃ so that this solution 
annotsatisfy 
onditions (4).Moreover, for the solutions to nonlinear BVP (1) � (4) with �xed parameters, setting
ψ2(x) ≡ 1 (resp., ψ(x) ≡ 0) in (1), we obtain lower (resp., upper) fun
tion with respe
tto a solution a�
omponent.Due to these arguments and the integral equation

ψ′(x) =

x∫

0

[a2(s) − κ2 (1 − ψ2(s))]ψ(s) ds, (5)following from (2) and the boundary 
ondition ψ′(0) = 0, �rst we get
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hkin S.V.Proposition 1. For any �xed h ≥ 0, κ 6= 0 and D > 0, any solution {a(x, h), ψ(x, h)}of nonlinear BVP (1) � (4) satis�es 
onditions
0 ≤ ψ2(x, h) ≤ 1, ∀x ∈ [0, D], (6)

h shx/ chD ≤ a(x, h) ≤ hx, ∀x ∈ [0, D],

h chx/ chD ≤ b(x, h) = a′(x, h) ≤ h, ∀x ∈ [0, D],
(7)and the relation

D∫

0

[a2(x, h) − κ2 (1 − ψ2(x, h))]ψ(x, h) dx = 0. (8)For nonlinear BVP (1) � (4) with �xed h ≥ 0, we are interested in the prin
ipalsolutions {a(x, h), ψ(x, h)} when
0 ≤ ψ(x, h) ≤ 1, ∀x ∈ [0, D]. (9)Remark 5. 1) As shown in [1℄, when κ : 0 < κ2 < 1, a solution to (1), (2) satisfying,e.g., 
onditions (3) and leaving the domain (6), (7) for some x ∈ (0, D), is singular (ablow up solution): it doesn't exist globally and has a pole of the �rst order in some point

xp ∈ (0, D].2) For nonlinear BVP (1) � (4) with more general restri
tions (6), the followingassertions are valid: when h = 0, at least three solutions exist, namely {a(x), ψ(x)} =
{0,−1}, {0, 0}, {0, 1}; for h > 0, existen
e of the solutions with os
illating ψ�
omponents (i.e., having some zeroes on the interval (0, D) where a number of the nodesdepends on the parameters) is possible. The reasons of their appearan
e we dis
uss belowbut we don't study them in this paper.Taking into a

ount the physi
al interpretation, we introdu
eDe�nition 1. Let a pair {a(x, h), ψ(x, h)} be a solution to BVP (1) � (4) for some h ≥ 0.We say that it is the "n�solution" i� ψ(x, h) ≡ 0; otherwise, it is the "s�solution".The following assertions are evident.Proposition 2. For any �xed κ ≥ 0, D > 0 and h ≥ 0, the nonlinear BVP (1) � (4) issolvable: it has at least one solution,

a(x, h) = hx, ψ(x, h) ≡ 0, (10)being a unique n�solution to this BVP ∀h. Moreover, for h = 0 and κ 6= 0, there areexa
tly two prin
ipal solutions: the trivial n�solution
a(x, 0) ≡ 0, ψ(x, 0) ≡ 0, (11)
orresponding to (10) with h = 0, and the 
onstant s�solution
a(x, 0) ≡ 0, ψ(x, 0) ≡ 1. (12)For a prin
ipal solution {a(x, h), ψ(x, h)} to nonlinear BVP (1) � (4), the equality(8) indi
ates that if a(x, h) is large enough then (8) 
an ful�ll only when ψ(x, h) ≡ 0,i.e., for the unique n�solution (10) to this BVP. It impliesCorollary 1. For �xed κ2 6= 0 and D > 0, there exists hfin = hfin(κ, D) > 0 su
hthat: for ea
h h > hfin(κ, D), nonlinear BVP (1) � (4) has no prin
ipal solution otherthan the parti
ular exa
t n�solution (10). As a result, if a magneti
 �eld is large enough,namely h > hfin(κ, D), then the plate is found in the normal phase of the state des
ribedby (10).For di�erent sets of the parameters {κ, D}, the values hfin(κ, D) were obtained in [1℄,[4℄ by numeri
al methods.
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ipal s�solution 
an be obtained as anextension of a parti
ular 
onstant s�solution (12) on the parameter h. In general, forea
h h satisfying restri
tions
0 < h ≤ hfin(κ, D), (13)it is naturally to expe
t either unique or more than one prin
ipal s�solution to thenonlinear BVP (1) � (4). As was found numeri
ally in [1℄, there are up to three isolatedprin
ipal s�solutions (and even there may be a 
ontinuum of nonisolated s�solutions (!))where amount of solutions depends on the values of the parameters h, κ and D.We don't know the exa
t proof of this di�
ult assertion but we may des
ribe a priorisome properties of the solutions permitting us, in parti
ular, to predi
t or to explainsome numeri
al results. Moreover, due to the reasons des
ribed below, all the solutionsto nonlinear BVP (1) � (4) for �xed h from the interval (13) were found �rst by thenumeri
al method of [1℄ in
luding dynami
ally unstable and nonisolated solutions whi
hwere not be found and 
annot be found by the method of [4℄.2. On the solution behavior, its isolation and energy stabilityFor �xed κ 6= 0, D > 0 and h > 0, let a pair {a(x, h), ψ(x, h)} be a prin
ipal

s�solution to BVP (1) � (4). Due to Proposition 1, we have the restri
tions
0 < ψ(x, h) < 1, ∀x ∈ [0, D],

h shx/ chD < a(x, h) < hx, ∀x ∈ [0, D],
h chx/ chD < b(x, h) = a′(x, h) < h, ∀x ∈ [0, D].

(14)As a 
orollary, introdu
ing notation
b0(h) = a′(0, h), ψ0(h) = ψ(0, h), (15)
aD(h) = a(D,h), ψD(h) = ψ(D,h), (16)we also obtain the restri
tions on the parameters {b0, ψ0, aD, ψD} (as on the la
kingCau
hy data in the points x = 0 and x = D respe
tively):

h / ch(D) < b0(h) < h, 0 < ψ0(h) < 1, (17)
h th(D) < aD(h) < hD, 0 < ψD(h) < 1. (18)The following inequalities are also evident:

−2 κ2/(3
√

3) ≤ ψ′′(0, h) = κ2(ψ2
0(h) − 1)ψ0(h) < 0; (19)

a′′(x, h) > 0, a′(x, h) > 0, ∀x ∈ (0, D]. (20)Moreover, as it is known and 
an be 
he
ked easily, the system of ODEs (1), (2) hasa �rst integral:
a′

2
(x) + ψ′2(x) + ψ2(x)

[
κ2

(
1 − ψ2(x)

2

)
− a2(x)

]
= const, ∀x ∈ [0, D]. (21)Then in parti
ular, for the unknown parameters (15) and (16), we obtain the equation

b20(h) + κ2 ψ2
0(h)

(
1 − ψ2

0(h)

2

)
= h2 + ψ2

D(h)

[
κ2

(
1 − ψ2

D(h)

2

)
− a2

D(h)

]
, (22)whi
h determines a nonlinear three�dimensional manifold in the four�dimensional spa
eof the parameters {b20, ψ2

0, a
2
D, ψ

2
D}.Taking into a

ount the previous assertions and relations, we 
an formulateProposition 3. For �xed κ2 6= 0, D > 0 and h > 0, let {a(x, h), ψ(x, h)} be a prin
ipal

s�solution to the nonlinear BVP (1) � (4), so that the 
onstraints (14), (17) � (20) andthe relations (8), (22) are valid. Then a(x, h) monotoni
ally in
reases and is downward
onvex whereas ψ(x, h) monotoni
ally de
reases, having a maximum in the point x = 0(due to 
ondition ψ′(0) = 0 and inequality (19)), a unique in�e
tion point x = xin ∈
(0, D) where

ψ(xin, h) =
√

1 − a2(xin, h)/κ2, 0 < a(xin, h) < κ, (23)
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hkin S.V.and a minimum in the point x = D, where ψ′(D) = 0 and the inequalities
h2D2 > ψ′′(D,h) = [a2

D(h) − κ2(1 − ψ2
D(h))]ψD(h) > 0 (24)must be ful�lled.For �xed κ 6= 0 and D > 0, let {a(x, h), ψ(x, h)} be all the prin
ipal s�solutions tononlinear BVP (1) � (4) for di�erent values of h ∈ [0, hfin(κ, D)]. Then it is 
onvenientto des
ribe the states of the plate in a magneti
 �eld, in
luding transitions s → n (resp.,

n → s) under ampli�
ation (resp., redu
tion) of the �eld, by means of the ψ0(h), ψD(h)and M(h) diagrams:
ψ0(h) = ψ(0, h), ψD(h) = ψ(D,h), 4πM(h) = a(D,h)/D − h, 0 ≤ h ≤ hfin(κ, D).(25)Here ψ0(h) (resp., ψD(h)) 
hara
terizes the order parameter in the 
enter of the plate(resp., on its edge) whereas M(h) 
hara
terizes the magnetization of the plate.The types of the diagrams (25) depend on the properties of the solutions and theiramount for �xed h ∈ [0, hfin(κ, D)]. The solutions of nonlinear BVP (1) � (4) 
ansigni�
antly vary under small variations of the �eld strength h 
onsidered as a bifur
ationparameter. The important 
hara
teristi
s of the solutions are their isolation and stability.To look for a solution to nonlinear BVP (1) � (4), in [4℄ the iterative method is suggestedusing a global initial approximation of a required solution on the whole interval [0, D]. Ingeneral, only an isolated and stable solution 
an be found by similar iterative methodsbeginning from su�
iently good initial global approximation of a desired solution. As a
orollary, some solutions to nonlinear BVP (1) � (4) were not found in [4℄ that impliedin general, for the values (25), ina

urate dis
ontinuous diagrams (in detail, see [1℄).2.1. Con
ept of a solution isolation. Linearizing nonlinear BVP (1) � (4) on itssolution {ah(x), ψh(x)}, we obtain linear homogeneous BVP with respe
t to smallperturbations v(x), w(x) of this solution:

v′′ = ψ2
h(x)v + 2ψh(x)ah(x)w, 0 ≤ x ≤ D, (26)

w′′ = 2ψh(x)ah(x)v +
[
κ2
(
3ψ2

h(x) − 1
)

+ a2
h(x)

]
w, 0 ≤ x ≤ D, (27)

v(0) = 0, w′(0) = 0, (28)
v′(D) = 0, w′(D) = 0. (29)Following [5℄, we introdu
eDe�nition 2. Let pair {ah(x), ψh(x)} be a solution to the nonlinear BVP (1) � (4) forsome h ≥ 0. We say that it is an isolated solution i� the a

ompanying linear BVP (26)�(29) has only the trivial solution; otherwise, {ah(x), ψh(x)} is a nonisolated solution toBVP (1) � (4).(1) First of all, let us 
onsider linear homogeneous BVPs 
orresponding to theperturbations of the exa
t 
onstant solutions (11), (12) without magneti
 �eld.For trivial n�solution (11), we obtain from (26) � (29) two separated BVPs:
v′′ = 0, v(0) = v′(D) = 0; (30)

w′′ + κ2w = 0, w′(0) = w′(D) = 0. (31)Then v(x) ≡ 0 whereas w(x) ≡ 0 i� (κD)2 6= (πl)2, l = 0, 1, . . ..For 
onstant s�solution (12), we obtain
v′′ − v = 0, v(0) = v′(D) = 0; (32)

w′′ − 2κ2w = 0, w′(0) = w′(D) = 0. (33)These BVPs imply v(x) ≡ 0 whereas w(x) ≡ 0 i� κ 6= 0. As a result, we obtain



On Nonlinear Ginzburg�Landau Boundary Value Problem 129Corollary 2. For nonlinear BVP (1) � (4) with h = 0, the 
onstant s�solution (12) isisolated i� κ 6= 0 and the trivial n�solution (11) is nonisolated i�
(κD)2 = (πl)2, l = 0, 1, . . . ; (34)
orresponding to (34) nontrivial perturbations are

w(x) = wl(x) ∼ cos (πlx/D), l = 0, 1, . . . . (35)(2) Now let us 
onsider homogeneous BVPs 
orresponding to the perturbations ofthe exa
t n�solution (10) with a magneti
 �eld presen
e.For the unique n�solution (10), there are two separated BVPs: the problem for v(x)is the same as (30) with only a trivial solution; for w(x), we have
w′′ + (κ2 − h2x2)w = 0, 0 ≤ x ≤ D, (36)

w′(0) = 0, (37)
w′(D) = 0. (38)First of all, setting formally D → ∞ and repla
ing (38) by limit 
onditions

lim
x→∞

w′(x) = lim
x→∞

w(x) = 0, (39)let us 
onsider an auxiliary singular linear BVP (36), (37), (39) as a self�adjoint singularspe
tral problem (SP) with h as a spe
tral parameter. Then we obtain the in�nite seriesof the exa
t positive eigenvalues (EVs):
hl(κ,∞) = κ2/(4l + 1), l = 0, 1, . . . . (40)The eigenfun
tions (EFs) wl(x,κ,∞) (l = 0, 1, . . .) 
orresponding to EVs (40), arede�ned by means of the paraboli
 
ylinder fun
tions where wl(x) has l zeroes on theinterval (0,∞) (see, e.g., [6℄, p.154; in detail, see [1℄). In parti
ular,

h0(κ,∞) = κ2, w0(x,κ,∞) ∼ exp (−κ2 x2/2). (41)Let us remark that auxiliary singular self�adjoint SP (36), (37), (39) des
ribes the smallperturbations on the exa
t solution (10) to the following singular nonlinear BVP: (1),(2) de�ned for x ∈ R+, 
onditions (3) and the limit boundary 
onditions at in�nity inthe form
lim
x→∞

a′(x) = lim
x→∞

a(x)/x = h, lim
x→∞

ψ′(x) = lim
x→∞

ψ(x) = 0. (42)For the initial nonsingular self�adjoint SP (36) � (38), with di�erent �nite values of
D > 0 and κ 6= 0, the positive EVs ĥl(κ, D) (l = 0, 1, . . . , N(κ, D)) were obtainednumeri
ally in [1℄ by the phase method (see, e.g., [7℄, [8℄ and referen
es therein). Herethe index of EV is 
onne
ted with the following fa
t: EF ŵl(x,κ, D) 
orresponding toEV ĥl(κ, D) has l zeroes on the interval (0, D).Let us remark that self�adjoint SP (36) � (38), with �nite D > 0 and h as a spe
tralparameter, is not standard. In our assertions about dis
rete spe
trum to this SP, weare based on the 
ase D → ∞ and on numeri
al results so that these assertions are ingeneral of qualitative level of rigor.As a result and taking into a

ount the bifur
ation theory, we obtainCorollary 3. For auxiliary nonlinear singular BVP (1) � (3), (42) with κ 6= 0, the exa
t
n�solution (10) is nonisolated i� h 
oin
ides with one of the values hl(κ,∞) (l = 0, 1, . . .)de�ned by (40). For �xed κ 6= 0 and D > 0, the exa
t n�solution (10) to nonlinear BVP(1) � (4) is nonisolated i� h 
oin
ides with one of EVs ĥl(κ, D) (l = 0, 1, . . . , N(κ, D))to self�adjoint SP (36) � (38) where ĥl(κ, D) → hl(κ,∞) = κ2/(4l+1) (l = 0, 1, . . .) as
D → ∞. As a result, the maximal EV ĥ0(κ, D) > 0 to self�adjoint SP (36) � (38) de�nesa priori the threshold magneti
 �eld when a transition n → s o

urs (in the regime ofthe weakening of the �eld).
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hkin S.V.For large enough D > 0, the threshold value of h pra
ti
ally be
omes independent of
D tending to the value h0(κ,∞):

hth(κ, D) = ĥ0(κ, D) ≈ κ2, D ≥ D̂(κ) ≫ 1. (43)For example, due to 
omputations in [1℄, we have
κ = 0.5 : hth(0.5; 3) = 0.32079, hth(0.5; 5) = 0.25286, hth(0.5; 10)= 0.25000;

κ = 1 : hth(1; 1) = 1.80590, hth(1; 3) = 1.00089, hth(1; 5) = 1.00000.Remark 6. The next EVs ĥl(κ, D) (l = 1, 2, . . . , N(κ, D)) of the self�adjoint SP (36)�(38) de�ne the threshold magneti
 �elds in nonlinear BVP (1)�(4) for the nodal solutionsto appear. Moreover, the following situation takes pla
e: when πl ≤ κD < π(l + 1)
(l = 0, 1, . . .) then N(κ, D) = l. It is valid be
ause when (34) is ful�lled (so that thetrivial solution (11) be
omes nonisolated and metastable) a new small EV appears withthe EF 
lose to (35), that implies in turn an appearan
e of small s�solution to nonlinearBVP (1)�(4) (in detail, in
luding a table of EVs ĥl(κ, D), see [1℄).2.2. On the energy (in)stability of the plate states. The system of ODEs (1), (2)is a system of the Lagrange�Euler equations for the positive semide�nite fun
tional

E(κ, D) =

D∫

−D

σ(a, a′, ψ, ψ′,κ)(x)dx, (44)where
σ(a, a′, ψ, ψ′,κ) = κ2 [1 − ψ2]2 /2 + a2ψ2 + ψ′2 + a′2. (45)On the solutions {ah(x), ψh(x)} of BVP (1) � (4), these quantities also depend on theparameter h, where σ = σ(ah, a

′
h, ψh, ψ

′
h,κ) is the density of free (potential) energy ofthe super
ondu
tor in the magneti
 �eld and E = E(κ, D, h) is proportional to thesurfa
e energy density.For nonlinear physi
s problems, di�erent stability 
riteria of solution are dis
ussed(see, e.g., [9℄). The Lagrange equilibrium stability 
riterion is the requirement that thepotential energy has an isolated minimum.De�nition 3. For �xed κ > 0, D > 0 and h ≥ 0, let a pair {ah(x), ψh(x)} be asolution to the nonlinear BVP (1) � (4) with the energy E = E({ah, ψh},κ, D) de�nedby the formulae (44), (45). We say that this solution is "h�energy stable"i� it has theleast energy among all the solutions with given h; otherwise, this solution is "h�energyunstable".For exa
t parti
ular solutions (10) � (12), we obtain:

E({0, 1},κ, D) ≡ 0, E({0, 0},κ, D) = κ2D > 0; (46)
E({0, hx},κ, D) = (κ2 + 2h2)D > 0. (47)The formulae (46) implyCorollary 4. For nonlinear BVP (1) � (4) with �xed κ 6= 0, D > 0 and h = 0, the
onstant s�solution (12) is absolutely energy stable (in the Lagrange sense) whereas thetrivial n�solution (11) is h�energy unstable, that implies: if a magneti
 �eld is absentthen the plate is found in the super
ondu
ting phase of the state des
ribed by (12).Remark 7. The fa
ts on energy (in)stability of the exa
t 
onstant solutions are well�known in the nonlinear �eld theory: for a ≡ 0, we obtain only (2) with the self�a
tionGL�Higgs potential

W (ψ) = κ2 (1 − ψ2)2/2;this potential has the global minima at ψ = ±1 and a lo
al maximum at ψ = 0, the last
orresponds to an unstable state of the �eld with the nontrivial energy density.



On Nonlinear Ginzburg�Landau Boundary Value Problem 131In order to establish the h�energy (in)stability of the exa
t n�solution (10), themagnitude (47) should be 
ompared with the values of E({ah, ψh},κ, D) on the othersolutions of BVP (1)�(4) with given h > 0. At all events, due to Corollary 1, sin
e for
h > hfin(κ, D) there is no solution other than (10), we obtainCorollary 5. For �xed κ2 6= 0, D > 0 and h > hfin(κ, D) > 0, the exa
t n�solution(10) to nonlinear BVP (1) � (4) is h�energy stable, with the energy (47).Remark 8. A

ording to the GL theory [2℄, the density of free (potential) energy ofthe super
ondu
tor in the magneti
 �eld is proportional (in terms of our dimensionlessvariables) to the value

σgl = σ −
√

2κa′(x),where σ is given by (45). Here the additional term −
√

2κa′ plays the role of the �eldgauge; it does not a�e
t the Euler�Lagrange equations and ensures the 
onvergen
e ofthe energy integral in the GL problem for a super
ondu
ting half�spa
e. More exa
tly,the singular GL BVP for a super
ondu
ting half�spa
e bordering on the half�spa
e �lledwith the same metal in normal phase is formulated as follows (see [2℄): the ODEs (1),(2) are 
onsidered on the entire real axis, x ∈ R, with the limit boundary 
onditions
lim

x→−∞
a(x) = lim

x→−∞
a′(x) = 0, lim

x→−∞
[ψ(x) − 1] = lim

x→−∞
ψ′(x) = 0, (48)

lim
x→∞

[a(x)/x] = lim
x→∞

a′(x) = h∞, lim
x→∞

ψ(x) = lim
x→∞

ψ′(x) = 0. (49)Then, from the �rst integral (21) and the 
onditions (48), (49), we obtain
h∞ = hcr(κ,∞) = κ/

√
2. (50)Therefore, this singular BVP (i.e., (1), (2) 
onsidered for x ∈ R with the limit boundary
onditions (48), (49)) 
an have a solution (as a ψ�wall) only if (50) is valid (su
h solutionis de�ned within x�translation). Moreover, the exoti
 
ase arises when

hcr(κ,∞) = κ/
√

2 = hth(κ,∞) = κ2, (51)leading to the 
riti
al values of κ and h:
κcr1(∞) =

√
2/2, hcr1(κcr1(∞),∞) = 1/2. (52)As a 
orollary, for large enough D and h 
lose to the 
riti
al value (50), the nonlinearBVP (1) � (4) 
an have the solutions of a transition layer type (ψ�walls), when ψ 
hangesfrom ψ ∼ 1, for x ∼ 0, to ψ ∼ 0, for x ∼ D, that is 
on�rmed in the 
omputations of[1℄. Moreover, as it seems, for D large enough and when κ(D) ≈ κcr1(∞) =

√
2/2 and

h(κ, D) = hth(κ, D) ≈ hcr1(κcr1(∞),∞) = 1/2, the nonlinear BVP (1) � (4) has a
ontinuum of nonisolated s�solutions. It is a di�
ult exoti
 
ase to explain but it ispra
ti
ally important (see [1℄ and referen
es therein).Propositions 1�3, (non)isolation and the energy (in)stability of the exa
t partialsolutions lead us to the following preliminary 
on
lusions: for �xed κ > 0, D > 0 and
h ∈ [0, hfin(κ, D)], nonlinear BVP (1)�(4) must have at least one prin
ipal s�solution;a transition s → n o

urs when the �eld h > 0 appears, be
omes more intensive anda
hieves the value hfin(κ, D) whereas a transition n → s takes pla
e when h be
omesequal to hth(κ, D) ≤ hfin(κ, D) in the regime of the weakening of the magneti
 �eld;a magneti
 hysteresis phenomenon is possible be
ause the transitions s → n and n → s
an pro
eed in di�erent ways.These fa
ts and assumptions were 
on�rmed by the 
omputations in [1℄. Moreover,some numeri
al results 
an be explained due to the 
on
ept of a solution dynami
(in)stability.
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hkin S.V.3. Con
ept of a solution spe
tral (dynami
) (in)stabilityTo analyze the (in)stability of the solutions to nonlinear BVP (1) � (4) under smallperturbations, we use an approa
h similar to those used in [10℄ and [9℄, p.39.Let (1), (2) be 
onsidered formally as the steady�state equations for the system ofevolution di�usion�type equations. Then we say that a solution {ah(x), ψh(x)} of BVP(1) � (4) is dynami
ally stable i� it 
an be obtained by the relaxation method; otherwise,it is dynami
ally unstable. More exa
tly, we dis
uss the following problem of linearizedstability.Let {δa, δψ} be small perturbations of a stationary solution {ah(x), ψh(x)}. For linearapproa
h, we obtain the system of the linear evolutionary equations
∂δa
∂t

=
∂2δa
∂x2

− ψ2
h(x)δa − 2ψh(x)ah(x)δψ, (53)

∂δψ
∂t

=
∂2δψ
∂x2

− 2ψh(x)ah(x)δa +
[
κ2
(
1 − 3ψ2

h(x)
)
− a2

h(x)
]
δψ, (54)where, for separation of the variables, we put

δa(x, t) = v(x) exp(λt), δψ(x, t) = w(x) exp(λt). (55)Here the sign of λ is 
hosen 
onsistent with the absolute energeti
 stability of the exa
t
onstant s�solution (12) whi
h all the more must be spe
trally stable (see further).We �nally obtain the following self�adjoint SP for the amplitudes of the perturbationsin (55):
v′′ − ψ2

h(x)v − 2ψh(x)ah(x)w = λv, 0 ≤ x ≤ D, (56)
w′′ − 2ψh(x)ah(x)v +

[
κ2
(
1 − 3ψ2

h(x)
)
− a2

h(x)
]
w = λw, 0 ≤ x ≤ D, (57)

v(0) = w′(0) = 0, (58)
v′(D) = w′(D) = 0. (59)For λ = 0, it is the same as linear BVP (26) � (29) so that if λ = 0 is an EV of theself�adjoint SP (56) � (59), then {ah(x), ψh(x)} is a nonisolated solution to nonlinearBVP (1) � (4).De�nition 4. Let a pair {ah(x), ψh(x)} be a solution of nonlinear BVP (1) � (4) withsome h ≥ 0. It is 
alled spe
trally stable i� all EVs of self�adjoint SP (56) � (59)are negative; if there exists at least one positive EV then {ah(x), ψh(x)} is spe
trally(dynami
ally) unstable; if λ = 0 is the maximal EV of SP (56) � (59) then {ah(x), ψh(x)}is a metastable (or neutrally stable) nonisolated solution to nonlinear BVP (1) � (4).In general, we solve the self�adjoint SP (56) � (59) numeri
ally by the method of theboundary 
ondition transfer (see [11℄, [12℄).3.1. SPs 
orresponding to the small perturbations of the exa
t 
onstantsolutions without magneti
 �eld. For trivial n�solution (11), we obtain from (56)� (59) two separated SPs:

v′′ = λv, v(0) = v′(D) = 0; (60)
w′′ + κ2w = λw, w′(0)= w′(D) = 0. (61)Then we have the following EVs λ(v)

l and λ(w)
l for SPs (60) and (61) respe
tively:

λ
(v)
l = −[(2l + 1)π/(2D)]2, λ

(w)
l = κ2 − (πl/D)2, l = 0, 1, . . . . (62)In parti
ular, we obtain

λ
(w)
0 = κ2 > 0. (63)For the 
onstant s�solution (12), we obtain

v′′ − v = λv, v(0) = v′(D) = 0; (64)
w′′ − 2κ2w = λw, w′(0)= w′(D) = 0. (65)
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λ

(v)
l = −1 − [(2l + 1)π/(2D)]2, λ

(w)
l = −2κ2 − (πl/D)2, l = 0, 1, . . . . (66)Corollary 6. For nonlinear BVP (1) � (4) with �xed D > 0, κ 6= 0 and h = 0, thefollowing assertions are true: 1) the trivial n�solution (11) is spe
trally unstable withthe instability index λ = κ2 and it be
omes nonisolated i� κD satis�es relation (34) forsome l ≥ 1; 2) the 
onstant s�solution (12) is isolated and spe
trally stable.As we might expe
t, due to Corollary 4, the Corollary 6 is agreeing with energyinstability of trivial n�solution (11) and, that is more important, with an absolute energystability of 
onstant s�solution (12) whi
h is a stronger kind of stability.3.2. SPs 
orresponding to small perturbations of the exa
t n�solution witha magneti
 �eld presen
e. For the unique n�solution (10), there are two separatedSPs: the problem for v(x) is the same as (60) where all EVs are negative; for w(x), wehave

w′′ + (κ2 − h2x2)w = λw, 0 ≤ x ≤ D, (67)
w′(0) = 0, (68)
w′(D) = 0. (69)First of all, setting formally D → ∞ and repla
ing (69) by the limit 
onditions (39),let us 
onsider auxiliary singular self�adjoint SP: (67), de�ned for x ∈ R+, with the
onditions (68), (39). Then we obtain the in�nite series of the exa
t EVs:

λ
(w)
l (κ, h,∞) = −(4l + 1)h+ κ2, l = 0, 1, . . . . (70)The EFs 
orresponding to EVs (70) are de�ned by means of the paraboli
 
ylinderfun
tions. In parti
ular,

λ
(w)
0 (h,∞) = κ2 − h, w0(x, h,∞) ∼ exp (−hx2/2). (71)For �nite D > 0, we 
an 
ompute EVs of nonsingular self�adjoint SP (67) � (69)numeri
ally by the phase method. Let us remark that this SP, with �nite D > 0 and λas a spe
tral parameter, is a standard self�adjoint SP with in�nite dis
rete spe
trum,

λ0(h,D) > λ1(h,D) > . . . (λl(h,D) → −∞ as l → ∞), where EF 
orresponding to EV
λl(h,D) has l zeroes on the interval (0, D) (see, e.g., [13℄, p.228). For λ = 0, we get aprevious auxiliary SP (36) � (38) with h as a spe
tral parameter.Thus we obtainCorollary 7. For the exa
t n�solution (10) to auxiliary singular nonlinear BVPdes
ribed by ODEs (1), (2), for x ∈ R+, with boundary 
onditions (3) and (42), thefollowing assertions are true: 1) this solution is spe
trally stable when h > h0(κ,∞) =
κ2 where h0(κ,∞) is a maximal EV of the a

ompanying singular self�adjoint SP (36),(37), (39); 2) the n�solution (10) is spe
trally (dynami
ally) unstable when h ∈ [0,κ2)and moreover it be
omes nonisolated when h 
oin
ides with one of the EVs (40), i.e,when h = hl(κ,∞) = κ2/(4l + 1) for some l ≥ 1; 3) the indi
ated unique n�solutionbe
omes nonisolated and metastable when

h = hth(κ,∞) = h0(κ,∞) = κ2. (72)For the exa
t n�solution (10) to the initial nonlinear BVP (1) � (4) with �xed �nite
D > 0 and κ 6= 0, by analogy with previous singular BVP the following fa
ts take pla
e:1) this solution is spe
trally stable when h > ĥ0(κ, D) where ĥ0(κ, D) > 0 is the maximalEV of the a

ompanying self�adjoint SP (36) � (38); 2) it is spe
trally (dynami
ally)unstable when 0 ≤ h < ĥ0(κ, D) and moreover it be
omes nonisolated when h 
oin
ideswith one of the EVs ĥl(κ, D) of the SP (36) � (38) for some l ≥ 1; 3) the indi
atedunique n�solution be
omes nonisolated and metastable when

h = hth(κ, D) = ĥ0(κ, D). (73)
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hkin S.V.3.3. Summing some previous results, we obtainProposition 4. For the nonlinear BVP (1) � (4) with h = 0 and ea
h κ 6= 0, thefollowing assertions are true: a) the trivial n�solution (11) is spe
trally unstable, withthe index of spe
tral instability λ = κ2 > 0, and h�energy unstable, with the the energy
E(κ, D) = κ2D > 0; it be
omes nonisolated i� (κD)2 = (πl)2 for some l ∈ {1, 2, . . .};b) the 
onstant s�solution (12) is isolated, spe
trally stable and absolutely energy stable,with the energy E = 0; 
) as a result, if a magneti
 �eld is absent then the plate is foundin the super
ondu
ting phase of the state des
ribed by (12). For the nonlinear BVP (1) �(4) with �xed h > 0 and κ 6= 0, the following assertions are true: a) the exa
t n�solution(10) is spe
trally stable when h > ĥ0(κ, D) where ĥ0(κ, D) is a maximal EV of thea

ompanying self�adjoint SP (36) � (38) and ĥ0(κ, D) → κ2 as D → ∞; this solutionis spe
trally (dynami
ally) unstable when 0 ≤ h < ĥ0(κ, D), with the index of instabilitytending to the value λ = κ2 − h as D → ∞, and moreover it be
omes nonisolated i� h
oin
ides with one of the EVs ĥl(κ, D) of SP (36) � (38) for some l ∈ {1, 2, . . .}; at last itbe
omes nonisolated and metastable (neutrally stable) when h = hth(κ, D) = ĥ0(κ, D);b) as a result, the n�solution (10), with the energy E(κ, D, h) = [κ2+2h2]D, is h�energyunstable at least when 0 ≤ h ≤ ĥ0(D,κ) = hth(κ, D) so that, for su
h values of h, theplate is found in the super
ondu
ting phase of the state des
ribed by some dynami
allystable s�solution to nonlinear BVP (1) � (4); 
) for h > hfin(κ, D) ≥ hth(κ, D), the
n�solution (10) is the unique solution to this BVP, it is dynami
ally and energeti
allystable, so that for su
h values of h the plate is found in the normal phase of the statedes
ribed by (10).These fa
ts are 
onsistent with the bifur
ation diagrams in [1℄.4. A method for numeri
al solution of the nonlinear BVP andbifur
ation diagramsLet us return to the initial nonlinear BVP (1) � (4) with the restri
tion (9).4.1. The left�sided shooting method with free parameter h. For �xed κ 6= 0 and
D > 0, let {a(x, h), ψ(x, h)} be the prin
ipal solutions of BVP (1) � (4) 
orrespondingto the di�erent values of h ≥ 0. The dependen
e on h of the order parameter, taken inthe 
enter of the plate and on its edge, and of the magnetization of the plate is of greatinterest (see formulae (25)).The studied properties of the prin
ipal solutions to BVP (1) � (4) enable us to suggesta simple method for 
onstru
ting these diagrams. Namely, 
onsider h as a free parameterand solve the Cau
hy problem (1) � (3), (15) from x = 0 to x = D. For a �xed value of ψ0satisfying restri
tions 0 < ψ0 < 1, we �t the parameter b0 = a′(0) > 0 in the 
onditions(15) by shooting at the boundary value ψ′(D) = 0. This gives a value h = a′(D), and,therefore, a solution of BVP (1) � (4) for the value of h thus obtained.When we move along ψ0 from top to bottom, we take into a

ount that for ψ0 ∼ 1the quantity b0 > 0 must be small. When we move along ψ0 from bottom to top, wetake into a

ount that for ψ0 ∼ 0 the fun
tion a(x) must be 
lose to a linear fun
tion.The obtained restri
tions to the prin
ipal solutions of the BVP (1) � (4) make itpossible to 
ut o� the traje
tories when solving the Cau
hy problem (1) � (3), (15).Some a priori indi
ated relations, e.g., (8), (17), (18), (22), 
an be used for additionalveri�
ation of the 
orre
tness of the 
omputations.4.2. A brief des
ription of the numeri
al results of [1℄. The analyti
alinvestigation and 
al
ulations lead to the following 
on
lusions.(1) For ea
h D > 0 and κ 6= 0, the following fa
ts are valid:a) there exists a �nal h = hfin(κ, D) > 0 su
h that for ea
h h : h ∈ [0, hfin(κ, D)),the nonlinear BVP (1) � (4) has not less than one and not more than three isolated
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s�solutions; for ea
h h > hfin(κ, D), this BVP has no s�solutions;b) there exists a threshold value h = hth(κ, D) : 0 < hth(κ, D) ≤ hfin(κ, D),tending asymptoti
ally, for D > 0 large enough, to hth(κ,∞) = κ2, and su
h that theparti
ular exa
t n�solution (10) be
omes nonisolated spe
trally metastable (neutrallystable) solution to BVP (1) � (4) and a transition n → s takes pla
e under redu
tion ofthe magneti
 �eld.(2) For ea
h D ≥ Dcr1 ∼ 1.63, the following fa
ts are valid:a) there exists �rst 
riti
al κ = κcr1(D) su
h that, for h = hth(κcr1(D), D),BVP (1) � (4) has a 
ontinuum of nonisolated solutions; for D > 0 large enough, thequantity κcr1(D) tends asymptoti
ally to κcr1(∞) = 1/

√
2 and hth(κcr1(D), D) tendsto hcr1 = hth(κcr1(∞),∞) = κ2

cr1(∞) = 1/2;b) there exists κ = κcr2(D) > 0, tending asymptoti
ally, for D > 0 large enough, to
κcr2(∞) ∼ 0.9195, and su
h that hth(κ, D) < hfin(κ, D) for ea
h κ ∈ (0, κcr2(D)) and
hth(κcr2, D) = hfin(κcr2, D).(3) For ea
h D > Dcr2(κ) (where, e.g., Dcr2(0.2) ∼ 1.12, Dcr2(0.935) ∼ 1.63,
Dcr2(2.0) ∼ 2.36, Dcr2(3.0) ∼ 2.38, Dcr2(6.0) ∼ 2.43), the following fa
ts hold:a) for ea
h κ ∈ (0,κcr2(D)], a transition s → n of the �rst order o

urs for
h = hfin(κ, D), i.e., by the jump s → n under ampli�
ation of the magneti
 �eld (aphenomenon known as a 
atastrophe);b) for ea
h κ > κcr2(D), the relation hth(κ, D) = hfin(κ, D) is valid and atransition s → s1 → n o

urs under ampli�
ation of the magneti
 �eld and 
onsists ofa jump s → s1 and a transition of the se
ond order s1 → n;
) for ea
h κ 6= 0 the magneti
 hysteresis takes pla
e for the transitions s → n(or s → s1 → n) and n → s (or n → s1 → s2 → s) under ampli�
ation and redu
tionof the magneti
 �eld respe
tively; for the values of ψ0(h) (either ψD(h) or M(h)) lyinginside the hysteresis loops of the bifur
ation diagrams, the 
orresponding solutions tononlinear BVP (1) � (4) are dynami
ally unstable.(4) For ea
h κ 6= 0, the following fa
ts are true:a) for D < Dcr2(κ) and h ∈ [0, hfin(κ, D)), nonlinear BVP (1) � (4) has a uniqueisolated s�solution;b) for D = Dcr2(κ) and h = hth(κ, Dcr2), nonlinear BVP (1) � (4) has a 
ontinuum ofnonisolated solutions;
) for D ≤ Dcr2(κ) there is no the hysteresis states for all h ∈ [0, hfin(κ, D)).Numerous illustrations to these assertions are given in [1℄, [4℄.5. Con
lusionsFor the one�dimensional GL nonlinear BVP, the following results of [1℄, in
ludingthe revisions and additions of given paper, are new:(1) On the basis of preliminary theoreti
al analysis of GL nonlinear BVP (1) �(4) and the estimates of parameters, a very simple new numeri
al method is proposed
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hkin S.V.allowing e�
iently to 
ompute all the solutions to this problem in a wide range of thephysi
al parameters, in
luding dynami
ally unstable and nonisolated solutions (thesetypes of solutions were not found so far using alternative methods).This makes possible to form more exa
t 
ontinuous bifur
ation diagrams for theorder parameter and magnetization of the plate that des
ribe a transition of the platefrom super
ondu
ting phase of the state to the normal phase (and vi
e versa) underampli�
ation (redu
tion) of the magneti
 �eld that leads to more detail study ofmagneti
 hysteresis phenomenon, the evolution of the diagrams for varying parametersof super
ondu
tor material, plate width, et
.(2) Spe
tral problems for dynami
al (in)stability analysis of solutions in frame oflinear perturbation theory and for a priori dete
tion of threshold levels of magneti
 �eldwere posed and studied.In parti
ular the reasons were 
lari�ed why iteration methods of relaxation type
ould not dete
t solutions 
orresponding to a bran
h of the bifur
ation diagram lyinginside hysteresis loop, namely these solutions are dynami
ally unstable.The authors thank Dr. A.L.Dyshko for her large 
ontribution in the numeri
alinvestigation of 
onsidered problems in [1℄ and Dr. R.S.Makin for useful dis
ussion.This work was supported by RFBR, proje
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