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YIK 519.833.7

AHTOHEBUY A.B.

Ob YCPEAHEHNUN KOSODOUITNEHTOB
OYHKIIMOHAJIBHBIX OITEPATOPOB

B pabome na mpumepe onepamopos 636€WEHHO20 CIBULA, TLOPOHCOCHHBIT UPPAUUO-
HAADHOLM NOBOPOMOM OKPYAHCHOCTU, 0BCYHCIGEMER, KAK MOHCEM GWL2AA0EMD GHANO2
MEoOPUY YCPedHEHUA UAYU TNEOPUL NPUBEIEHUSA K KAHOHUYECKOMY 68UY OA% PYHKUUO-
HAADHOLT ONEPAMOPOS.

1. BBEJIEHUE

DYHKYUOHAADHBIMU ONEPAMOPAMY HABIBAIOT OMEPATOPHI, JEHCTBYIONINE B PA3IMI-
HBIX TpocTparcTBax F(X) dyukmmit Ha MHO)KeCTBe X, U MMEOIe BU/T

Au(x) =Y ap(x) u(ax(z)), ue F(X), (1.1)
k=1

rae a : X — X ecTb 33JJaHHBIe 0TOOPAXKEHNsI, a af €CTh 3aanuble Gpyukinn. OyHKn-
OHAJIbHBIE OTIEPATOPBI, UMEIONINE TOJBKO OJHO CJAaraeMoe, T.e. OepaToOpbl BU/IA

Au(z) = a(z) u(a(zx)), (1.2)

HA3BIBAIOTCS HA3BIBAIOT ONEPAMOPAMU 838eweHH020 cieueza. CBOMCTBA (DYHKITHOHATD-
HBIX OII€paTOPOB B CBA3U C MHOI'OYUCJICHHBIMU IIPUJIOKEHUAMU NCCJIEJ0BAJIUCH C PA3HBIX
TOYCK 3PEHUA MHOI'MMMU aBTOPAMM.

[Ipu uccnemoBanny KOHKPETHBIX YPAaBHEHM KOI(DDUITUEHTH MOTYT 0KA3aTHCST (DYHK-
[IUSIMUA C BECHMA CJIOKHBIM MOBEJIEHNEM U PACUETHI, UCTOJIB3YIOININE TAKUE OMEPATOPHI,
3aTpy/aHeHbl. [109TOMYy ecTeCTBEHHO MOTBITATHCA CBECTH MCC/IEJOBAHNE K CIYYal0 ypaB-
HeHuil ¢ Hojtee TpocThIME TOBeAeHueM Koaddurmentos. Hanpumep, B Teopun mudde-
PEHITHAJILHBIX YPABHEHWI MMeeTCst TI0 KpaiiHell Mepe JBa BapuaHTa TAKOTO CBEICHUST —
MpUBeJIeHNe YpaBHEHNS K KAHOHUYECKOMY BUJY W TeOpWsl ycpemHenus. B pabore 06-
CY2KJTAeTCS CJIeIYIONINil BOIPOC, KAK MOXKET BBITJIAIETh aHAJIOT TEOPUU YCPETHEHUS UJTH
TEOPUU NPUBEJEHNS K KAHOHUYECKOMY BUIY /s (DYHKITMOHAJTHHBIX OTIEpaTOPOB?

B o6oux ciyuas (npu ycpennenun Ko3hMUIMEHTOB W IPU TPUBEICHNN K KAHOHIYIE-
CKOMY BUJY) 3a/ia4a 3aK/II0YaeTCs B TOM, ITOOBI 3aMeHUTh KOI(DUnuenTsr hyHKINnO-
HaJILHOI'O OllepaTopa Ha KO3 DUIMEHTHI ¢ H0Jiee MPOCTHIM MOBEJEHNEM TaKiuM 00pa3oM,
9TOOBI COXPAHUINCEH (UJTA MaJIO W3MEHU/IUCH) OCHOBHBIE CBOMCTBA MCXOTHOTO OMEPATOPA.
B chopmynupoBanHoM Bujie 3a/1a9a HE sIBJIAETCS TOYHO IIOCTAB/IEHHO: TpebyeT yTouHe-
HUs$l, YTO MOYXKHO B KOHKDETHON CHUTyalluu CYUTATh Koddduimentamu ¢ 60jiee mpoCcThbiM
[TOBETIEHNEM, U COXPAHEHMA KAKUX CBOMCTB UCXOTHOTO OIIepaTOpa MOYKHO TOTpeboBaTh. B
paboTe PaccMOTPEHO HECKOTHLKO BAPWAHTOB TOTHON TTOCTAHOBKHM 33AYH JIJTsT MOJETHHOTO
KJTacca (DYHKIMOHATBLHBIX OMEPATOPOR — OTIEPATOPOB B3BEIIEHHOTO CIABUTA, TTOPOYXKIEH-
HBIX, UPPAMOHAJIBHBIM IIOBOPOTOM OKPYZKHOCTH.

2. OIIEPATOPHI B3BEIIIEHHOTO CABUTA, ITOPO>KJAEHHBIE NPPAITMOHAJIBHBIM
[TOBOPOTOM

Iycts S' = R/Z, u a(z) =  + h , h — uppammonamsHoe umcio. B mpocTpancTse
Ly(SY) pacemorpum omepatop caura Thu(z) = u(r + h) W MHOXKECTBO ONEpaTOpOB
B3BEIIIEHHOTO C/IBArA BH/IA

Au(z) = a(z) u(z +h), z € S, (2.1)

re K03 UIUEHT @ sBISEeTCsT HEMPEepPBIBHON KOMILIEKCHO3HAYHONW (DYHKIMEH, TpuIemM
a(x) # 0 pst Bcex x. MHOTHE BOIPOCH!, BO3HUKATOIIHE B CBSI3U TIOCTABIEHHBIME 3a,1a9a-
MW, [T OTlepaTopoB Buaa (2.1) paccMaTpuBaiuch paHee B Ipyrom Koutekcre. [losromy
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9aCTh PE3YJLTATOB SBJIAETCA MHTEpPIpeTanyeil M3BeCTHBIX paHee (haKTOB C TOYKH 3pe-
HUSA 337290 YCPEIHEHNs WM 3a7a9U NPUBEJIECHUS K KaHOHUYECKOMY Buy. llpu uppa-
[IUOHAJIBHOM I JIjIs CHEeKTPAIBHOIO pajiuyca oneparopos Bujaa (2.1) ¢ HempepbIBHBIMU
k03 duIeHTaMI IMeeT MeCTO PaBeHCTRO [3, 2]

1

Inr(A) = exp/ln la(x)| dz, (2.2)
0
KOTOPO€E 03HAYAET, YTO CHEKTPAIbHBII PAJNYC SIBJISETCS CPEJHUM M€OMETPUYECKUM 3Ha-
yennem Moyt Kodddunmenrta. 3 dhopmyssr (2.2) ciepyer, 9To aas onepaTopos BUa
(2.1) mpaBuo ycpenenus Koadbdunuenrta, rapaHTUPYIOIIEe COXPAHEHNE CIIEKTPATLHOTO
pajyca, MOXKeT CBOJNTCH K 3aMeHe KOdMduIenTa mocTosiHHOW — CPEJHUM I'€OMEeTPH-
YECKUM €r0 MOJLYJIs.

Hawubosiee cyiiiecTBeHHBIM [P 3TOM SIBJISIETCS TO, YTO B J€HCTBUTEIHHOCTH UMEET Me-
cTO bosee cusvHvil spdexm ycpednenua: CBsI3b MUCXOTHOTO OTEPATOPA W OMEPATOpa C
yCcpe/iHeHbIM KO MUIMEHTOM OKa3bIBAETCs 0OJiee CyIIECTBEHHOW, a UMEHHO, Y yKa3aH-
HBIX OIIEPATOPOB COBIIA/AIOT CIIEKTPbI U MHOIJIA TAKUE OlIePATOPbl OKA3bIBAIOTCH 110,100~
HBIMU.

Ipennoxkenue 1. Jlaa xoapduyuenma a noaoscum
1

a= exp/ln\a(a:)\ dx
0

U onpedesum YcpeoHernvill ONepamop, Kax Onepamop 636eWeHH020 CI8U2A ¢ NOCTNOAH-
oM Kosppuyuenmom: A = aly,. Tozda

o(A) =c(A)={\eC: |\ =a}.

I[Ipeyioxkenue ciejtyer U3 U3BECTHOrO SIBHOTO ONUCAHUS CLIEKTPA OlePATOPa B3BEIICH-
Horo casura Buga (2.1) (em. [2, 3]).

3. IIPUBOJVMOCTD: CJIVUAN TTOJIOKUTEJIbHBIX KO®PUIINEHTOB

JBa oneparopa Buga (2.1) Gymem Ha3bIBATL NPUGOOUMBLMU, €CITA OHU TIOJOOHBI, TIPHU-
geM 1moi06me MOKeT ObITh 33aH0 C TIOMOMIBIO (06PATUMOT0) OTepaTopa yMHOKEHUS Ha

dyHKIMIO.

IIpennoxxkenue 2. Ecau onepamop 63sewentozo ceuza euda (2.1) nodoben onepamopy
636€WENH020 CO8U2A C NOCTNOAHHVLM KOXPPHUUUEHMOM, MO IMU ONEPAMOPYL NPUBOOUMDL,
m.e. cywecmeyem maxas usmepumas Gynryus s(x), wmo onepamop S ymmodtcenus ma
Pynryuto $(T) ABAAEMCH 02PAHUNENHBIM U OOPAMUMBIM (IKEUBAACHMHO TNOMY, “4TNO
s(z) u 1/s(x) cywecmeenno oepanusenvs) u

S~taT},S = CT),, C = const. (1)

J06011 oeparuvennvili oopamumsili onepamop M, 0as KOMOPo2o GLINOAHEHO PAGEH-
cmeo
M~ YaTy M = CTy, (3.2)

m.e. 3adarowutl nodobue, moocem bwumv npedcmasaen ¢ eude M = SW, 2de W —
NPOU3BOALHBIT 0OpaMuUMBLT onepamop, nepecmanosounvit ¢ T,

HokazareabcTBo. [Ipexje Bcero caenaem ciejyiomee 3amedanue. Kcaum y npous-
BOJILHOTO oneparopa suja (2.1) cymecrsyer cobcrBenHas (GyHKUMsE S, TO MHOXKECTBO
{z : s(z) = 0} uHBapHMAHTHO OTHOCUTENHLHO OTOOPAYKEHNST T — T + h; B CHJIy dProamd-
HOCTH 9TOr0 otobpazkenust nmomydaeM, 910 u({x : s(z) = 0}) = 0. D10 03HAUAET, UTO
s(z) # 0 mourm Bcrogy. VI3 TpHBeIEHHBIX HEKe DACCYKJEHHUIl CIeIyeT, 9TO B CIydae
no06us (3.2) BbIOMHEHO Gostee cuabHOe ycosue: dyukimn s(x) u 1/s(x) cymecrsen-
HO orpaHmdeHsl. Be3 orpanmuennss oOMIHOCTH OCTATOYHO paccMoTpers caydait C = 1.
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Oyuknuu ey, = expli2rnkz|, k € Z, 06pasyior OpTOHOPMUPOBAHHBI 6A3KUC B IPOCTPAH-
crBe Lo(S') u apaarorcsa cobersennbiME (BYyHKIHAME omepaTopa T}, COOTBETCTBYTOTIIe
cobcrBenHble 3HavYeHus A\, = expli2nkh]| nmeror kparHocTs 1. B cuny nogobus (3.2)
dbyukus s = Mey aBisiercsa cobcrBennoit pyukimeir oneparopa aly, a cucrema GyHK-
it 83 siasiercst 6azmcom Pucca. B wacTHOCTH, BRITIOIHEHO HEPABEHCTBO

0< < lsell < |M]]. (3-3)

1
M1

IMycrs ug(z) = so(x) expli2rkx]. Jus aroboro k dyHKuMs up TaKKe sBJISETCH COO-
cTBeHHOM (byHKImedr oneparopa alp ¢ cobcrBeHHbiM 3HadeHueM Ai. CiieoBaTe/ibHO
Sk = Wik, TIe Wi, — nocTostHHag. Tak Kak ||ug| = [|sol|, m3 (3.3) cmexyer, aro

0 < wgl|soll < [|M]].

< 1

M1
[Tonyuennoe HepaBeHCTBO oO3HAdUaeT, 4To omeparop W, melicrByrommit mo dopmyiie
Wep = wger, orpanuder u 00paTUM; KPOME TOT0, OH EPECTaHOBOYEH C OMEPATOPOM
Ty. Ilycrs S ecThb omepaTop yMHOXKEHUsI Ha COOCTBEHHYIO (DYHKIHIO Sg. Torga mo mo-
crpoernto Mep, = SWeg u paBencrso Mu = SWu BBINOTHEHO HA BCIOLY ILJIOTHOM
MHO>KECTBE.

Buaunt Su = MW ™'y Ha BCIO/LY IUIOTHOM MHOMKECTBE, OTKY/IA CJIE/LYeT, 9TO OIEePATOP
S orpaHIYeH HA BCIOAY IJIOTHOM MHOKeCTBe. AHasormdaHo, Tak Kak S~ u = WM~y ua
BCIOJLy IJIOTHOM MHOXKECTBe, orneparop S~ lorpaHmuen Ha BCIOJY IJIOTHOM MHOMKECTBE.
Ocrasioch 3aMeTUTh, 9TO OMepaTop S YMHOXKEHUs Ha (PYHKIUIO § OPPAHUYEH HA, BCIOLY
TLTOTHOM MHOYKeCTBe B mpocTpancTse Lo (S') Torma i TompKo Torma, Korma dbymrkmnms s(z)
CYIeCTBEHHO OTpaHmdeHa. AHamormdso, omeparop S~ ! orpanmden Ha BCIOAY IIOTHOM
MHOYKECTBE TOTJ[a W TOJBKO TOTJa, Korma (yHkims 1/s(x) CymecTBeHHO OrpaHWYeHa.
Yro u TpeboBaOCh JOKA3ATh.

Takum obpazom, mogobre omeparopa € mepeMeHHBIM KoM MUITHEHTOM OTepaTopy ¢
TOCTOSTHHBIM KO3 (DUIMEHTOM 3KBUBAJEHTHO MPUBOAUMOCTH. 3aMETHUM, 9TO B CIydae
10100us IBYyX OIEPaATOPOB B3BEIIIEHHOTO C/IBUTA C MePeMEHHbIMU KO(hUImeHTaMmu pac-
CYKJI€HUs U3 J0KA3ATETHCTBA MPEI0KeHNsT 1 He TPUMEHUMBbI U BOITPOC O IIPUBOIUMOCTH
ocraercst OTKpbIThIM. [IpuBogumocTs Buja (3.1) 9KBUBaJIEHTHA CyIECTBOBAHUIO OIPAHU-
deHHoil cobcTBeHHOM QyHKImMHU oneparopa al}, T.e. pelieHns: ypaBHEeHUsT

a(x) s(x+ h) = Cs(z).

PazpenmmmocTs 9TOro ypaBHEHUS MOYKHO 3aIUCATH KaK CYIIECTBOBAHME T.H. (Gakmopusa-
yuu co cdsuzom KodDDUIMEHTa a — TPeCTaBIeHus K03 PUinenTa B BUIE

s(z)
a(x) =C————, 3.4
(z) s(x + h) (34)
rie dbynxmun s(x) n 1/s(x) cymecrsenno orpammuentl. Ilycrs a € C(S') n a(x) > 0.
Beenem voBble dyukmn ¢(z) = Ina(x) n d(x) = Ins(z)). Jlorapundmuposanue pasen-
cTBa (3.4) IPUBOAUT K M3BECTHOMY 20MOAORUMECKOMY YPAGHENUIO

d(x) —d(x+h) = ¢1(z) —InC. (3.5)
DT0 ypaBHEHIE BO3HUKAET B Psijie IPYTHX 3ajad U X0opoIro uccaegosano |1, 4 - 6|. ITox-

mpoctpanctso B C(Sh), cocTosmiee n3 byHKIHIT , YAOBIETBOPSIONAX YCIOBHTO

1

/gpda::O,
0

o6ozraumM depes Co(S1). HeobXoMuMbIM /T pa3pemmMocTs ypasHenns (3.5) apagerca
yenorne @ — InC € Co(S1), 3 xoroporo mocrostaras C' ompeesseTcs o [HO3HATHO:

1

C:exp/godx.
0
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EctecTBernO, 9TO 3Ta MOCTOSHHAS COBHAIAET CO CIEKTPAJTBHBIM PAJIIYCOM WMCXOTIHOTO
omeparopa. Ecam uckaTh pemienne roMoOJIOTIYIeCKOT0 YpaBHeHNs B Bue psana @ypobe, TO
rnojiydaeM psi;

Ok .
=3 P expi2n .
d(x) 2 T exp i2nkh exp i2rkz, (3.6)

e @ ectb Koaddurueratsl Oypbe QyHKIUU @. DTOT P COAEPKUT MaJble 3HAME-
HaTe/In, B CBA3MU C Y€M BO3HHKAIOT M3BECTHBIC OCJIO?KHEHHWA, B YaCTHOCTU, PAI MOZKET
oKazaThCs pacxogammmMcs. Orpanuuennoe perenne ypasaenus (3.5) CylmecTByoT TOIb-
KO Torma, Koraa (ysnms ¢ — In C npuHaIIeKUT HEKOTOPOMY HE3aMKHYTOMY, BCIOIY
nporaomy noanpocrpancrsy My B8 Co(S 1). ITogmpocTparcTBo M}y He mMeeT MPOCTOTO
SIBHOTO ONMCAHWS, TAK KaK yCJIOBUS PA3PEIIMMOCTH TOMOJIOIMYECKOro ypasHenus (3.5)
JIOCTATOYHO CJIOZKHBI U 3aBUCUT OT CBA3U apudMETUIECKON ITPUPOIbI UPPAMOHATBLHOTO
qucaa h (OneHOK Masibix 3HameHareseii) u cBoiicts dbyukun . I3BecTHO, HApUMED,
910, ecau (PYHKIUS (¢ JOCTATOYHO IVIaJKasl, HAIIPUMED, @ € 04(S 1), TO J1JIsl TIOYTH BCEX
h CyIIecTByeT HeHpepbhIBHOE PEIleHne rOMOJIOrHYecKoro ypasuenus, r.e. C4+(S1) C M,
JITsT TOYTH BCex h. YcaoBue, 9To e (PYHKIUU (01 U (o TOTATAIOT B OJUH KJIACC SKBUBA-
nerrHoCTH B dhaxTop-mpocTpancTse C(S1)/My, SKBUBATEHTHO TOMY, UTO COOTBETCTBY-
fOIIIKEe OTIepaTophl B3BeIeHHOro a1} u asl) casura npuBoguMbl. OHAKO TPUXOIUTCS
OTMETUTH, UTO, €CJU HEKOTOPHIN KJIACC SKBUBAJEHTHOCTU HE COMEPKUT MOCTOSHHON, TO
HET JOCTATOYHO €CTECTBEHHOI'O CIOCODa BBIJIEJUTH B KJIACCE TPOCTEUIHl SJIEMEHT, T.€.
yKa3aTh HEKOTOPBINl KAHOHUYIECKUI BUJI OIEPATOPOB, TPUHAIEXKAIUX JTAHHOMY KJIACCY
MPUBOUMBIX MK, Ty co0oit orrepaTopoB. Kak yke oTMedasioch, BOIIPOC 0 TOM, CJITyeT Jid
B 00ITIeM ciiydae u3 moj[00us JABYX OMEepaTOPOB B3BEIIEHHOTO C/IBUTA WX MPUBOJIUMOCTD,
Tpebyer JIOMOJHATEILHOTO HCcieaoBanus. 3ameruM, aro yeaosue C = r(aly) = 1 9k-
BUBAJIGHTHO TOMY, uT0 ¢ = Ina € Co(S'). B ciayqae C' = 1 nmomobue (3.1) oznadaert, B
9acTHOCTH, YTO oneparop aly mojobeH yHutapuomy omnepartopy 1p. Tak Kak yHUTapHbBIE
OIepaTOpbl U 10/I00HBIE K HUM 06pa3yioT KJIacC OMEPATOPOB CO CPABHUTEIHLHO ITPOCTO
CTPYKTYPOIi, BOBHUKAET BOMIPOC: Beeraa jiu u3 yenosusa C' = 1 ciemyer, aro omeparop al},
1o/1006€eH HEKOTOPOMY yHUTapHOMY oreparopy. OTBeT oTpuiiaTe/IbHbINA; U3 HETO CJIEe/IyeT,
9TO Cpesy omepaTopoB Buga al} eCTh OMepaTopwl ¢ Hosee CI0KHON CTPYKTYPOil.

Ipeagoxkeune 3. /laa 4106020 uppayuonasbhozo h cywecmeyem makas HENPEPbLIEHAA
pynryua © € Co(S1), , wmo onepamop aT}, 2de a = exp, ne nodoben yHumapHomy

onepamopy.
JokazareabcTBo. IIpeamomokuM, 9T0 KarKJIbIi OIEepaTop B3BEIEHHOIO CABHUIA C
HEIPEPBIBHBIM MTOJIOKUTETLHBIM K03 MDHUIHEHTOM, yI0BIeTBOPSIOMuil yeaosmuo r(A) =
1, mogobeH HEKOTOPOMY YHUTAPHOMY OIEpaTOpy.

Tak KaK BCe CTENEHN YHUTAPHOTO OMEpATOpa CJBUIA OTPAHWYEHBI B COBOKYIIHOCTH,
JIJTS KazKJI0TO U3 PACCMATPUBAEMBIX OIIEPATOPOB A OrpaHHvueHbl B COBOKYIHOCTH IO HOD-
Me Bce crenenn A”. Torga u3 orpaHUYeHHOCTH HOJIOKUTEIBHBIX CTeleHeil BLITEKAeT, 9TO
nrs moboit bymkman ¢ € Co(St) mocaesoBaTebHOCTS

i o(x + kh)
0

PaBHOMEDHO OTrpaHHYeHa CBepxXy. A M3 OrpaHMYeHHOCTH OTPUIATEILHBIX CTEleHEe BbI-
Texaet, 4To a1 mo6oit by ¢ € Co(S') mocnesosaresHoCTS

i o(x + kh)
0

PaBHOMEepHO orpaHnmYeHa cHu3y. Tak Kax

n—1
> o(x +kh) = (Snp)(x),
0
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roe S, = g TF. w3 reopembr Banaxa — [MIreitaraysa ciaemyer, 9TO MOCIEIOBATEb-
HOCTH OMepaTopos S, orpanmdena 1o mHopme B mpoctpanctse Co(S!). Ho serko mpose-
puth, uro ||S,|| = n, noaydaem nporusopedne, OTKy/a u CJeLyeT yTBEPKIEHUE.

Takum 06pa3oMm, BOZHUKAET UEPAPXUA CA0KHOCTH omeparopoB alj. B ciyuae, korma
r(aTy) = 1 u criekTpoM oreparopa siBJISIeTCs eJNHNIHAST OKPYYKHOCTh, TaKask NepapXusi
“MeeT CJIEAYIOIIUiI BU: OMepPaTOPhl, TOI00HBIE HEKOTOPOMY OIMEPATOPY C TOCTOSHHBIM

koaddurmenrom Buga CTy, e |C| = 1 (nambosiee mpocThie); onepaTophbl, MOH0GHbIE
YHATAPHOMY, HO He T000HbIe omepaTopaM Buma 1}; OmepaTopsl, He MOA00HbBIE yHUTAD-
HOMY.

Ormernm, uTo mpuem GakTOPU3AKUU CO CABUTOM JIJIsi UCCAE0OBAHUS CIEKTPA, Oepa-
topos Buza (2.1) 6bu1 npuvenen H.K. Kapanersiniem B [6].

4. IIPUBOAVIMOCTb. CIVYATT KOMIIJIEKCHO3HAYHBIX KO®PUIIMEHTOB

Ecmu xosdpdunment a saBisercss KOMILIEKCHO3HAYHONW (DYHKIINEH, TO MPEIbIIyIIne
paccyxkaeHus ciaeayer MoauduupoBaTh. MokeT 0Ka3aThCs, YTO TIPU IIAJIKOM K03hdhu-
[MeHTe a HelpephbIBHAs BeTBL Jlorapudma He cyinectByer, Torjaa Gyrakuus ¢(x) = lna(z)
MMeeT pas3phiB TIEPBOTO Poja, a MPH IIAJKOH (DYHKIMKA @ TOMOJOTHYECKOe YPaBHEHUE C
TaKoit MPaBoil 9acThIo He MMeeT permennii gaxe B npocrpanctse Lo(S!) (kosbdummentor
paga (3.6) He crpemsarcsa k Hy0). [IpenarcrBuem K CymecTBOBAHUIO HEPEPHIBHON BeT-
Bu jiorapudma s byHKIuK @ aBiasgercs ee uaaekc Kommn y(a) — HenpepbiBHASI BETBb
norapudMa CyIecTByeT TOTJa U TOJILKO Toraa, koraa X(a) = 0. Hanomuuwm, uto un-
dexcom Kowu dbyHKIMM Ha OKPY?KHOCTH HA3bIBAETCS TIPUPAIIECHIE apryMeHTa, (pyHKII
npu 06x0/1€ OKpyzKHOCTH, nesternoe Ha 27. [pu x(a) # 0 MOXKHO PaccMOTPeTh JAPYrylo
daKTOPU3ANIIO CO CIABUTOM:

a(w) = cam 2 (1)
s(x +h)
e m = x(a), z = expli2nx].

Heticteurensho, y dyaknuu a(x)z CyIIIECTBYET HENPEPbIBHAST BETBbL JOrapudma,
npuveM 3Ta BETBb MMEET Ty Ke IJIaJKOCTh, uro u (dyuknus a. [locne 3amenst p(r) =
Infa(x)z=™], d(x) = Ins(x)) nomyuaem romonornveckoe ypasuenue (3.5). Tosromy,
€C/IM CYIIECTBYET OIPAHMYEHHOE PEIEHNE TOMOJIOIMYECKOr0 yPaBHEHUST, TO UMEET MECTO
HPUBOJAUMOCTb:

—m

SaT,S™! = Cz™Th,. (4.2)
Omeparop Cz™T}, B paccMaTpUBaeMOM CJIydae MOXKHO CIUTATh KAHOHUYECKOT (HopmOT
orteparopa al} ¢ mepeMeHHBIM KO3 DUIMEHTOM. 3aMeTuM, 910 pu m # 0 omeparop
2Ty, ABISETCS YHUTAPHBIM, HO OH HE TMOJ0DEH OMepaTopy B3BEIIEHHOTO CIBHUTA C T0-
CTOSTHHBIM KO3(DPUITHEHTOM. DTO CIEAYET, HAIPUMED, U3 TOT0, YTO Y TAKOrO OMEpaTopa
HeT COOCTBEHHBIX 3HAYEHMIA.

5. BBHIBOABI

V13 mpuBeieHHBIX pAaCCYKIAEHUN U U3BECTHBIX PE3YIbTATOB O PA3PEMINMOCTH TOMOJIO-
TUYECKOTO yPaBHEHUS MOJIYIaeM CJETYIOTINE BHIBOIHI.

5.1. Ecau mpu 3amene koddduiimenTa 60/1ee TpocThiM TPebOBATH TOJBKO COXpaHeHMe
CIIEKTPAILHOTO PANYCa OMEPATOPA, TO KOI(MDPUIIMEHT MOXKHO 3aMEHUTh Ha T0-
JIOXKUTETHHYIO TIOCTOSHHYIO — CpeHee FeOMeTpUIecKoe Mo Ty st KoadduimenTa
U TIPU 3TOM y UCXOJHOTO U YCPEJIHEHHOTO OMEPATOPA CIEKTPHI COBIAIAOT.

5.2. llporenypa ycpeiHeHus, B KOTOPOIl omeparopy A = aT}, craBuTCSI B COOTBET-
criue oneparop A = Cz"Ty, rue m = x(a) — nngexc Ko koadbdunuenta,

C = exp / In[z"a(x)] da,

6oJiee eCTECTBEHHA CO CJIEIYIONIEH TOYKU 3PEHUs] — MPU TAKOM YCPETHEHWUN He
TOJIBKO COXPaHdAeTCs CIEKTP OIepaTopa, HO TaKiKe g JOCTATOYHO IJIAJKHUX
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(xmacca C?) xosddurmenTos mpu modTH BeeX h omepaTop A NpPEBOAMTCA K

oreparopy A.

5.3. Orpanndenust Ha TJIAJKOCTh KOI(MMUIIMEHTA U HA TPUPOILY UPPALNOHATIBHOCTH

qncia h B 5.2 cywecmseenmos:

5.3a. 1000it pyHKIMEM @, HE ABIMIONENCT TPUTOHOMETPUIECKUM MHOTOUICHOM
(mazke CKOJIb yrOgHO TUIaJKOM MM aHAJIUTHYECKOT) CYIIeCTBYET TaKOe Mp-
PAIMOHAIBHOE f, ITO TOMOIOTMIECKOe yDABHEHHE He NMeET OrPAHMIEeHHbIX
permrenuii u cOOTBeTCTBYOMIi omepaTop A He mpmBOAUTCA K omepaTopy A.

5.3b. s s1r060ro mppanuoHaJbHOrO0 h CylecTByeT Takas HelpepbIBHAL I10J10-
KureabHas Gyakuus a, aro r(aly) = 1, vo oneparop al}, He TOJIBKO He
mo/100€eH orepaTopy A= T}, HO oH He TOM00€H KAKOMY-/Tr00 yHUTAPHOMY
oTepaTopy.

5.4. MHOXecTBO BCceX OMepaTopoB Buaa al} OTHOIIEHWEM TPUBOSUMOCTH pa3dWBa-
fOTCA Ha OOIMUPHOE CEMENCTBO KIACCOB SKBUBAJIEHTHOCTH, 9TO CEMENCTBO mapa-
Merpusyercs sjementamu Muoxkectsa Z x C(S1) /My, Tipu 310oM HET J10CTATOUHO
€CTEeCTBEHHOTO Croco0a BBIJICJUTH B KAXKJIOM KJIACCe MPOCTEHIuil 9/IEMEHT, T.€.
yKa3aTh HEKOTOPBIH KAHOHWYECKUI BU/I ONEPATOPOB, IPUHAIEKAIINAX JAHHOMY
KJ1accy.
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KOMIIAKTHBIE I'PVIIIIBI B L,

[Mycrs (X, X, ) — m3aMepumoe TPOCTPAHCTBO € KOHEYHOIN CYETHO-aITUTUBHON IO
HOlt Mepoit, p € [1,00], L, = L,((X,X%, 1)) — 6aHaxoBO IPOCTPAHCTBO BCEX HU3MEPU-
MBIX KOMILIEKCHO3HAIHBIX (yukmuit f, 3amamneix #a (X, X, 1), 11s xoropex | fll, =
([1f Pdp)Y/P < 0o (dbyHKIUE, PABHBIE IOYTH BCIOY, CIMTAIOTCS PABHBIMIE).

B nanmoit pabore gaercd ommcaHHe TaKHX IIOJMHOXKECTB u3 L), KOTOpbIE fABISIOT-
Csl TPyNIIAMI OTHOCHTE/IBHO IIOTOYEYHOIO YMHOXKEHH:A B L), U KOTOpble KOMIIAKTHBLI B
(Lyp, || - |p) (emmemma rpymmms: - dbyrKims, TokgecTBenno pasrast 1). Kpowme Toro maercs
KPWUTEpHii OTHOCUTEIHHOW KOMIAKTHOCTH B TOTIOJIOTAU CXOAMMOCTH IO MEPE TOATPYTITTHI
IPYIIBI YHUTAPHBIX ONMEPATOPOB B KOMMyTaTnBHOI anrebpe ¢don Heiivama ¢ TogrbiM
HOPMATBLHBIM KOHEIHBIM CJIEIOM.

Paccmorpum KoHewHOe nin cuerHoe qu3bioHKTHOE pasouenne A = { X };c; npocrpan-
crea X wa mnogvuoxkecrBa X; € X, wu(X;) > 0, ¢ € I (B ciayuyae p = oo cunta-
em, uro | — komeuno). Iomoxwum Gy = {f € L, : |f] = 1, f(z) = o; ansa Beex
xe€ X, a; €C, iel}.

Teopema 1. G\ — womnaxmnas epynna 6 Ly.

Jloka3zareabcTBo. PaccmorpuM ecrecTBenubiii arebpamaeckuii nzomopdusm ¢ : T! —
G\, onpenensiemMblii paBeHCTBOM @ (A1, ..., Ap,...) = > Aixx; (rpymmy T mer accommu-
i€l
pyem ¢ emmamaHoit okpyxuocThio B C). Ha T! pacemorpmy merpuxy p((A}), (A2)) =
1_y\2|p\1 1 2\) _ 1_ 32 _

(3 m(X) A = A2 P)MP mpu p < oo m p((A}), (A7) = maxier [Af —A7| mpn p = oo. Tora
1€l
¢ - M3OMETpHsI.

ITokarKkeM, YTO METPHKA p COIVIACOBAHA C TOIOJIOTHeH mpom3senenus B T!. D1o oue-
BUJIHO MIPH P = 00, TaK Kak [ - KOHEYHOE MHOYKECTBO B 3TOM CJIyUae.

IIycts p < o0. Bo3bmem mpomnzBosibHOe € > 0. B cmmy KomedunocTtn Mepwl (4 HaiieTcs
Takoe KoHedHoe mogMuoKecTso I’ B I, uto Y u(X;) < &P /2PFL. Torma oTKpLITHIT map

I/
C IEHTPOM B €INHUIE W PATUYCOM € OTHOCUTETBHO METPUKH p) COJEPIKHUT MHOIKECTBO
{(N) = D0 [N — 1Pu(X;) < eP/2}, asnasionieecst OTKPBITBIM OTHOCHTEIBLHO TOMOJIOTHUN
i1’

[IPOU3BEIEHNUS.

O6parro. ITycrs I’ — xomeunoe nogvuokectso B [ w mycrs V = [[{S; : S; = T

el

npu i ¢ I' u S; — e-okpecrnocts exunaunbl npu ¢ € I'}. fcno, uro mommHOKECTBA
Takoro Bua o6pasyioT 6azy Tomosornu mpoussegenus B T!. Kpome roro, V comepxut
J-OKPeCTHOCTDb JIMHUIILI B METpHUKe p, Te 0 = £ min;epr u(X;) /P 13 s10ro cjieiyeT, 9To
METpHKA p COINIAcoBaHa ¢ Tomosorueii mpomssegenns B T!. ITostomy G Tomosornaeckn
u3oMopdHa KOMIAaKTHOH rpymme T..

13 reopewmsbr 1, o9eBuHO, CiieryeT, 9TO JII00ast 3aMKHYTast TOATPYIIa, JIF0O0# rpy bl
Buga G Takxke Oyjer KOMHAKTHON rpymmnoit B L,. Hameit ocHOBHOI 1iesiblo siBiIsieTCsI
JI0Ka3aTe/IbCTBO 00PATHOTO yTBEPzK/eHUA: J1I00asd KOMIAKTHad rpynna B L, aBiderca
BaMKHYTON TOAIPYIIO rpymmbl Bujga Gy .

Tak xak sr0bas komnakrTHas rpyuna G B L, gsidercd komunakTHoil u B Ly, 10 BCe
HaIU JaJIbHENIInE PACCYKIeHUs Mbl Oy/ieM MPOBOAUTH it p = 1.

s ynoberea JaNbHEHIIINX PACCy K ISHN BBEIEM CJIEIYIONINEe OTpee/eHus:

Fpynny G B Ly 6ynem masbiBate U-2pynnot, eciu | f| = 1 m.B. misa Beex f € G.

I'pynny G B Ly 6ynem HazwiBaTh D-2pynnot, eciu CyIECTBYeT TaKOoe KOHEUHOE U/IN
cueTHOE MU3BLIOHKTHOE paszouenue A = { X },c; mpocrpancrea X na monmuokecTBa X; €
¥, w(X;) >0, i€l,aro f(x) = a; ans Beex x € X;, «; € C g mobeix f € G.
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Ipynny G B Ly 6ymem mazwiBath UD-2pynnoti, ecin OHa OJHOBPEMEHHO SIBJISIETCS U
U-rpymmoit, u D-rpymmoii. fcuo, uro rpynma G ects U D-Tpynma Tora u TOIBKO TOTIA,
KOT/Ta OHA, ABJISIETCS TOATPYIION HEKOTOPO# rpynmbl Gy .

Takum 06pazom, HaM HYKHO JJOKA3aTh, 9TO JII00asT KOMITAKTHAs Tpynna B L aBjIsteTCst
U D-rpymmoii.

Ipennoxenue 1. Ilycmv G — xomnaxmmuas epynna 6 Li. Toeda G — U-zpynna.

Hoka3zaresncrBo. Ilycts f € G. ooy Xy = {x € X : |f(x)] > 1}, X_ ={z €
X :|f(x)] < 1}. Ipennomoxmm, aro pu(Xy) > 0. Tak kak X4 ecTb 00beanHEHEE MHO-
x&ectB X, = {z € X :|f(x)] > 14 1/m} mo Bcem HaTYpasbHBIM M, TO HAIETCS TaKOe
m, ato (X,,) > 0. Torma [[f™|1 > (1 4+ 1/m)"u(Xy,), Te. || f*|li — meorpanmuennas

[OCJIEIOBATEIFHOCTE. A 910 mpoTuBopednT KoMmakTHOCTH (. Ilosromy (X4 ) = 0.
Jokazarenserso u(X_) = 0 cBoAUTCA K IpeIbLIyIeMy 3aMeHoi dbynkmun f ma L.

Jlaiee MbI ©ccieyeM CpeaHue

n1 N
Sngeim (T1y ey T) = (N7 + o nm)_l oo YD Isin(m(kizy + oo+ k)|,
k1=1 km=1

m
e Ti,...,Tm € (0,1, D x; # 0. Mbl jgokaxem CyliecTBOBAHHE IIPeje-
i=1

A $(T1y s Tm) = Mpin )00 Sny.im (T15 -+ Tm) STUX CPEJHUX T TOKAYKEM, TTO
S(x1y ey ) > 1/2.

Jlemma 1. Ecau zomsa Obi 00HO U3 MUCEA T1,...,Tm UPPAUUOHAALHO, MO NPEIes
$(T1y .oy Tim) CYwecmeyem u pasen 2.

JokazareabcTBo. MBI HoKaxkeM Oojiee 00IIee yTBEPKIEHNE: TIYCTh f — HEMpephIBHAS

1-nepuonueckas dbyukiwsa. Torma mpegen Cpemux Sp,. n,., (f3T1, .oy Tm) = (n1 - ... -
ni Nm

nm) "t S Y f(kizy + .+ k@) cymectsyer u pasen fol f(x)dx.
ki1=1 km=1

IIycre f(x) = exp(2mikx), tne k € Z, k # 0. Torna sp, pn,., (fi21, .., @m) =
m n;
II nl-_l > exp(2mikikx;). Ilo ycioBuio ofHO U3 94uces &1, ..., Ty, UPPALMOHAIBHO, IIyCTh
i=1 ki=1
510 Gymer, manpuvep, 1. Torma |Sn,. m. (f; 21,00 Tm)| < ny | (exp(2mik(ng + 1)x1) —
1) (exp(2mikzy) — 1)~ < 207t exp(2mikzy) — 1|~ — 0 npu ny — oo. Kpowme rtoro
fol exp(2mikz)dr = 0. Iosromy mame yrBepxjenue Bepuo ausa f(r) = exp(2wikz).

CiriesioBaresibHO, OHO BEPHO M JIJIsi BCEX TPUTOHOMETPHYECKUX MOJIMHOMOB Buja f(z) =
t

> crpexp(2mikz).
k=—s

Jl1obyto wHernpepbiBHYIO 1-TIepuonyecKkyro (HYHKIUIO MOXKHO PACCMATPUBATH KakK
HempepwiBHYI0 (byHKImMo Ha KommakTe T. [Tosromy mu3 Teopembr Croyra-Beiteprirpacca
CJIeIyeT, ITO JII00ast HempepbiBHAsT 1-teproguyeckasi (OyHKIUS AMMTPOKCUMUAPYETCST TPH-
POHOMETPUYECKUMU TTOJIMHOMAMY YKA3aHHOTO BBIIIE BUIA.

Ilycrs f - mpowsBosbHast HenpepbiBHas 1-mepuommdeckast GyHkmnus. st a1060r0
e > 0 maitgercs Takoil TpuroHoMerpudeckuit mosmuoM p, uro |f(z) — p(z)| < € mna
mobbix x € [0,1]. CymecrByer takoit Homep N, 9T0 JIsi BCEX Ny, ..., Ny > N Oyger

1 1
|01t (D3 T 15 oy ) — fo P(2)dz] < €. Torma [sp..n, (f; 21, Tm) — [y flz)de| <
1
2e + [Sny. o (D3 T15 oy Tm) — [ P(2)d| < 3e, OTKyI@ CIe/yeT, 9TO yTBEpIK/IeHIEe BEPHO

u s f.
[Ipumenus 310 yrBepkienue mua f(x) = |sin(7zx)|, momyumm, d9To mpemes

Sy .mim (T15 -y Tpy) CYIIECTBYET M DABEH fol |sin(mzx)|dz = fol sin(rz)dr = 2/7.

Jlemma 2. Ilycmv 6ce wUCAQ T1,...,Ty - HEHYACEHIE DAUUOHAALHBIE, M.€. T; =
pi/qi, (Pi,q) = 1 daa ecex i = 1,...,m. Toeda npedea s(x1,...,Tm) cywecmeyem u

q1—1 gm—1
pasen (qr - ... @) Y0 0 > [sin(w(ki/qr + oo+ ko /Pm))|.
E1=0 k=0
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HokazaresnbcrBo. O6osnauum s; = [n/q], 7 = n; — s;qi Mg Bcex i =
1,...,m. Bamernm, uro wmuoxkecrsa {{n(pi/¢)},{(n + V)(pi/@)},...{(n + a1 —
D(pi/gi)}} n {0,1/qiy....;(¢; — 1)/q;} coBnamator ays so6oro memoro n. Ilosro-

S141 Smdqm

My (ni s ng) 7 Z Z sin(m(kwp1/q1 + - + kmpi/@))l = (s1/m1) -
qa—1 qm—1 . =
(sm/nm)kz wo > Isin(n(ki/qn + oo F Ewm/pm))l = A/ + 01) - oo - (U gm +
1=0 m=
q1— 1 qm—1 1
Om) Z oy Isin(m(ki/qr + ... + km/pm))|, Tae |0;] < n; " pmas Beex i = 1,...,m.
1=0 km—O
1 51491 Smdm .
CrnemoBarenbro, (ng - ... )™ Y, ooy |sin(m(kipi/q1 + ... + kmp1/q1))| — (@1
ki=1 km=1
q —1
am) P > L Z |sin(m(k1/q1 + ... + km/pm))| mpu min(n;) — oo.
k1=0 km—O
OcraBimasicst 9aCTh CyMMBI Sy, . i (1, ..., Tm) HE npeBocxomut S+ ...+ Sy, rie S; =
n1 n;
(N1 mp)™ S 0 D Z |sin(m(k1z1 + ... + kmom))| < gi/n; 11s Beex @ =

ki1=1 kiZSiQi+1 km—l
1,...,m. CaejgoBare/ibHo, 3Ta 4aCTb CYMMBbI CTPEMUTCH K HYJIIO LIPU min(ni) — 0.

n—1
Jemma 3. Y |sin(n(k/n + a))| = cos(n(n {{a}n} — (2n)71))/sin(x/(2n)) >
k=0
ctg(m/(2n)) daa awobozo sewecmesennozo a npu n > 2.
n—1
Hoxkazaresscrso. Ilycte r = [n{a}]. Torma > |sin(n(k/n + a))| =
k=0
—r+n—1 —r+n—1

k:Z_ |sin(m(k/n+{a}))| = k:Z_ sin(m(k/n+{a})), rak kak r/n < {a} < (r+1)/n.
[Mocneauss cymma pasxa Im _;:Zn_l exp(im(k/n + {a})) = 2Ilmexp(ir({a} —r/n))(1 —
exp(ir/n))™' = 2Imexp(ir({a} — r/n))(1 — exp(—ir/n))(1 — exp(ir/n))~ (1 —
exp(—im/n))~! = (sin(r({a} — r/n)) —sin(r({a} —r/n —1/n)))/(2sin®(7/(2n))) "' =
cos(m({a}—r/n—1/(2n)))/sin(x/(2n)). Bamermwm, ato {a}—r/n = n~Y(n{a}—[n{a}]) =
n~H{n{a}}. Tak xax 0 < n~{n{a}} <n=t 1o [n"Hn{a}} — (2n)~| < (2n)~!. IosTo-

My cos(m(n~Hn{a}} — (2n)71)) > cos(w/(2n)).

IIpennoxenue 2. Ilocaedosamesvrocms  Spy. n, (T1,..m) = (M
ni n

nm) Y f |sin(m(k1z1 + ... + kmzm))| czodumes npu min(n;)) — o0
ki=1 kn=1

m

ons Mo6WT X1, ...,Tym € [0,1], maxux, wmo Y, x; # 0. IIpu smom npedea
i=1

s($17 7xm) = limmin(ni)—n)o Snl...nm(xly ,l‘m) > 1/2

JokazareabcTBO. Eciu xorst 661 OTHO U3 9UCEN T1, ..., Ly TPPAIUOHAIBHO, TO yTBEP-
Kaenne caeayer u3 jgemmbl 1. Ocranock 10 KoHIA pa3obparh caydaii, KOraa BCe Jucia
T1,y +eey Ty PAIOHATBHBL. [TyCTh 41, ..., 7; - BCe Te MHIEKCHI, JJId KOTOPBIX YHACTA Ty, -. ) Lj)
- HeHyJieBble. JIerKo BUAETD, YTO Sp, . n,, (T1, ..., Tm) = Snyy i, (@iys oo i) ycrs @ =
p/q, (p,q) = 1, ¢ > 2. Torma u3 gemm 2 u 3 caemyer, 9ro upegesn (i, ..., Tmy) =
M i ()00 Snpenio (T1, -y ) CymecTByer u s(x1,...,om) > ¢ 'ctg(m/(2g)). Ocra-
7ock mokaszaTh, uro inf{n~lctg(w/(2n)) : n € N, n > 2} = 1/2. Ogesuano, 4TO
lim,, oo n~tetg(m/(2n)) = 2/7. Kpome Toro dbynkmusa f(x) = z - ctg(x) yoBaer Ha
noxynaTeppasne |0, w/4], Tak kax f'(x) = (sin(2z) — 2x)/(2sin?(z)) < 0 Ha 3ToM mOTY-
marepsase. Crenosarensno, inf{n~!ctg(r/(2n)) : n € N, n > 2} =27 ctg(r/4) = 1/2.

CdopmyaupyeMm 0OCHOBHOE TEXHUYIECKOE
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Ilpennoxxenue 3. Ilycmo gy, ...,g9n -== usmepumoie Gyrkyuy, omobpascarougue X
6 [0,1[. Toeda Oasn awbozo & > 0 wmatidymca marue “ucaa ni, ..My, € N, umo

1=

m
| exp(2minigy) - ... - exp(2minmgm) — U > p(U supp(gi)) —e.
1

Hdoka3zaresibctBo. Paccmorpum  nocsegoBarenbHocTh  bynkmmit  fy, () =
Sno.n(g1(x), ..., gm(x)). U3 upemnoxkenuss 2 cjegyer, 4ro 3Ta I0CIEJ0BATETBHOCTH
cxoauTcst B Kaxao# rouke x € X, upm srom limy, o fn(z) > 1/2 musm Beex

m
x € |J supp(g;). Torma no teopeme Jlebera dbyukiusa f(x) = lim, o frn(z) n3mepnva
=1

1=

u limy, oo [ fo(2)du(z) = [ f(x)du(z) > ,u(‘CLJ1 supp(gi))/2. Hosromy st 06010

e > 0 maitnerca takoe N € N, wro [ fy(z)dp(z) > p(U supp(gi))/2 — /2. Ho
i=1

JeBbI  MHTErpas ecrh cpejnee apudmeruueckoe unrerpanos [ |sin(m(kigi(z) +
o 4 kmgm(2)))|du(z), nosromy wmaliayrcs Takme uucaa M, ..., Ny, € NJouTo

m
[ Isin(m(n1g1(x) + ...+ nmgm (2)))|dp(z) > p( U supp(g:))/2—¢e/2. Ocranocs 3amerurs,
i=1
at0 || exp(2mingg1)-...-exp(2minggm) — 1|1 = 2 [ | sin(m(n1g1(x) +... + Ny gm (2))) | dpe ().
VY npejiokennst 3 €CThb JIBa BaxKHbBIX CiaeicTBus. [lepoe u3 HUX 5TO

IIpennoxkenue 4. [lycmov G — cenapabesvnasn U-epynna. Tozda natidemca makxoe mHo-
orceemeo X € X, wmo (i). w(Xa) <sup{||f —1|1: f € G}; (ii). f(x) =1 daa nowmu
scer x € X\ Xqg u mobwz f € G.

Hoxka3zaresibero. [lycts {f, : n € N} — miornoe mogvuoxectso B G g, - Takas u3-
mepuMas dbyukIims, orobpazkatomasa X B [0, 1], uro f,(x) = exp(27migy(z)) st ar060r0
o

n € N. Tonoxum X = |J supp(g,). [okaxkewm, uro X yuosiaersopsier ycaosusiv (i)

n=1
u (ii).
N
(). Bosbmem npoussosbroe £ > 0. Haiinerca takoe N € N, uro u( |J supp(gn)) >
n=1

o0

(U supp(gn)) — e. Torma w3 upejjioxenus 3 ciepyer, 4ro Jijig HEKOTOPBIX YH-
n=1

cemx ni,...,ny BblmosnHsercs mepaencrso ||fi - .- AN — 11 = [|exp(2winig:) -

N 0
-exp(2minygn) — 11 > p(U supp(g:)) — e > p( U supp(gn)) — 2. Iosromy

=1 n=1

wXag) —2¢ < sup{||f — 1|1 : f € G}. B cuny npou3BOIBHOCTH € MBI HOJIydaeM
w(Xg) <sup{[|f —1[|s: feG}

(ii). IIycrs f € G. Hpeamonoxum, uro u({x € X\Xqg : f(z) # 1}) > 0. Torga
Haiigerca rakoe € > 0, uro pu({z € X\X¢g : |f(z)—1| > e}) = XA > 0. Ho B 9Tr0M Catyuae
lf — falll = eX > 0 gua moboro n € N, uro nporusopeunr mwioraoctu {f, : n € N}.
[Mostomy pu({z € X\X¢g: f(x) #1}) =0.

Bropriv criencTBreM mpeaioKeHnsa 3 ABJIIETCS

IIpengoxkenune 5. I[Tyemo g : [a,b] — [0, 1] — empozo sospacmarousee omobpasicenue.
Tozda nodmmnooicecmeo {exp(2ming) : n € Z} 6 Li[a,b] ne asasemes ommocumenvro
KOMNAKMHBLM.

HokazaresnbcrBo. I13 mpemmoxenus 3 ciexyer, uro gas soboro ¢ €]0, (b — a)/4]
b—(b—a) /4
Haiijerca Takoe n € N, UT0 | lexp(2ming(z + t)) — exp(2ming(z))|dz =

b—(b—a)/4 ‘

[ lexp(2rin(g(z +t) — g(z))) —l|dz > (b—a— (b—a)/4) —t > (b—a)/2.
a
ITpeamosoxknm, 9To moaMHOKECTBO {exp(2ming) : n € Z} OTHOCHTETHHO KOMIIAKTHO

B Li[a,b]. Torna mo xpurepmio M.Pucca orxHOocHTensroit KommakTHOCTH B Li[a,b] [2]
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b—(b—a) /4
narerpanel [ |exp(2ming(z +1t)) — exp(2ming(x))|dz mOMKHBI CXOAUTHCS K HYIIIO

a
npu ¢ — 0 paBHOMEPHO 110 . A 5T0 IPOTUBOPEYUT IPEIBLIYIIEeMy HepaBeHCTBY. IloaToMy
noMHOKecTBO {exp(2ming) : n € Z} 8 Li[a, b] He gBgeTcst OTHOCHTEIEHO KOMIAKTHBIM.

JIemma 4. ITycmv g — usmepuman eewecmeennas dynkyua na X, g*(t) = inf{c :
wlr = glx) < ¢} < t} - meybwearowas nepecmanosxa Pymnxuyuu g(x) [3). To-
2da Oaa 0601 usmepumoti oepanuvennot ynryuy [ na R svnoansemcs pasencmeo

[ Fg(@))dp() = [ fg*(t))dt.

HokazareabcTBo. [lycts A — m3mepumoe moamuokectBO B R, f = x 4. Torma B cuty
paBHOM3MepUMOCTH ¢ U ¢ [3] JieBbIii 1 IpaBBIil MHTErPAJIbI B yTBEPIKIEHNY JIEMMbI DaB-
uet (g1 (A)). CreoBaTesbHo, yTBep K IeHNe BEPHO 1 I MOOBIX MPOCTHIX (hyHKITII
f- Torma B obiiem caydae TOKAa3bIBAEMOE PABEHCTBO CJIEIYET M3 PABHOMEPHON AIMMmpOK-
cuMupyeMocTu JitoO0i orpaHuueHHON n3MepuMon (DYyHKIIUKA TPOCTHIME (PYHKIMSIME.

IMycre X € ¥ u pu(Xo) > 0. Obosnaunm Yx, = {A € ¥ : A C Xo}, L{(O =
Li(X0,Xx,, 1), Gx, ={f1 € L{(O : f1 = flx, maa wekoropoit dyukiuu f € G}. fcuo,
9TO ECTECTBEHHOE 0TOOpasKeHne CyzKenns w3 Ly B 70 SBJISETCS HOMPEePBIBHIM.

Ilpengoxkenune 6. [Tycmv g — makasa usmepuman Gynkyua, omobpasicarowas X 6
[0,1], wmo nodmmnoocecmeo {exp(2ming) : n € Z} omuocumesvro komnaxmmo 6 Lj.
Toz0a na nexomopom nodmmoscecmse noanot mepov, 6 X GynKyus g A6AAEMCA npocmot.

HoxkazarenncTso. Muoxkectso S = {\ € [0,1[: u(g~*({\})) > 0} ne Gouee, uem
CUETHO, TAK KAK SIBJISAETCS CUETHBIM OObeJMHEHMeM KOHeuHbix MHOxecTB {A € [0, 1]:
w(g~*({A})) > 1/n} no Beem n € N. TTosromy { X\ = g ' ({A}) : A € S} - e 6osee, yem
CY4eTHOE JU3'bIOHKTHOE ceMericTBO U3MEPUMbIX ITOJMHOZKECTB B X HaM HY2KHO I10Ka3aThb,
aro u(X%) =0, tme X0 = X\ J X\
AES

Ipemonoxum, uro u(X°) > 0. Tak Kak MHOXKecTBO cyxemmii Ha X° bymKmmit
{exp(2ming) : n € 7} Takxke SABIAETCS OTHOCHTEAHHO KOMITAKTHBIM B Li< | TO st
ynobcTBa, He OrpaHmdmBas OOIIHOCTH, OymeM cumTarh, uto X° = X U BCe MHOMKe-
crBa g~ ' ({\}) mmeror myeByio Mepy. IlycTn g* - HeybhIBaromas mepecTanoBKa by HKITIT
g(x). Pacemorpum orobpaxkenne F : {exp(2ming) : n € Z} — L1[0, u(X)], nomoxus
F(exp(2ming)) = exp(2ming™). 13 nemmsr 4 cenyer, aro F' - uzomerpus. Ilosromy MHO-
xkectBo {exp(2ming®) : n € Z} ornocurensro KomnakTHO B L1[0, 1(X)]. Kpome Toro g*
- crporo Bospacratormast GyHKus, nHade, ecam a < b n g*(a) = g*(b) = Ao, T0 B cuy
pasromsmepmoct g u g* [3] 6u110 661 0 = (g~ ({No})) > b — a. Ho sra curyarms
MTPOTHRBOPEYNT YTBEP K AeHnio mpeoxkenus 5. [Hosromy u(X?) = 0.

Ipensoxenue 7. Ilycmo G — womnaxmmnas 2pynna ¢ Li, codepoicausan naommyio
KoHewnonoposicdennyro nodepynny. Toeda G ecmw U D-z2pynna.

JokazareabcTBo. U3 npemnoxkenus: 1 ciemyer, uro Kaxmgas dyukinus f € G umeer
Buzx f(x) = exp(2mig(x)) 11 HeKoTOPOit m3MepuMoit byHKINE g co 3HadernsMu B [0, 1].

Ilycts dyukmum fi, ..., f, mopoxaaroT mwioTHyo noarpynny B G. U3 npemioxenus
6 ciemyer, 9ro BCe 3TH (YHKIMM — IIPOCTBIE HA HEKOTOPOM moaMHOXKecTBe X' C
X, (X)) = u(X). Tak xak sTux (QyHKIWH - KOHEYHOE UHUCJIO, TO CYIIECTBYET TaKoe
He GoJiee, UeM cueTHOe Ju3bioHKTHOe pasbuenne A = {X; € ¥ : i € I, u(X;) > 0}
mHO)KecTBa X', aro mobag dyukmmsa fr, k = 1,...,n nocrogana Ha Kaxaom X;, i € I.
Ho Torna u mobas Gyukiua f u3 MOATPYNIBI, TOPOXKIEHHON f1, ..., [, TakKe OyaeT mo-
CTOSHHOM Ha KaxaoM X;, ¢ € I. Jlerko BugeTh, 9TO B CHIY IJIOTHOCTH 3TON MOTPYIIIEL
B G mobasg pyukmus f € G 6ymer noCTOSHHON Ha KaxkgoM X, ¢ € 1.

Teneps Bce rOTOBO, YTOOBI JOKA3ATh HAIle OCHOBHOE YTBEDKJICHUE:

Teopema 2. Jhobas xomnaxmuas epynna G ¢ L1 ecmv U D-epynna.
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Hoka3zaresiberBo. Ilycrs G — kommakrtaas rpynma B L. U3 [1, Teopema 24.7| cre-
JIyeT, 9To Jist JiIoboTo € > 0 B £€-OKPEeCTHOCTH eIUHUIBI TPYHIbl (G CyIIeCTBYeT TaKas
saMkHyTas noAarpynna Gi rpymnnsl G, uro G/G1 = T™ x F, rjie n - HEOTpHUIIATe/IbHOe
nesoe anco, a F' - komeunas rpynma. Tak kak rpynma (G, €CTECTBEHHO, ABIAETCS CEMa-
pabesibHOI, TO U3 TpeIoKeHns 4 Caeayer, 9To CyIIEeCTBYeT TakKoe MHOXKeCTBO X, € 3,
aro ((Xe) < ewm flx\x. = 1 ms. gna moboit dbyrkmun f € G1. Crenoparensro, Gy
JIEKNUT B stpe romomopdusma cyxkenust u3 G B Gx\ x, . Cieposarensro, rpynma Gx x,
ecTh HenpepbiBHbI romomopdublii 06pa3 rpyunsl T X F' (em. [1, Teopema 5.35]). Ho
rpymma T™ X F' coepKuT II0THYI0 KOHEIHOTIOPOXK AEHHY IO MOAIPYIIILY, TaK KaK 1 Comep-
JKUT TJIOTHYIO UKJIMIeCKyIo moarpytiy. [losromy u rpynmna G X\X. COAEPAKUT IJIOTHYTO
KOHEYHONOPOzK ennyto noarpymiy. Toraa us npeaioxenus 7 caeuyer, uto G x\ x, €cTh
U D-rpynna. Takum o6pa3om, Mbl J0Ka3aJ/u, 9TO i jai0boro € > 0 cymecrByer Takoe
muOKecTBO X € 3, pu(X:) < e, uro ais ero monosnnenns X \ X, cymectByer He Gosee,
YeM CYETHOe IM3BIOHKTHOE pasbuenne A., Ha KayKJIOM 3JIeMEeHTe KOTOPOro Bce (DyHKIN
f € G moCTOSTHHEI T1.B..

CymecTByeT Taxasg MOCTEIOBATETHHOCTH TIOJIMHOXKECTB X/, C YKA3AHHLIM BBITIE
cBoficTBoM, 9T0 X1/, C X1/(,,—1) TIpu n > 2. Torga mepeceverne STUX MHOKECTB NMeeT
HYJIEBYIO Mepy, a JOMOTHEHUe 3TOT0 MePeCceveHrs €CTh JUIbIOHKTHOE 00beINHEHIe MHO-
weets X\ X1, X1\ Xy/2, s X1/n\X1/(n+41), - Kazaprit smement sroro pasbuennus, B
CBOIO OYepeib pa3buBaeTcs Ha He 6oJiee, YeM CUETHOE YUC/I0 MOMHOXKECTB, Ha KOTOPBIX
Bce pyHKIuN f € G MOCTOAHHEI II.B..

IIpuBenem ocHOBHOIT pe3yabTaT B 00IIeit (hOPMYyIMPOBKE:

Teopema 3. Jlhobas womnaxmnas epynna G 6 Ly, asasemca samrnymoti nodepynnot
nexomopot epynnvt G .

HokazaresbcTBo. B pabore [4] nokazano, 4ro siiobasi KOMIAKTHAST HOAIPYIIIA B KOM-
MyTaTuBHO C* ajirebpe MOPOXKIAeT KOHEIHOMEPHYIO mojgaaredpy. Orcroja cieiyer
yTBEpKJeHue JJis p = 0O.

Brrme yzxe 6B170 3aMevUeHO, 9TO KOMIIAKTHAA TPyHa B L, OyaeT KOMITaKTHOI IPyHIIoi
u B L. IlosToMy yTBep:KieHmne TeopeMbl I p < OO BBLITEKAET U3 TeOPEMBI 2.

Caencrsue 1. Ifycmv G — xomnaxmuaa epynna 6 L,, deticmeyrowas na npocmpar-
cmee Ly = Lo(X, 3, u) nomoueunvim ymmoscenuem. Toeda bukommymanm G" 6 anzebpe
B(L3) scex ozpanuuennuix sunetnux onepamopos 6 Ly ecmbv amomuyeckas arzebpa dor
Hetimana (6 cayuae p = 00 ama anzebpa KonewHoMepHa).

HoxkazatesnbeTBo. 13 reopemsr 3 cienyer, ato B B(Lg) Haiigercs Takas ve 6osee, dem
cuerHas (B CIyvae p = 00 — KOHEYHAs) CHCTEMA TTOMAPHO OPTOTOHAIBHBIX MTPOEKTOPOB
{P,: i€ J}, >, P, =1, aro moboit snement A € G nmeer Bug A = > NPy, [N =1
iceJ ieJ
st Beex ¢ € J. [Mosromy G BxoguT B arommdeckyio ajirebpy don Heitmana, mopox-
jennyio npoexkropamu Pj, i € J. Caegosarensno, G ecrb noganrebpa dhon Heiimana
B aromuyeckoit anrebpe dpon Heiimana. ITosromy G” cama ecrh aromuueckas ajrebpa
don Heitmana.

Caeacrsue 2. [Iycmv A — xommymamuenas aszebpa ¢orn Hetlimana ¢ mournvim 1op-
MANOHYM KOHEUHDLM CACOOM T, tr - MONoA02UA CTOOUMOCTIU N0 Mepe 6 A, nopoicden-
naa caedom T [6]; U(A) - epynna ynumaproiz onepamopos 6 A. Tozda monosozus t,
na U(A) cosnadaem ¢ monosozueti, undyyuposannot na U(A) nopmuposannot mono-
aozueti, noposcdennot nopmot |all, = (7(|a|P))P,a € A, das mobozo p € [1,00], u das
nodzpynno, G € U(A) caedyrougue ycrosus sk6u6aNeHIMHbL:

(i) G omnocumeavno kKomnaxmmno 6 monosozuu tr (coomeemcmeenno, G - ommnocu-
MEABHO KOMNAKINHO 6 PABHOMEPHOT monosozuu A).

(1) Buxommymanm G” ecmv amomuueckas anzebpa don Hetimana (coomsememeen-
HO, KOHEUHOMEPHAA,).
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Hdoka3zaresibecrBo. Xoporno u3BecTHO |5], 410 KOMMyTaTuBHas asnrebpa don Heiiva-
HA C TOYHBIM HOPMAJIBHBIM KOHEYHBIM CjieioM u3oMmopdua ajrebpe Lo (X, X, 1), neii-
crByoIeit Ha ruibbeprosom npocrpancTse Lo(X, 3, (1) HOTOYEUHBIM YMHOKEHUEM, T/e
(X , 2, [1) - W3MEPUMOe MPOCTPAHCTBO C KOHETHON CYETHO-aINTUBHON MOJHON MepOi,
a CJIey COOTBETCTBYeT WHTErpas mo Mepe u. [Ipw 3TOM TOMOJJIOTHST CXOQUMOCTH TI0 Me-
pe OTHOCUTENLHO Caena (MHTerpaia) COBMagaeT ¢ OOBITHON TOTOMIOTHEH CXOAUMOCTH 110
Mepe B anarebpe mamepumbix pyuakiuit. Ha g1000M orpanmaerHoM MHOXKeCTBE DYHKIII
9Ta TOMOJIOTHSI COBIAIAET C TOMOIOTHEl Ly-HOpMBI 1/1st jiio6oro p € [1, 0o, TTosromy mbr
MOXKEM WCIO0JIb30BaTh L1-HOpMY — 0ojiee yao0HYIO Jjist HAC.

ITycrs G — HekoTopast Tpynna Takux u3MepuMbix dyskiwii f va X, aro |f| =1 m.B..

(1)=(ii). IIycrs MHO)KecTBO G OTHOCHTENLHO KOMITAKTHO B Li. Torga ero 3ambikanue
G ects koMmmakTHag rpymma B Li. JeiicteuTensno, ecm f = lim f,, g = limg,,, T0
Hfg - fngm”l = ||fg = f9m + f9m — fngmHl < ||fg - fgmH1 + ”fgm - fngmHl =
lg = gmlls + If = fullr, Tax xax |f(z)| = [gm(z)| = 1 ms.. IlosTomy yrBepKIenme
ciaenyer u3 caeacTBus 1.

(ii)=(i). D70 crexyer u3 Teopemsl 1.
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B.M.BPyK

ANCCHUIIATUBHBIE 1 ObPATUMBbBIE OTHOIIIEHI 4,
ITOPO2XK/IEHHBIE HEOTPUITATEJIbBHOU

OIIEPATOPHOI ®YHKIIUEN "
JINP®PEPEHIINAJIBHBIM BBIPA>KEHUEM
SJIJINIITITYECKOI'O TUIIA

B mepMuHar 2panuMHbLE 3HAYEHUT ONUCHLBAIOMCA OUCCUNAGMUBHBLE, GKKYMYAI-
MUBHBIE U 00PAMUMBLE PACUUPEHUSL MUHUMAABHOZ0 OMHOWEHUSA, NOPOHCIEHH020
HEOMPUYAmMesbHol onepamopHot dynryuetd u JuddepeHyuarbHo-onepamopHsM 6oi-
PAACEHUEM IAAUTTNUYECKOL0 TUNG.

Linear relations generated by a monmegative operator function and an elliptic
operator differential expression are studied. A description of dissipative, accumulative
and invertible extensions of a minimal relation in the terms of boundary values is
given.

B mammoit pabore ¢ MOMOIIBIO TPAHUIHBIX 3HAUEHUN OMUCHIBAIOTCS INCCUTIATHBHBIE,
AKKYMYJIATUBHBIC U O6paTI/IMbIe paCcmmpennsd MUHUMAJIbHOTO OTHOMIEHU A, YKa3aHHOT'O B
zarosioBke. Hajmdane HEOrpaHWYeHHOrO OmeparopHOro KodddummenTta B auddepeniiu-
QJIbHOM BBIDAYKEHUU U HAJIMYHME BECOBOI OmepaTopHOil pyHKIMU TPEOYIOT PU ITOCTPOE-
HUW I'PaHUYIHBIX 3HAQYEHUN BbIXO/a 3a PaMKH UCXOAHOT'O IIPOCTPaHCTBA.

IIycre H - cenapabesibHOE THIBOEPTOBO MPOCTPAHCTBO CO CKAJJIAPHBIM IIPOU3BEICHUEM
(+,-). Ha xoneunom orpeske [0,b] paccmorpum auddepennuanbaoe Boipazkenue [[y] =
—y" + Ai1(t)y, rae oneparopuast dbyukuus Aj(t) ygoBaersopsier yCjaoBusaM: 1pu JH0O0M
t € [0,b] omeparop A (t) TONOKUTETHHO OMPEIETEH U CAMOCONPSKeH B H; omeparops
Aj(t) mmeror mocrosuuyo obracts onpenenenns D(A;(t)) = D(Ay); s moboro x €
D(A;) dyukuna A;(t)x cunbao HenmpepbBHO TuddepeHImpyema.

Badukcnpyem touxy to € [0,b]. Tycrs {H,} (=1 < 7 < 1) - ruasbeprosa mkaa
1IPOCTPAHCTB, LI0POZK ieHHas olepartopoM Aj (to). Ikana {H,} ue 3aBucur or BHIGOPA
TouKH to B caemyiomem cmpicae. Ecmr { H'} - mkana, mopoxaennas omeparopoM Aj (t))
(ty € [0,b]), To mEOXKecTBa H, m H. coBmamaior, a HOPMEI B HEX SKBHBATCHTHEI. IIpm
kaxkjoM t oneparop Aj(t) orobpakaer HENPEpbIBHO U B3aUMHO OJJHO3HATHO H+1 va H.
Conpsizxennbiit x A1 (t) oneparop Aj (t) 0ro6pazaer HENPepLIBHO U B3aUMHO OJ[HOZHAY-
no H wa H_1 u sisisiercs pacumpennem A, (t). O6oznaan [T[y] = —y” + Af (t)y.

ITycrs A(t) - cunbho n3mepumasi Ha [0, b] oneparopHas (byHKIMsI, 3HAYEHUSIMU KO-
TOPOI ABIAIOTCS OTPAHWYEHHBIE HEOTpUIATe hbHBIe onepaTophl B H. IIpeanomaraercs,
410 HOpMa || A(t)|| cymmupyewma Ha [0, b]. Ha muoxecrse HenpepbiBabix Ha [0, b] dyHKmii
co 3HaueHusivu B H BBexeM CKaJsipHOe npoussejieHue: (y,z)p = f(f(A(t)y(t),z(t))dt.
Oroxectrisis ¢ Hysem GyHKIuM y co cBofictBoM (y, y)p = 0 1 TIPOM3BO/IsI TIOTIOJIHEHE,
HOJIY YMM MHIBOEPTOBO TIPOCTPAHCTBO, obo3uadaemoe B = Lo(H, A(t); 0, b). Duemenramu
B sistroTest kimacesr byHKINI, 0TOXKAECTBIEHHBIX 10 HOpMe ||-||5. Jaree § obosmawaer
kJacc dyHkiuit ¢ npejcrasurenem y. [Ipo dyukimio y Oygem Tak»Ke rOBOPUTH, 9TO Y
npuraiexRuT B.

IIycre Go(t) - muOKecTBO Takux sementoB x € H, aro A(t)x = 0, H(t) - oproro-
HaabHOe jgonosHerne B H k Go(t), Ao(t) - cyxenne A(t) na H(t), {He(t)} - ruanbeprosa
IIKaJ1a IPOCTPAHCTB, MOPOKIEHHAS ONepaTopoM Ay 1(t). Omeparop Ag(t) pacmmpser-
CsI [0 HEIPEPBIBHOCTH 710 omepaTopa Ag(t), 0ToGpasKaiomero HempepbiBHO U B3AUMHO
omuosnaano H_o(t) na Hy_o(t) (0 < a < 1). Yepes A(t) o6o3nadum oneparop, onpee-
nenmeiii ma H_o(t) ® Go(t), pasmsiit Ag(t) ma H_,(t) u mymo ma Go(t). Omeparop A(t)
spisiercst pacumpernem A(t). B [1] gokasawo, uro B cocront u3 kimaccos dyHkImit ¢
npencrasuresavu suna Ayt (t)AY2(t)h(t), tae h(t) € Ly(H;0,D).
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O6osuaunum uepes D' muoxkecrso ¢yukumit y(t) € B co cpoiictBamu: 1) y(t) cub-
HO HenpepwiBHO auddepentupyema wa [0,0] 8 H u 3/(t) abcomoTHo HenpepbiBHA B
H_1; i) IT[y](t) € Hy5(t) mpu nourn Beex t u A1) [y] € B. Hocrasum B coot-
BETCTBHE KaKJOMY KJIACCY (byHKm/H/I oToxecTBieHubix B B ¢ y € D', knacc dyHk-
Ui, OTOXK/IECTBJIEHHBEIX B B ¢ A L(#)I*[y]. Taxmm 06pasoM, MOMy<HM JHHEHHOE OT-
nomenwe L' C B @ B, 3aMblkanume KOTOpOro o603HadnM depe3 L W HAa30BEM MaKCH-
MaJIbHBIM OTHOIIEHHeM. MuHuMaabHOe OTHOIEHne Lo OmpenennmM Kak cyzkenue L Ha
MHOKECTBO 37eMeHToB §j € B, obiajaromux npegcrasutensvu y € D’ co croiicrBom
y(0) = /(0) = y(b) = y/(b) = 0. Hanee oboznauaewm: {-,-} - ynopsimouennas napa, KerL
- MHOXKecTBO nap Buga {z,0} € L, ker L - MHOXKeCTBO 371eMeHTOB z Takux, 4to {z,0} € L.

Iycre G(t,s) - dynkmus Tpuna [2] samaan [[y] = g(t), v'(0) =y'(b) = 0. O6ozraunm
gepe3 U(t) omneparopuyio oxnocrpounyto marpuiy U(t) = (Ui(t), Ua(t)), tae Ui(t) =
G(t,0), Ua(t) = G(t,b). Ilycrs Qo - MHOKeCTBO Takux 3JjeMentoB ¢ € H @& H, [ro
A(t)U(t)e = 0 npu nourn Beex t; () - oproronasbHoe jonosnHenve 8 H & H k Q.
Beenem Ha () CKalsipHOE TIPOU3BE/ICHIE

b

(c1,c2)- = /(A(S)U(s)cl,U(s)cz)ds (c1,c2 € Q).
0

[Tycts Q_ - momosiHeHUE () 10 HOPME, MOPOYKIECHHONH ITUM CKAJISPHBIM TPOU3BEIEHUEM,
Q. - HO3UTHBHOE IIPOCTPAHCTBO 110 OTHOIIEHUIO 110 OTHOmEHHIO K Q, @_. Cumson U (t)c
(c € Q-) oboznavaer kiaacc dbyHKIUIT, K KOTOPOMY CXOANTCs B B 110csieioBareibHOCTh
{U@t)en} (cn € Q), xorma {¢,} cxomares B Q_ x ¢. Ilycrs V: Q- — B - omeparop,
onpesenennbiii paencreom Ve = U(t)e. Tak kak ker V = {0} u obnacrs suauennii V
3aMKHYTa, TO CONpPsiZKeHHbIT oneparop V* f = fob U*(s)A(s)f(s)ds neupepoisao oroGpa-
xaet B ma Q4.

JIemma 1. Omuowenue L cocmoum us mmoocecmea maxuz nap {7, f} € B&B, umo

g=U(t)c+F, (1)

2de c € Q_, F - xaace dynryud, omoscdecmeaennmz 6 npocmpancmee B ¢ dynryued
= [2G*(s,t)A(5) f(5)ds.

Bameuanme 1. Jaemenm c € Q_ u pynxyus F onpedeasromes no nape {7, f} eL
eduncmeennvim obpazom. Ilapa {ﬂ,f} € L' moada u moavko moezda, xozda ¢ € Q. B
amom cayuae ¢ = {—y'(0),y'(b)}.

Bameuanue 2. V*f = {F(0), F(b)}.

3ameuanne 3. [Ipu omcymcmeuu onepamopHozo eeca (m e. npu A( )=FE, 20e E -
mootcdecmseentvili onepamop) cnpasediuco pasencmeo (Q_ =H_ 3/4D H_ 3/4 |3, c. 256].

Jlemma 2. Lg - samxnymoe cummempuieckoe omnowenue u L = L.

Conocrasum Kax ol nape {7, f} € L napy rpasuunbix 3madenuit mo Ghopmyiie
{7, f} = {c,V*fl € Q_ ® Q4 (c raxoe xe, kak B semme 1). O6osnaunm I; = BT
(i=1,2), tae P1, Py - npoektopsl @ @ Q4+ na Q_, Q1 COOTBETCTBEHHO.

Teopema 1. /aa aobwz nap {4y, f}, {Z,g} € L cnpasedausa "dpopmyaa I'puna’:

(f, 2B — (0,9)8 = (Y2, Z1) — (Y1, Zo),
20e {V1,Y2} =T{3, f}, {Z1, Z2} =T{2, 3}

Teopema 1 Bieuer, uto uerBepra (Q—, Q+,I'1,'2) sBAsIETCA TIPOCTPAHCTBOM IPAHUY-
ubix 3nadennii (III'3) B cmeicste pabor (4, 5] (pesyasrarer [4, 5| m3noxkens: B [3]). Mex 1y
oruoterusaMu 0 C Q& Q4 u ornormenusvu Ly co croiictBom Lo C Ly C L cyrmectByer
B3aUMHO OJJHO3HAYHOE COOTBETCTBHE, 33/1aBaemMoe paBeHcTBOM 'Ly = 0. OrHotenus 6 u
Ly 0THOBpEMEHHO SIBJISIOTCS WJIM HET 3aMKHYTBHIMU, MAKCUMAJTHHBIMU JUCCATIATUBHBIMU
(aKKyMyYJISITHBHBIME, CHMMETPUYIECKUMHE ), CAMOCOTIPSZKeHHbIME. V30MeTpudeckuii ore-

parop I, oTobpazkarommuit (Q_ Ha Q4 , OTIPeIeTNM PABEHCTBOM I = fé) U*(s)A(s)U(s)ds.
O6o3HaunM Il}/2 = (I |Q)1/2:Q —Qy, I i, :Q- — Q - pacumpenme [, 2 Q_. Torma
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I, = 1?1 Tonowm Y1 = 1°T1 {7, f}, Yo = I, V/*To{3, f}. T [4, 5] u Teopensi 1
ceyeT
Teopema 2. Jlas aobozo cocamusa K 6 npocmpancmee QQ & Q) epanuunvie Ycaosus

(K —E)Ys+i(K+E)Y; =0, (K—-E)Y,—i(K+E)Y; =0 (2)

onpedeasrom 6 B & B coomsemcemeenno maxcumaivroe duccunamusoe U MakcuMaib-
HOE AKKYMYAAMUSHOE pacuiuperue ommnowenusd Lg. Obpammo, 6caxoe MakcuMasbHOE
duccunamuenoe (MaKCUMaNbHOE AKKYMYAAMUEHOE) pacuupenue omnowenusd Ly onpe-
deasemea ycaosuem (2), 2de K - cowcamue (npednoaazaemca, wmo D(K) = Q & Q).
Maxcumanrvnvie cummempuueckue (camoconpasicennme) pacwupenus Ly onucviearomes
ycaosuamu (2), 6 xomopwxr K usomempuueckutd (ynumapnud) onepamop.

OTMmeTnM, 94TO JTUHEHHBIE OTHOIIEHNS BIEPBbIe OBbLIN MPUMEHEHBI K OMUCAHUIO CAMOCO-
Nps’KeHHBIX pacimmpennii guddepentmanbabix omeparopo O.C. Pode-BekeroBbim.
[Tpu oTCYTCTBUM OIEPATOPHOrO BeCa OTHOIIEHWe L SBJISETCS OIepaTOpOM ¥ OIMUCAHUE
[IEPEYNC/IeHHBIX B TeopeMme 2 pacimupenuii gano B paborax @.C.Pode-Bekerosa, M.JI.
lopb6auyka, B.M.Bpyka, JI.W. Baitnepmana (91u pe3ynabrarsl u3noxens B [3]). ['pannd-
HbIe 3HAYEHUS B 3TUX padOTaxX CTPOMJIUCH MHAYE, YeM 3J1€Ch.

Iycrs mapa {§, f} € L. Torna {§, f — A\j} € L — AE. Honoxum T\){7, f — A\j} =
{7, [}, Ti(N{G, f — Mgy = Ti{g, f} (i = 1,2). OGosmaumM depes pg MHOKECTBO UHCET
A € C, mist KoTopbix oneparop AG 4 — E mmveer orpanndenubtii obparueiii 8 Lo(H;0,b)
(3mech G4 - maTerpabEbIi omeparop ¢ sapom AY2(t)G(t,s)AY?(s)). Muoxectso po
COJIEP:KUT BCE HEJEHCTBUTEIbHBIE, OTPUIIATEIbHbIE YUCIa U HyJib. Jlajee Bcerja cauTa-
eM, 9T0 A € pg. Ilpu Takux A omeparop I'(\) mempepwiBHO 0TOOpazKaeT MPOCTPAHCTBO
L — \E na Q- & Q4+ u cyxenne I'1(\) ma Ker(L — A\E) aBisgercs B3aNMHO OJHO3HAY-
HbIM oTOOpaxkenueM Ha Q. CiegoBarensno, dersepka (Q—, Q4+, I'1(A), T'2(N)) aBngerca
III'3 mng oroenus L — AE B cmbicie pabor |6, 7]. Oueparop ®(A): Q- — Q4 ompe-
nemay pasenctBoMm P(A) = To(A)(T1(A)|Ker(z—rE)) " (0TMeTHM, 9TO MOXKHO BRITHCATE
sieublit By, ®(A) ¢ ucnosnbzosannem ynkuun ['puna 3agaan Hefimana st Bbipazkenust
IT[y] — \y). Uz [7] cremyer

Teopema 3. [Jas npunadaesicnocmu mouku A moweurnomy cnexkmpy op(Lg) ommowe-
nus Ly neobxodumo u docmamouno, wmobw ker(0 — ®(N)) # {0}. ITycmo omnowenue
0 samrxnymo. Toura A npunadaescum ocmamouromy cnexkmpy or(Lg) (nenpepviehomy
cnexmpy o.(Lg)) mozda u moavko mozda, Koeda ommowenue (0 — ®(N))~! seasemes
HENAOMHO ONPEJeAEHHVM (NAOMHO ONPEIEACHHBIM U HEOZDAHUEHHBIM) ONEPAMOPOM.
Touwka \ npunadaescum pezoaveermmuomy mnootcecmey p(Lg) omnowenus Ly 6 mom u
moavko mom cayuae, xozda (0—®(N)) ™! asasemea ozpanumenvim 6c100y onpedeseniibim
ONepPamopom.

IIycrs ornomenue 6 mmeer Bumg 0 = S;l 0 Sy, tne Sy : Q1 — Bg - orpanuvenHbIit
omepatop, S1 C (Q— ® By - muneitnoe ororenne, By - kakoe-1u60 6aHAXOBO TTPOCTPAH-
creo. Ecin S siBagercst omeparopoM, TO oTHOIIEHWe § cocTouT u3 Beex map {gi, g2},
YIOBJIETBOPSIONINX YCJIOBUIO S1g1 = S9¢s. OTHOIIeHNT 6 1 S 0HOBPEMEHHO 3aMKHYThHI
i Her. Ornomenne C(\) onpegennm pasencrBoM C(A) = S; — Sa®(N).

Teopewma 4. /s npunadaescrocmu mowku X moveuwrnomy cnexmpy op(Lg) neobzodu-
Mo u docmamouno, wmobw ker C(N) #{0}. Hycmo omuowenue S1 samwnymo. Touxa A
npunadaedtcum ocmamournomy cnexmpy or(Lg) (nenpepvisnomy cnexmpy o.(Lg)) moeda
u moavko mozda, xoeda C~1(\) asasemca onepamopom u onepamop C~1(\)Sy nenaom-
no onpedeaen (naommo onpedeaen u neozpanusen). Towka X npunadaescum p(Lg) 6 mom
u moavko mom cayuae, xozda C~H(N\) asasemes onepamopom ¢ obaacmvio onpedenerua,
codeporcawsets 0baacms 3nauenuti Ss.

Iycrs § nmeer B (1), rae ¢ € Q. Torma, cormacno 3amedanusy 1, 2, mapa {§, f} € L
u suavenus y(0), y'(0), y(b), ¥/ (b) onpenensiorcs no mape {7, f } enuHCTBEHHBIM 06pa30M.

s kaxka0it Takoii mapel {g, f} momoxum
L1(y) = a11y(0) + a12y'(0) + Br1y(b) + Bi2y' (b),
L1(y) = a21y(0) + a22y'(0) + Bary(b) + La2y' (b),
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rae a;j, Bij (4,5 = 1,2) - orpanudenmble JHHeiHbIe OIEPATOPHI B IpocTpaHcTe H.

OGozraumM depes Lg, OTHOMIEHWME, COCTOSIIEE W3 yOpsAodentbx map {g, f} € L/,
yaosaierBopsitonux paseHctBy L1(y) = La(y) = 0. Dro ycaosue ¢ yderom (1) moxer
6BITB 3allUCaHO B MaTPUYIHOM BH/IE

(o B ) 1) o) Coa) + (i) |+ o B2) () = (o)

Orcrona, u3 onpenenenns rpadndabix oneparopos I'1, I's w u3 pasencrs Uj(0) = —F,
U (b) = Uj(0) = 0, Uy(b) = E nveem

L1(Uh) Ll(U2)> ~ 7 <a11 ﬂ11> - <0>
r r _ (0}
Takum obpasom, ornomenue 0y = I'(Lg,) cocrour u3 ymnopsioueHHbIX map {gi, g2},

YIOBJETBOPAIONIAX YCAOBUIO S1g1 = Sags, rae Si, Sz - Omeparopsl, MOPOXKIAEMbIE B
npocrpauctse Bg = H @& H cooTBETCTBEHHO MaTpHUIlAMU

L1(U1)  L1(U2) —ann —fn

Lo(Ur) L2(U2))” —ag1  —fa
Briscanm, xorma 0 € o,(Lg,) (cay4ait X € op,(Lg,) MOXKeT OBITH PACCMOTPEH AHAJIO-
TUYHO ¢ ucnoab3oBanneM dbyuknun ['puna 3agaun Heiivana s seipazkenns [T [y] — Ay).

U3 onpenenenns omeparopos I'1, I'y u u3 memmsr 1 cenyer, aro ®(0) = 0. ITosromy ome-
parop C(0) = S;. 13 Teopemser 4 BhiTekaer, uro orHomenue Ly, obparumo (T.e. Le_o1 -

onepaTop), TOTJIa 1 TOJBKO TOTJa, KOTJa OTHOIIEHNE Sl_ ! apnsterca ortepaTopom. O1me-
THM, ITO B C/JIy49ae OTCYTCTBHUs OII€PATOPHOIO Beca IIOC/AeJHee YIBEPXK/IEeHNE JOKa3aHO B
[2].
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BAP®OJIOMEEB E.M.

HOPMAJIBHOCTDH SJIJINIITUYECKNX
OYHKIINMOHAJIBHO-/INODPEPEHIINAJIBHBIX
OIIEPATOPOB C KOHEYHBIM YN CJIOM
ITPEOBPA3OBAHNIU ITEPEMEHHBIX'

1. BBEJAEHUE

B He/mHEHHBIX ONTHYIECKUX CHCTEMAX C Mpeobpa30BaHUeM IOJIs B JIBYMEpPHOIT obpar-
HOWM CB4A3U BO3HUKAIOT Bpalllaiomuecsa BOJIHOBBIE CTPYKTYDPbI, MCIIOJIbB3yEMbIE JIJIgd KO-
aupoBanust u nepejgaan nudopmanun (13, 14]. Dror sdbdexrr onucsiBaercs: 6udypka-
nueit AagponoBa—Xortiha MepuognIecKux pereHnii KBa3uaInHeTHOro mapaboInIecKoro
dbyHaKIIMOHAIBHO- 1M dEPEHITNATLHOTO YPABHEHNS, COIEPKAIIEro MPeodPazoBaHue Ipo-
CTPAHCTBEHHBIX IepeMeHHbIX. B paborax [2, 6, 10] rakasi 3aja4a paccMarpubajgach B
MMPOCTHIX TTPOCTPAHCTBEHHBIX 00JACTIX C OJHUM MTPeo0pa30BaHNEM TEPEMEHHBIX, Hanbo-
JIee 4aCTO UCIHOJIb3YEMbIM Ha IPAKTUKE: IIOBOPOTOM Ha IIOCTOSHHBIN yroJi v paJinaJibHbIM
cxxarmem. Corydail mpon3BoabHbIX obsact @ C R? u npeobpasoBaHns mepeMeHHbIX H3y-
vajca B paborax [7, 11| mpu ycioBur HOPMATBLHOCTH JTMHEAPU30BAHHOTO SJITUITHIECKOTO
dyHKIIMOHATBHO- UM M EPEHITNATBLHOTO omepaTopa 3agadu. Oomuit caydait 6e3 mpeamno-
JIOXKEHUsT HOPMAJTHHOCTH PAcCMaTpuBajca B paborax [1, 9].

B pabore [8] 6btn mOTyUeHBI HEOOXOMMBIE U JIOCTATOYHBIE YCIOBUST HOPMATHHOCTH
TaKOTO OTepaTopa, COJEPIKAIIET0 OJHO MpeobpazoBaHue mnepeMeHHbIX. [Ipu HEKOTOPHIX
yCJIOBUSIX OBLIO JOKA3aHO, UTO OMEpaTOp HOPMAaJjeH TOT/a W TOJBKO TOT/A, KOT/JA IIpe-
obpa3zoBaHUe MEPEMEHHBIX TPUHA/IEXKUT Kaaccy aduHHBIX Mpeodbpa3oBanuii C OPTOTO-
HaIbHBIMU MATPHUIAMU.

HopmanbHOCTE TAKOTO OMEpaTopa B Cjydae JBYX Ipeobpa30BaHUil mepeMeHHbIX U3Y-
gasach B paborax |3, 4, 12|. PaccmarpuBasich pas/indHble BADHAHTHI B3aNMO/IEHCTBIS
JIByx rnpeobpaszoBanuii. B yacTHOCTH, BaXKHYIO POJIb UTPAET UX KOMMYTATHBHOCTH. Pe-
3ysbTaThl paboTel [8] 0 Kjacce mpeobpa3oBaHmUil, JOMYCKAIONMX HOPMAJIBHOCTH, OBLIH
00001IIEHbI TIPU HEKOTOPBIX JIOTOJHUTE/IbHBIX OrPpAHUYEHUAX Ha KO3 UIUEHTHI 3a/1a-
Yu.

B nacrosineit pabore 1oy 4eHbl HEOOXOUMBIE U JIOCTATOYHbIE YCJIOBUS HOPMAIbHOCTH
JINHEAPU30BAHHOTO (DYHKITMOHAIHHO- 1M GEPEHITNAILHOTO OMePATOPa 389N C JIIO0BIM
KOHEYIHBIM YUCJIOM TPe0OpPa30BAHMI TePEMEHHBIX.

2. ITIOCTAHOBKA 3AJTAYU

IIycts @ C R™ — orpammuennast 061acTh ¢ rpanueiit 0Q C C°, n > 2. O6o3HaunM
gi,t=1,...,N, N > 2, B3auMHO-0IHO3HAYHBIE IPEOOPABOBAHUS KIaCCA C3, Takue 49TO

gi:VCRn_)gi(V)Can |Jz($)|7£0¢ JL'EV,

rie V — orpammdennas obmacts, Q C V. J, (z) = [09ip,/ 024l 41 — MaTpuna fAxobu
npeobpazoBanust ¢;, |Jg, ()| = |detJy,(z)], i = 1,..., N. Byaem npeamosarars, 9to
BBITIOJIHEHO CJIEJYIOIee YCAOBHE:

9:(Q)CQ, i=1,...,N.
Beegem HeorpaHWUIeHHBIN omepaTop
Ao : LQ(Q) — LQ(Q), AQ’U = A’U,
¢ obnacteio ompenenenua D(Ag) = {v € W2(Q) : Bv = 0}. 3aecs W§(Q) obozma-

gaer mpocTpancTBo CobojieBa KOMILIEKCHOBHAYHBIX (bYHKIWI, mpuHagiekanmx La(Q)

Ipagora semomHena upu bunancoBoil moaepxkke POOU, rpart Ne 04-01-00256.
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BMeCTe CO BCeMH OOOOIIEHHBIME TPOU3BOJHBIMA BILUIOTH J0 MOPsiiKa Kk BKJIIOYUTEHHO,
omeparop Bv = v|pg unu Bv = (0v/0v)|sq 3amaer KpaeBble yCIOBUS, & V — €IUHIIHBLI
BEKTOp BHeITHel HopMaan K 0@ B ToUuke = € JQ).

Kaxk wussectro, oneparop Ay — camoconpsixkenubiii. Paccmorpum oneparop

N

A:Ly(Q) = La(Q), A=Ag+ ) A,
=1

e A;, i =1,..., N, — orpannveHnbie JUHEHHbIE OTIepATOPhI TPE0OPABOBAHNS TEPEMeH-
HBIX, OTpeJIeIeHHbIe Ha, BceM mpocTpancTse Lo(Q) mo dopmyste

Ai L2(Q) — La2(Q),  Aiv(z) = ajv(gi(w)),

rae a; 7 0 — BellecTBeHHBIE YnCaa, ¢ = 1,..., N.
Oneparop A maspiBaercs nopmasvhvim, ecin D(AA*) = D(A*A) u BbIIOIHEHO

AA*y = A*Av, v € D(AA*).

IMosnoxum D(A) = D(Ap).

Beesiem muokectsa Gyl = {z € Q : g/*(z) # v}, m = 1,2,...,i=1,...,N. 3necn
g (x) obosnagaer npeobpaszoBaHue g;, IPUMEHEHHOE M pa3. Byjem sanuceiBars cynep-
nosmIio mpeobpazosanmit B Buje g;g; (), g; tg;(T) w T. 1.

3. OCHOBHBIE PE3VJIbTATHI

Cnavajia BBEJIEM HECKOJIBKO YCJIOBUIi, KOTOPbIE OYIAyT KCIOJIB30BATHCS HPHU (DOpMY-
JITPOBKE TEOPEM.

Yeaosue 1. Y a; # 0 ans modoro mogvuoxkecrsa K C {1,..., N}, takoro uro K # @.
1€

VYeaoBue 2. g;(x) # g~ H(x) mns nourn Beex x € Q woBcex i,j = 1,...,N, i # j.

N
_ N
Ycaosue 3. Z ajjaja; # 0 s r060ro MHOXKECTBA o = {aij}m:l, TaKOIr0 4TO
6J=1 i<j
1<)
N
Otw E {_27 _1,0, 1,2}7 « # {O}’L,j:l‘

1<J

Crenyromme IBa YCIOBUS SIBJISIIOTCsT OoJtee cirabbivmu Bepcusivu yeytosuii 1 u 3. TTosto-
xum 1 < M < N.

Veaosue 1M, S a; # 0 g moGoro nopmuokecrsa K C {1,..., M}, Takoro uro
e
K +# o.
M,N N
Venosue 3M. Y a;ja;a; #0 nasa moboro MHOXKeCTBa, o= {ayj}; /=1, TAKOTO H{TO
ij=1 i<
1<)
M,N
ay €{~2,-1,0,1,2}, a# {0},
1<J

OCHOBHBIMHI PEe3Y/ILTATAMHE 3TOil PAGOTHI SBJISIOTCS CJIETYIONIIE TeOPEMEL.
Teopema 1. ITycmv G2, # @ u gi(Q) = Q,i=1,...,N.
(a) Ecau onepamop A — nopmaavnvidi u svinoinenv ycaosua 1 u 2, mo
gi(r)=Kix+b, z€@Q, i=1,...,N, (1)

ede K; — opmozonansvHbie MAmpuyvt Pa3Mepa n X 1, Kf # FE, b; € R™
(6) Ecau ewnoaneno ceoticmeo (1) u

mo onepamop A — HopMasbHBLT.
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(B) Ecau swvinoanenv, ycaosua 1, 2 u 3, mo onepamop A A6AfemMCA HOPMAALHOIM
moeda u moavko moezda, Koeda ewnoanenv. ceoticmea (1) u (2).

Teopema 2. [Tycmo G?;i =@,i=1,...,N. Toeda ¢g;(Q) =Q,i=1,...,N, u cnpased-
AUBDHL CACOYIOULUE YMBEPHCICHUA

(a) Ecau onepamop A — Hopmarvnvil U 65nosneno yciosue 1, mo
[Jg(x) =1, z€Q, i=1,....N, (3)

a onepamop A AGAACTMCA CAMOCONDPANCEHHVIM.
(6) Ecau swnoanero ceéoticmeo (3), mo onepamop A — camoconpastcenroll.

Teopema 3. ITycmov G;i T ug(Q)=Q,i=1,...,M, a maxoce G?]i =g, i=M+

1,...,N. Toeda g;(Q) = Q,i = M+1,..., N, u cnpasediusv, caedyroujue ymeepHcoeHus;
(a) Ecau onepamop A — nopmasvrviti u svinoanenv, ycaosus 1M v 2, mo

gi(x) =Kz +b;, z€@Q, i=1,...,M, (4)

|y (2)|=1, 2z€@Q, i=M+1,...,N, (5)

2de K; — opmozonasvHvie Mampuyb, pa3mepa n X 1, KZ2 # FE, b € R".
(6) Ecau swnoanenv céoticmsa (4) u (5), a makorce

gigi(x) = gjgi(x), ze€Q, i=1,...,M, j=1,...,N, (6)
mo onepamop A — HOPMANLHBIT.

(B) Ecau evmonnenv yeaosua 1M 2 u 3M  mo onepamop A asasemca nopmanvrvim
moeda u moavko mozda, Kozda swvinoarerv, ceoticmea (4)—(6).

4. KOMMEHTAPUU

CyH_LeCTBeHHOCTI) yC.)'[OBI/II‘/’I7 BXOJAIMUX B COCTAB IMOJYYE€HHBIX PE3YJ/ILTATOB, [AJId CJIydad
IBYX 1peobpa3oBaHuil MPOCTPAHCTBEHHBIX IIEPEMEHHBIX ObLIa MTOKA3aHA HA HECKOJIbKUX
KOHTpIIpUMEpaX B upejiiecrsyomux paborax [3, 12]. B ciyuae nuponssosbHOro 4ucia
peobpa3oBaHmll COOTBETCTBYIONINE KOHTPIPUMEDDI CTPOSITCS aHAJTOTUIHO.

B cayuae 6osee nByx mpeoOpazoBaHMit TEPEMEHHBIX IMOSIBJISETCST HOBOE YCJOBUE 3.
OHO [0CTATOYHO TPOMO3JKO, OJHAKO OHO BBIMOJHSIETCS [JIsI TOYTH BCEX BEKTOPOB
(ai,...,an), ICKTI0Y9As TOTLKO MHOXKeCTBO Mepsl HyTh B RY (komewmnoe umcmo rumepo-
Bepxuocrteii). C 1pyroii CTOPOHBI, MHOTHE TIPOCTHIE HAGOPHI KOIMDMOUIUEHTOB a1, . .., AN
HE YJIOBJIETBOPSIOT ycjaoBuio 3 (Hampumep, Kodddurmentsr a; = 1, ag = 2, ag = 3).
TpyaHocTh 3aKII0YAETCS B TOM, YTO ycjoBue 3 mnpu 60jbiux N MpaKTUYeCKU HEBO3-
MO2KHO TTPOBEPUTH: TPEOYETCsT MPOBEPUTH 5N(IN-1)/2 _3N(N=1)/2 yepapencrs. Yeaosue 3
Tpebyercs TOJNLKO Jjist TOro, 9T00bl JJOKa3aTh, 9TO CBOHCTBO (2) B Teopeme 1 ciepyer us
HopMaibHocTn omeparopa A. Yemosue 3M mpun M < N apnserca Gosee ciabbiM, geMm
ycyoBue 3, u Tpebyercs TOIBKO st TOTO, YTOOBI JOKa3aTh, 9TO CBOiicTBO (6) B Teopeme 3
ceyeT m3 HOPMAaJHHOCTH omeparopa A.

Paccmorpum mpumep uwncen ayq, . . ., ay, yAOBAETBOpAOMUX yeaomio 3. GakTmdeckn,
copmyIupyeM HEKOTOpbIE JOCTATOYHBIE YCJIOBUs, MMPU KOTOPBI BBIMOJHAETCS YCJIO-
Bue 3. Ucnonb3yem oboznadenue (Q /i MHOXKECTBA PAIMOHAJBHBIX YUCE].

Jlemma 1. Ilycmo wucaa
ni:boqki, i=1,...,N,

maxoews, wmo k; € NU{0}, k1 < ke < ... < kn, bo,q € N u ¢ > 3. Tozda wucaa
a; =cosn;, t=1,..., N,

YIoBAEMBOPAION YCAOBUIO 3.

Jlemma 2. Ilycmo ai,...,any — wuucsa, 3adannvie 6 aemme 1. Toeda das A061x

ay,...,an€Q, 6€Q (6 #0) wucaa
a; +da;, i=1,...,N,

YdoBAEMBOPAIOM YCA0BUIO 3.
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Takum ob6pa3oM, MOKHO B34Th Jt000il HAOOpP PAIMOHAJBHBIX YUCET G1,...,0N, Y/IO-
BJIETBOPSAIONINI NN HE YIOBJIETBOPSIONIUI YC/JIOBUIO 3, U MOIU(UITUPOBATH €0 COTJIACHO
aemume 2 (mpu 51oM 6 # 0 MOXKHO BBIOMPATH CKOJIb YTOZHO MajibiM). Torga B cuty jem-
MBI 2 MOANMDUINPOBAHHBIN HAOOP uncesa ai + dai,...,an + day OYIAET yIOBIETBOPSITH
YCJIOBHIO 3.

Clieyrommas teMva ToKa3biBaeT, KaknM obpasom yeaosme 3M Brioweno B reopemy 3.

Jlemma 3. ITycmo Ggi # 2 ug(Q) =Q,i=1,...,M, a maxorce Ggi =g, i =
M+1,...,N. Toeda ¢;(Q) = Q,i=M+1,...,N, u ecau onepamop A HOPMaALHOIT U
B8BINOAHEHDL YCAOBUA 1™ 4 2, mo
(1) gi(z) = Kijx 4+ b;, x € Q, 2de K; — opmozonasvhvie MAmMpuybl pasmepa n X n,
KZ#E bjeR" i=1,...,M;
(2) |Jg(x)| =1, z€@, i=M+1,...,N.

Ecau, kpome mozo, sunoaneno yeaosue 3M . mo
(3) gigi(x) = gigj(x), z€Q, i=1,....M, j=1,...,N.
Paccmorpum mpumep, MOKA3bIBAONINI, ITO YCIOBUE 3M CYIIIECTBEHHO B JIeMMe 3.

IIpumep 1. Ilpu N = 3, n = 3 paccmorpum oneparop A = Ag+ A1+ As+ As. TTostoxkum
a1 = as = az = 1, roraa yeaosue 3M we sumosmsiercs. Bozbmenm cieyiomnme addunmbe
npeobpa3oBaHus C OPTOrOHAIBHBIMUA MATPUIAMU:

00 —1 T1 -1 00 T 10 0 I
gi(x)=101 O0f|za], go(x)=1] 01 Of[zaf, gs(x)= (01 Offx2
10 0 T3 001 T3 00 —1 I3

Mycrs 7 € Q = {x € R3: 22 + 23+ 23 < 1}. Torya ¢1(Q) = 92(Q) = g3(Q) = Q u ierko
POBEPHUTH, YTO

gx) ==z, gix)== gags(x)=gsga(x), x € Q;
gi(@) £z, q192(2) # goqi (), g193(2) # gz (z), =€ Q\{z: a1 =0, 23 =0}.

B repmunax nemmbi 3 nosyanm, aro Go = Q\{z 1 x1 = 0,23 = 0} # @ n G, =
Ggg = @. Kospdumuentsr a; = az = az = 1 ygaosmersopsiior ycmopmo 1M, Takzke
JIETKO YOEUTHCS B TOM, 9TO BBITIOJIHEHO YCJIOBHE 2 (TIOCKOIBKY MATPUIIGI OPTOTOHAIBHBI,
obpaTHBIE TPE0OPA30BAHNS IOy IAIOTCA TIEPEX0/I0M K TPAHCTIOHUPOBAHHBIM MATPUIIAM ).
Joxkarkem, uro orneparop A HopmaabHbli. QueBuaHO, YTO JIIs JIH0O0Tr0 T € ()

9195 () = g7 ' g3(x),  gagi '(z) = g5 1 (2), (7)
9195 ' (2) = g5 g1 (), 9397 (z) = g7 'g2(2). (8)

[TocKONbKY g1, g2, g3 — addunnbIe TPeodpa30BaHUA ¢ OPTOrOHAJILHBIMA MATPUIAMH,
7erko mokazars, uro AgAju = AjAou m ApAju = AfAou, 1 =1,2,3, ue D(AA*).
CreoBaTesIbHO, HOPMAJIBLHOCTD OllepaTopa A 9KBUBaJIEHTHA HOPMAJILHOCTH OIEPATOPA
A1+ Ay + Az ipu u € D(AA™). Jlerko nposeputh, uto onepatop A + Ag+ Ag asisierca
HOPMAaJIbHBIM B CIUTy PaBeHCTB g2g3(x) = g3g2(z) (v € Q), (7) u (8).

Taxmm 06pa3oM, BHITIOIHEHE! BCe YCIOBMS JeMMbI 3, Kpome yeaosust 3M . Omeparop A
SABJISIETCA HOPMAJIBHBIM, OJHAKO MTpeobpasoBanne g, He KOMMYTHpyeT ¢ go n g3. Cuemo-
BaresnHo, yeaosne 3M cymecrrenno B memue 3.

Paccmorpum kiacest npeobpaszosanuit (1) un (3), 3agannbie reopemamu 1-3. OueBn -
HO, 4TO npeobpasoBanus Kaacca (1) ABISIOTCA TakzKe npeobpazoBaHusIME Kaacca (3).
PaccmoTpum npumep, noKasblBaIOIHil, 4TO CyIeCTBYIOT npeodpasosanus Kiacca (3), ne
npunaexamme kiaaccy (1).

IIpumep 2. B cooTBeTCTBUM C YCIAOBUIMHU TEOPEMBI 2 TIOCTPOUM B3aUMHO-OTHOZHATHOE
npeoGpasoBanme g, Takoe uto g € C3, g(Q) = Q, ¢*(x) = z u |Jy(z)| = 1 ana Beex
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r € Q. Homoxum Q = {(z1,72) € R? : 23 + 23 < 1} u paccmoTpum mpeobpasoBaHme
K6a3UNOBOPOMA

w: (1, p) = (r,0(r, 9),
rJie 7 ¥ ¢ — TOJIPHBIE KOOPJAMHATEI, COOTBETCTBYIOIIUE KoopanHaTaM (x1, z2). Mcnons-
3ysl COOTHOIIIEHUS

i—cos( )=— — i—sin( )— +
ory Yo r  Op’ Ory Y or

JIETKO TOKA3aTh, 9TO |JW(T7 90)| =

Torma |J,(r,¢)| =1. OueBumno, wuro npeobpazoBaHue w  B3AUMHO-OJHO3HAY-
o, w(Q)=CQ, a obparmoe npeobpazoBanne w”'(z) onpemensercs yHKIMEH
&(r,p) = ¢ — r2. Hemocpencrsennoii mpoBepkoii MOxHO ybeaurhes, uro w € C3.
[IpeoGpasoBanue w He npuHayexut Kiaccy (1).

O6o3Hauum yepes h B3auMHO-0/jHO3HAYHOE IPe0Opa30BaAHUE OTPAKEHUsT OTHOCUTE b
Ho amamerpa kpyra Q. Ouesmmmo, uto h € C®, h(Q) = Q, a maxxe h?(x) = z n
|Jn(z)| = 1 nna Beex z € Q. IlpeobpaszoBanne h mpuramexur kaccy (1).

Torna mpeobpaszoBanue g = w™ ' hw 06/1a1aeT BCeMU TPeOyeMBIME CBOHCTBAMHI, OTHAKO

He pUHAIeKUT Kaaccy (1).

B pa6ore [11] nocrpoen caemnytomuii npumep npeobpazosanust Kiaacca (3), He IPUHA-
nexamero kaaccy (1). Ormernm, aro 371€ch 06.1aCTh () HE SIBISETCS KPYyTOM.

Ipumep 3. Iycrs Q C R? — orpammuennas obiacTs ¢ rpammmein 0Q € C™, Takas
9TO:

(1) ecm & = (x1,22) € T'1, 10 (21, —x2) €1, re 'y = {x € 0Q : |x2| > 7/4};

(2) muoxecrBo 'y = {x € 9Q : 0 < x9 < 7/4} cocrour n3 nByx orpeskos {x : x1 =
42,0 < 2o < 7/4);

(3) muoxecrso I's = {r € 9Q : —7/4 < o < 0} cocrouT U3 JIBYX KPUBBIX {T :
x1 = £2 + &(z2), —7/4 < x2 < 0}, tae £ € C°(R) — neuernas dyHkys,
rakast uro 0 < (1) <1/2, &(t) = 1/2 upu 3/4 <t < 5/4, &£&(t) =0 upn t €
[0,1/2] U[3/2,00).

PaccmoTpum otobpazkenue g(x) = (z1—&(x2), —x2). Ouennano, |Jy(z)| = 11 g%(z) =
x g Beex x € @, a takxke g € C™ u g(Q) = Q.

Agrop 6aaromapen pod. A. JI. CkybaueBCKOMY 3a MOCTAHOBKY 3aJaU U MTOCTOSTHHOE
pauManue. Asrop Garogapen npod. B. . Biacosy u P. B. [llamuny 3a obcykaenue u
PsiJl IIEHHBIX COBETOB.

Pabora eimonnena nmpu dpunancoBoit nogmep:xkke PODU, rpart Ne(04-01-00256.
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KykoBckuit B.1, KvapaBues K.H.

CYIIECTBOBAHUWE 'APAHTNPOBAHHOI'O
JAEJIE2KA B KOHTPCTPATETUAX !

B cmamwve ycmanosaeno cyuecmeosarue 2aparmuposaHH0z0 1o 8biuzpblulaM U PUC-
KaM PeUeHUA 8 KOONEPAMUBHOT uzpe 08YLr MUY ¢ NOOOYHBLMU NAGMEHCAMU U QUCKPU-
MUHAYUET, HEONPedeseHHOCM.

In this paper we consider cooperative games with side payments under uncertainty.
We formalize and prove existence of such game solution, guaranteed for winnings and
risks.

1. ITOCTAHOBKA 3AJIAYU

PaccmarpuBaercs KoormepaTtuBHAs UrPa ABYX JIWI C MOOOYHBIME TLIATEYXKAMHU U TPU
HEOIPEIEJIEHHOCTHN

U= ({12}, {X} Yiz12, Y {fi(2(9), 9) iz 2)- (1)
3nech 1 u 2 — mopsaKoBbie HOMepa, UrpokoB, Y C R — MHOXKECTBO HEOIPejIe/IeH-
HOCTEN Y, O peaan3anudXx KOTOPBIX UI'DOKMN HE MMEIOT HUKAKUX CTATUCTUYICCKHUX JaH-
HBIX, HO M3BECTHbBI TI'DaHUIBI WX MW3MEHCHHN. :[_Ia,HpI/IMep7 B 3KOHOMHMWYECKHUX 3a/Ja4dax
"poJib" HepeIeIEeHHOCTEl MOTYT BBITIOJIHITD IOTOJHBIE YCJIOBUSI, HEOXKWIAHHBIE CKad-
KU apPEeH/IHOM IJIaThl ¥ TPAHCIOPTHBIX U3JEPKEK, HeNpPeICKa3yeMble KO1e0aHus 1eH Ha
HedTh WK JIPyTrUe YHEPropecypcesbl u T.i. MHOKecTBO JonycruMbix " peiictuit"i-ro ur-
poka X; € R™ (i = 1,2). Daemenramu X; MOryT ObiTh, Hanpumep, 1eHbl (yCTaHas-
JIMBaeMBbIe TPOJABIIOM ), 00bEMBI BBIYCKA MPOIYKIINN, TPEMUH, TITPadbl U JIPYrHe Me-
DB MOOIIpeHns 1 Hakasammsa. CTparermm (KOHTpcTpatermm) i-ro mrpoka z;(y) € XY
(1 = 1,2) oroxaecTBisIOTCH ¢ HenpepblBHBIME byHKmuaMa z;(y) : ¥ — X; (1 = 1,2),
re. z;(-) € Cp,(Y,X;). B gacrtuocru, ecin x;(y) = const upu Vy € Y, to (1) npespamia-
eTCsl B UTPy

({1, 2} {Xibim12, Yo { fi(z, ) bim1 2), (2)
C YUCTBHIME CTPATErUsIMUK HEOIIPEIeIeHHOCTIMU.

CpoiicTBaM rapaHTHPOBAHHOIO 10 BBIUTPBINIAM U PUCKAM DeIleHus: Urpbl (2) ObLia
nocesiena pabora [1].

Urpa (1) npoucxomut caemyronmmM 06pazom. VIrpokm myTeM MmeperoBOpoB COTJIACO-
BaHHO BbIOupator cBou crparerun z;(y) € Cp,(Y,X;), B pesyibrare 4ero CK/a/blBa-
erca curyarmusa z(y) = (z1(y),z2(y)) € XY = (X3 x X3)Y. OaHOBpemMeHHO C 3THM T
HE3aBHCUMO OT BBIOOpA UI'POKOB peATU3yercs OJHAa U3 HeompejejneHHocTell y € Y, o
geM coobraercs urpokam. [lostomy urpe (1) mpucyte cBoiicTBO unpopmayuonnot duc-
kpumurayuy weonpedesennocmu. C IOMOIIBIO PeATU30BABIIENCS HEOIPeIeJTeHHOCTH Y
WTPOKN BBIYUCJSIOT 3HaueHusi ceomx crparernii x; = x;(y) € X; (i = 1,2). Ha 06-
pasoBaBIMXCs B pesyabrare napax (z(y),y) onpejesneHa ckajisipHas (QYHKIUSA BBIUT-
peima i-ro urpoka fi(z,y) : X XY — R (¢ = 1,2), 3Hauenne KOTOPOi NpPU peaans3o-
BaBIIIEHCA HEOIIPEJE/JIeHHOCTA Y U BBIYMCJICHHO! II0 3TOI HEOUPEJe/ICHHOCTU CUTYalLUU
x=2z(y) = (1(y), z2(y)) € X HazbIBALTCH NPEIBAPUMEALHBIM EBIUPBIUEM [-20 UZPOKA.
IIpedsapumenvhvim puckom [2] i-ro urpoka byjem Ha3blBaTh 3HaYeHUE MYHKINU PUCKA

q)i(x’y) = fl(:L‘P(y),y) - fl(l'ay) (Z =1, 2)a
rie ' (y) ecrb npu kaxkjgom y € Y makcumanbrast 110 [Tapero (addekrushast) anbrep-
HaTuBa [3, ¢.31] B ABYXKpHUTEpHaIbHOI 3a1aue

(X, {fi(z,y) }iz1,2)- (3)

Ipagora semomHena npu dunrancoBoit nommepxke POOU (mpoext Ne05-01-00419)

(
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B [2, ¢.161] ycranossen ciemyrormuii haxr:

Jlemma 1. Ecau wmmoorcecmea X; (i = 1,2) swnyravie komnaxmo,, Y ecmv komnaxm,
kaorcdan us Pynwyut fi(x,y) (i = 1,2) nenpepmena na X X Y u cmpozo eoznyma no x
npu xascdom y € Y, mo dynxyuu O;(x,y) (i = 1,2) nenpepwsnv na X X Y.

DyHKIMS PUCKA YUCIEHHO ONEHUBAET PUCK UTPOKA B TOM, 9TO OH BBIOPAJ CBOIO CTPa-
Ternmio u3 curyarmn x, a ne u3 ! (y), XoTa MOCTEAHS W 0CTABIAET BEKTOPHBIH MaKCH-
MyM B JBYXKPHUTEpPHAILHON 3a1aue (3).

Ha BTOpOM 3Tame urpbl UTPOKM COTJIACOBAHHO TIEPEPACTIPENIENSIIOT MEXKITY COBOM CyM-
MapHblii npeaBapuTenbHblil Bemrpei f1(z(y), y) + fo(x(y), y) u cymmapusiii npejsapu-
resibHbIi puck P1(z(y),y) + P2(x(y), y). IIpu 970M BHIMIPHIIM CYyMMUPYIOTCS TOJIBKO C
BBIUTPBIIIAME, & PUCKU - C PUCKAMHU.

Ha "comep:karensHom ypoBHE'" | TIEJIBIO 4-T'0 UTPOKA ABJISIETCST BBIOOP TAKOM CBOEI cTpa-
rerun x;(-) € Cp, (Y, X;) (1 = 1,2) u rakoe nocse/yroiiee corjnacoBaHHOE [epepacipeie-
JIEHUE MEXK/ly MI'DOKAMM BBIUTPBINIEH M PUCKOB, YTOOLI €r0 OKOHYATEJIbHBIH BBHIMIPHIII
ObLI 10 BO3MOXKHOCTH 0OJIbIIE, 8 OKOHYATEIbHBIH PUCK 110 BO3MOXKHOCTH MeHbie. O1-
HOBPEMEHHO C 9TUM, II€PEPACIIPE/IEIEHHBIE BLIUTPBIIIK U PUCKU JIOJIZKHbBI ObITH HE Xy2Ke
TeX, KOTOPBIE KAXK/Iblil UT'POK MOT JIOCTUYb, JEHCTBYS CAMOCTOSITE/ILHO, HE3ABUCUMO OT
ocrasbHbiX. [Ipu 9TOM nOJUEpKHEM, 9TO BbIOMPAs CBOIO CTPATErHIO, UIPOKHU JIOJI2KHbBI
OPUEHTUPOBATLCS HA BO3MOYKHOCTH pPeau3anun Joboil HeonpegesenHoctn y u3 Y.

2. DOPMAJIU3AIINA TAPAHTUPOBAHHOT'O PEIIEHWA

ITpu kaxgom y € Y mua dyuknuit seiurpeima f;(z,y) (i = 1,2) moctponm ciiemyime
MAKCHMUHBI

0 _ .
fily] = max min fi(z1, 2, y),

0 _ .
faly] = Inax mip fa(z1,22,Y).

Awnayornano mis dbysknumii pucka ®;(x,y) (i = 1,2) ganee ucmosb3yeM CJIeyOIIe
MHHIMAKCBI

®9[y] = mi ®
1 [y] wllnel)I(ll w?g)}(z 1 ($17 2, y)7

®I[y] = min max Po(z1,z2,y), Yy e Y.
2yl = min max ®o(z1,23,9), Vy

B [1, ¢.143] ycranossieno, uro ecan X; € comp R™ Y € comp R™, dyukunu f;(z,y)
w ®;(x,y) wenpepoisabl Ha X X Y, o dynxmun fL[y] n ®V[y] (i = 1,2) HenpepwisHLI Ha
Y. B

DukcupyeM HEKOTOPYIO HeOmpeieeHHoCTh i € Y 1 BBejieM MHOKecTBa X (y) 1 X (y)
cuTyanuii, yI0BJETBOPSIONMX YCA0BUI0 UHIUSUIYAALHOT PALUOHAALHOCTIY Nist (DYHK-
nwit Beurpeima fi(z,y) (i = 1,2) n pucka ®;(x,y) (i = 1,2) COOTBETCTBEHHO, NUMEHHO,

X(y) ={z eX: filz,y) > fAly] (i=1,2)},

(4)
X(y) ={z €X: ®in,y) <Vy] (1=1,2)} WeY.
B [1, c.144] nokaszamo, uTo MHOX«KeCTBa X (y) 1 i(y) COBIAIAIOT MIPU KaxkJIoM y € Y, 1

aro X (y) He mycTo mpu KaskoM y € Y 1pu 00bIMHBIX J17Tst Teopun urp yeaosusx (f;(z,y)
u ®;(x,y) (i = 1,2) menpepbIBHBI HA TPOU3BEJIEHUN KOMIAKTOB X X Y).

Jdemma 2. [/, c.118] IIpu xascdom y € Y mmoocecmso X(y) ecmn womnaxm ¢ R™M+n2,

Huxe ucnonssytorcs sektopa f = (f1, f2), ® = (P71, P2) u mpeanonaraercs, 9to
dbyukmun fi(z,y) u ®;(z,y) (i = 1,2) HenpepbIBHBI Ha MPOU3BEJIEHUN KOMIAKTOB X X Y.
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Oupepnesienne 1. Iapanmuposanmvim no eviuzpviwsam u puckam pewenuem (I'BP)
Koonepamuenot uzpvk 06YT AUY, C TNOOOYHLIMU NAGMENCAMY U "QUCKPUMUHGUU-
et "neonpedenermocmu (1) nasweaemca mpotixa (x*(y), f*, ®*) € X¥ x R* makaa, wmo
cywecmsyem neonpedeasernocmsd Y= € Y, npu Komopoti 6uinosnenvs caedyrouue mpu
YCA08UA:

19, yeaosue KoareKMUSHOT PAUUOHANDHOCTIA:

2 2
Igg%; filw,y) = ; fi@*(),y), VyeY; (5)
20, ycaosue "meyrydwaemocmu " Cymmapozo 6vupbLLG U PUCKA:
2 2
min »  [fi(2*(y),y) — Pi(@*(v), )] = Y [fi(@*(v"), ") — @il (v),5))5  (6)

Y
LAt i=1

30, yeaosue undueudyarvhoti payuonasbHocm:
UMEEM, MECTIO CUCTNEMA U3 YEMBIPET HEPABEHCNE

2de

2 2 2 2
S @ =S A\ S e @)y = o5
i=1 i=1 i=1 i=1

npu amom napy f* = (fT, f3) nasosem zapanmuposarnvim sexmoprvim deaestcom, na-
py O* = (D7, P5) — eapanmuposannvim sexmoprvim puckom, a x*(y) — cumyayued,
2apanmupyroueti smu Jeaescu u pucku.

Bameuanwne 1. Curyarusa z*(y) us (5) yI0BIETBOPSET YCAOBUIO KOJIEKTHBHON DAIHO-
HAJIBHOCTH I CyMMBbI (DYHKIIUI PUCKA, TO €CTh
2

2
i D, = P, (" VyeyY.
min 2 i(z,y) ; (7" (y),y) Vy €

HokazarenscrBo sToro ¢akra B |1, c.145].

Bameuanue 2. U3 ycnosus 3% onpenerenns 1 u [1, ¢.146] cieayer, 9T0 TpH HCTOMTH-
30BaHMM UrpOKamu curyanun x*(y) m peasmsaiun 10060l HeonpegeaeHHocTd y € Y
BbIMTPBIM UrPokoB f;(x*(y),y) (i = 1,2) He MOryT CTaTh OJJHOBDEMEHHO MEHbIIE COOT-
BercTBYyOMUX Komnonent f* sekropa f* = (f{, f5), a pucku ®;(z*(y),y) (¢ = 1,2) oano-
BPEMEHHO 60Jible P - KOMIOHEHT rapaHTUPOBAHHOIO BEKTOPHOro pucka O* = (®7, ®F).
B s1om cocrour "rapanrupyromuii cmbicaycsiosust (6).

Sameuanune 3. B ormuanm or ompenenenus 2.1 uz [1, c.144|, BBemennoe 3xecy I'BP
(x*(y), f*, ®*) ymoBjerBopsier yCJIOBUIO KOJIJIEKTUBHON DAIMOHATBHOCTH HPU KaKIOM
y €Y (B |1] 910 TpeboBaHWE BBINONHSIOCH JIUIIb DK Y = Yp).

3. CYUIECTBOBAHUE ['BP

VcTaHOBUM YCJIOBHS CYIIECTBOBAHHUS BBEAEHHOTO pernenns. OYeBHIHO CIeayioliee
YTBEpXKIeHTE

Jlemma 3. Ecau fi(xz,y) (i = 1,2) nenpepviehv na X X Y u cmpozo 602nymuv, no T npu
kaotcdom y € Y, mo cymma fi(z,y) + fo(x,y) maxoce nenpepwena na X X Y u cmpozo
soenyma no x € X npu xasxcdom y €Y.

Teopema 1. Ecau

1) mmoorcecmeo X - svnykanit komnaxm, Y - Komnaxm,

2) dpynxuuu fi(z,y) (i = 1,2) nenpepvisno na X X Y u cmpozo soenymo, no T npu
Kaotcdom Ppurcuposanmom y € Y,
mo das uepw, (1) cywecmeyem 2apaHMUPOBAHHOE NO EHIULPLIUAM U PUCKAM DEULEHUE.
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JokazarenbcTBo. s Kaxgoro y € Y moCTpOUM MHOXKECTBO

2
() = {2 = .
(y)={z:2 argrgg;fz(w,y)}
1 PacCMOTPHM MHOTO3HAYHOE OTOOpasKeHme

X(y) iy — X(y), VyeY. (8)

Cornacuo jemme 3 dyukuus fi(z,y) + fa(z,y) crporo BorayTa mo x € X mpu KazKI0M
y € Y. Torya, kak mokasano B |2, ¢.61|, nmpu BeinoHennn yciosuii 1) u 2) MHOrO3HAYTHOE
orobpakenue (8) umeeT HeMpPepHIBHLBII HA Y ceeKTop =™ (y), TO eCTh CyIIeCTBYeT Hempe-
peiBHag Ha Y curyarmua x*(y) : X — Y, yaosnersopsiomas ycnosmio 10 mpusesenmoro
BhImIe onpefesnenns ['BP.

IIo nemme 1, u3 mHempepblBHOCTH Ha X X Y U CTPOroil BOTHYTOCTH IO T € X IIpH
kaxkjgom y € Y dyukunii erurpbima fi(x,y) (i = 1,2) ciaeayer, 9To HENPEPHIBHLI HA
X XY u dyuknum pucka

(I)i(‘r’y) = fZ(LL’P(y),y) - fl(xvy) (’L = 1’2)'
Hakonern, dyukmms

2
e(y) =D (=" (v),y) — ®i(z"(y), y)]
i=1
HempepbiBHA Ha Y KaK PAa3HOCTH W CyNEPIO3UIUs HEMTPEPBIBHBIX HA KOMIakTe Y (DyHK-
AA.

B cuiy reopembr Beitepinrpacca nenpepsiBHas Ha kKommakre Y dbyukiuus ¢(y) gocru-
raeT CBOEro MUHUMYMa, B HEKOTOPOi Touke y* € Y. Takum 06pa3oM CymiecTByeT Heorpe-
eTIEHHOCTH 4™ € Y, pu KOTOPOit BRIMOTHSIETCA YCA0BUE "HEYXYAIIaeMOCTH' CyMMapHOTO
BBIUTPBIIIA U PUCKA

2 2
min > [fi(="(y),y) = Pi(@*(v),v)] = D [file"(y"),y*) = Pala™(y"),y")].
veY i i—1

BoszMmoxkHOCTE TIEpepacipeiesiennst JeieXKeil 1 PUCKOB, YIOBIETBOPSIOMINX YCIOBUIO
WH/MBU/LyaJIbHO DAIMOHAIBHOCTH, yCTaHOB/eHa B [1, ¢.145].

Takum obpazom jgokazaHo cymecrsoBanue napbl (x*(y), y*), a1 KOTOPOit BHINOIHS-
forcst rpebosanmst 10 — 30 onpesesennst TBP. Tlo 910if mape caMo rapaHTHPOBAHHOE 110
BBIUIPBIIIAM M pUCKaM pertenue urpsl (1) upumver sug (z*(y), f*, ®*), rue f* = (f1, f3),
O = (@7, ®5), fF u F (i =1,2) cymecrsyior cortacto [1, c.145].

3ameuanue 4. IIpuBegennas TeopeMa MMeEET MECTO U JijIsi KOOIIEPATUBHBIX UIP C JIIO-
OBIM YHCIOM YIACTHUKOB.
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YIK 517.9

2KyPABJIEB H.B.

O KPATHOCTU MVJIBTUIIJINKATOPOB ®JIOKE

1. BBEJIEHUE

JlanHnas cTaTbs IOCBMAIEHA HWCCJIEIOBAHUIO YCJIOBUN TUIEPOOJIMYHOCTU TEPUOIUYe-
CKUX pEIIeHnil HeJuHeRHbIX (DYHKITMOHAIBHO-udepeHnnaabHbIX YPaBHEHU! BUia

a'(t) = —pa(t) + f(a(t - 1)) (1)

e dyskius f @ R — R wenpepsiro guddepennupyema. Oupejesenne rumnepoboimd-
HOCTU Ha€TCA B TePMHUHAX CO6CTB€HHBIX 3HAYEeHUt onepaTopa MOHOAPOMHHA (HeHyﬂeBbIe
CcOOCTBEHHBIE 3HAYEHUSI OIIEPATOPA MOHOAPOMUYN HA3BIBAIOTCH MyJibTUuiinKaTopamu PJio-
Ke). HpI/I 9TOM CYLIECTBEHHO HOBBIM fBJIAETCH 1IOAXO0/L K UCCJIE0BAHUIO KPATHOCTU MYJIb-
TUIARKATOPOB PJ1oKe. DTOT MOAXO/T TTOBOIIU OTKARATHCSA OT UCIOJIB30BABIIUXCS PAaHee
JOTIOJTHATEBHBIX orpanndennii (cm. Teopemy 3.1 B [5]).

Msr Oymem u3y4darh 1-mepuogmdeckoe ocnuiupyomiee pererue T : R — R ypas-
uenns (1), mpeamosiaras, 9T0 OHO HaM U3BECTHO. MBI OymeM TakKe MpeJnoiaraTh, 9To
nepuon 1" parmonanbubiii u T # 0. (Ecaun T = 1, To pernenne & = const, T. K. yJI0BJe-
TBOPSIET CKAJISIPHOMY aBTOHOMHOMY OOBIKHOBEHHOMY u(bDepeHITnaTBLHOMY YPABHEHHIO.
B Takom ciydae & He OCIUILIHPYET. )

OmnepaTop MOHOIPOMHH — 3TO JHUHEHAHOE HempepblBHOE OoToOpazkenme M
C(]-1,0],C) — C([-1,0],C), tme C([-1,0],C) obo3Hauaer mpoCTPAHCTBO HENPEPHIB-
HBIX KOMILIEKCHO3HAUHBIX (DYHKIMIT ¢ HOPMOit [|¢]|c((—1,0,c) = maxe[—1,0) ¢(t) (mpo-

crparcreo C([—1,0],R) BemecreeHHO3HAYHBIX (DYHKIMIT OMPEIesIsieTcsi aHaJI0IUIHO).
Omneparop M geiicrByer 1o opmy.ie

Mo = U?,
e v? : [~1,00) — C — permenue Haua LHOIN 334K
V' (t) = po(t) + a(t)v(t — 1), (2)
v(t) =o(t) (€ [-1,0]), (3)
rie
a(t) = f'Wly=z¢-1) (L ER). (4)

Ypasuenne (2) apisiercsa muneapusanueii ypasuenus (1) B OKPECTHOCTH TIEPHOUUECKOTO
perterns Z. OHO HA3BIBAETCS TAKyKe BAPUAIMOHHBIM yPABHEHWEM.

Ipu kT > 1 oneparopsr M spisiorcss kommakTabME ormeparopavu. [LosTomy Bce
rouku A # 0 cnexrpa (M) oneparopa MOHOAPOMHUHU SABJISIIOTCS M30JMPOBAHHBIMU COO-
CTBEHHBIMM 3HAYEHUSIMM W uX ajredpamveckme Kparaoctu m(A) KoHedHbl. DTH COO-
CTBEHHBIE 3HAYCHUs HA3bIBAIOTCs Mysabruimkaropamu Djoke. Cyxenme dynknum T’
Ha orpe3ok [—1,0], oueBuano, siBasiercss cobCTBeHHON (byHKIME oneparopa MOHOIPO-
MUHU, KOTOPOH COOTBETCTBYET COOCTBEHHOE 3HadYeHne \ = 1.

[Mepuopmueckoe pemenne T ypasuenus (1) HasbiBaercs runepboMuecKuM, ecau cob-
CTBEHHOE 3HavueHWe A = 1 omepaTopa MOHOJAPOMHUU SIBISETCS MPOCTBHIM U HA €TUHUIHOM
OKPY?KHOCTH HET JPYTUX COOCTBEHHBIX 3HaueHUil. TpaekTopuu, COOTBETCTBYIOIIUE pe-
IIeHUsIM ypaBHeHust (2), ompejeseHHble HA OECKOHEUHBIX MOJYUHTEpBAIaxX U OJIN3KHe
K MEePUOIMIECKOil OpOuTe TUIepOOTMIeCKOTO DEIeHns, CTPEMSITCI K 3TOil opOuTe mpn
[t| — oo (cm. [4, ra. XIV]).
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UccnenoBanmio MyabTuiinkaropos Pjioke mocssaimeno MHOTO pabot (cM. 6ubsmorpa-
dwuro B [1]). TpyaHocTh 3aK/I0OUAETCS B TOM, 9TO B OTJIHYHE OT OOBIKHOBEHHBIX JU(D-
depeHIuaIbHBIX YPaBHEHUIl OlepATOp MOHOJPOMUM, ACCONUUPOBAHHbBIN C IEPUOIAYE-
CKUM perrrenreM (QpyHKIMOHAIBHO- (D EePEeHNMaTbHOTO YPABHEHNSI, sIBASIETCS O6CKOHE-
HOMepHBIM. KOHCTPYKTHBHBIE PE3YJIBTATHI, TIO3BOJISIONINE TTPOBEPUTE YCAOBUS THIIEPOO-
JIMIHOCTU OBLIN TIOJYUEHBI JIUIh B OYE€Hb YACTHBIX CJIyUYasiX: KOTA TEPUOJ] PEIIeHuUst
pasen 3 (cMm. [2]) n korma nepuos pemenust pasen 4 (cum. [3]). Briepsbie st nponssosib-
HOTO PAIMOHAJIBLHOTO TEPUOIA KaK HEOOXOIMMbIE TaK W JOCTATOYHBIE YCJIOBUS THIED-
bosmanocTH GblaM nOJIydeHbl B paborax [1, 5] (B pabore [5] 6bl1 paccmorpen Takike
C/lydail MppanmoHa bHOrO Tepruoja). B HacTosmed craTthe B OTCYTCTBUU JIONOTHUTEb-
HBIX OTPAHUYEHU Oy1eT MOy IeH KPUTEPHUil TuepOONIHOCTH TEPUOUIECKUX PEITeHn
C paIMOHAIBHBIM TTEPUOIOM.

B pazzene 2 6yzer gokazano, uro ypasuenue (M — A )2¢ = 0 sxBuBajeHTHO KpaeBoii
3aj1a4e JIJI CUCTEeMbl OOBIKHOBEHHBIX udbepenHipuanibubix ypasHenuii (reopema 77).
Ha ocHoBe 910it 9KBUBAJIEHTHOCTH TaM Ke Oyj1eT MOoJy9eH KpUTepuii runepObouIHOCTH
LIEPUOAMIECKOro perienus: ypasHenusi (1) (teopema 2).

Yepes [ Oyaem obo3HaYaTh €AMHUYHBIN oneparop. Ajapo JimueitHoro omneparopa L
obozmagatorcs uepes N (L).

2. KPUTEPUN I'MIIEPBOJIMYHOCTHU

B srom pasnene, npeanonaras T € N, Mbl ycTaHOBUM CBsi3b MEXKIY (DYHKIUAMU W3
N((M—=XI)?) npu A # 0 w0 penmeHusIMu JTHHeHHOI 0THOPO/HOI CHCTEMBI OOBLIKHOBEHHBIX
muddepenimaababix ypasaeruii. Ha ocHOBE 9T0i cucTeMbl MBI IOy IUM KPUTEPHUl TPO-
CTOTHI J7IsT CODCTBEHHBIX 3HAUEHWI omepaTopa MOHOAPOMUN W, 3aTeM, KPUTEPHUii Tutep-
BOTMYHOCTH /IS IEPUOIMIECKUX pertennii ypasaernst (1) ¢ pannoHaIbHBIM TIEPUOIOM.

Paccmorpum ypaBuenue

(M —=AI)%p=0. (5)
DyHKIWA ¢ ABIAETCA pellleHneM ypaBHeHus (5) Tor1a u TOIBKO TOT/Ia, KOTIa mapa (QyHK-
nmit (¢, v?) aBngerca permenmeM cucrembl ypasrennit (5), (2), (3). Ilpn aToM permenne
ypaBHenus (2) HaMm HEOOXOAUMO 3HATH TOJNBKO mpu ¢ € (—1,2T).

Bocnop3yemcs com3MepnMocThio epruosia u 3anasapiBanus. [Ipegcrasum wncmo T €
N B Buze qapoou T'= N/M u nonoxum 7 = 1/M. Torna 1 = M1, T = NT. B cucrewme,
cocrogmieit u3 ypasuenuii (5), (2), (3), mpoussemem CIeAYIONIYIO 3aMEHY TEPEMEHHOI:

ui(t) =v(t+ (i —1)7) (i=1-M,...,0,1,...,2N, t € [0,7]). (6)

[Tpw 3ToM u3 ypasuenns (3) mosydaem
o(t) =ui(t— (i —1)7) (t € it —7yit], i=1—M,...,0), (7)
a ypasuenus (5) u (2) npeBpaTATCsa B CJEMYIONINE CUCTEMbI YDABHEHHI COOTBETCTBEHHO:
ui(t) = 2u N (8) /A — uzan (t)/A° (i=1-—M,...,0, t€[0,7]), (8)
wp(t) = pui(t) + ot + (i — 1)7)ui—pr (1) (i=1,...,2N, t € (0,7)). 9)

Ecan napa dyukimit (¢, v) yuosiaersopsier cucreme ypasuenuii (5), (2), (3), To onpee-
nennble 110 dopmyie (6) dyHKIMU u; yaoBaeTBOpsoT cucreme ypasaeruii (8) u (9).

Oo6parroe #HepepHo. Ecin yHKIUT U1_pf, - . ., UsN YAOBIETBOPSAIOT CUCTEME YpaBHE-
awit (8) u (9), To mapa dynkuuit (¢, v), onpegenennnix B coorsercreuu ¢ hopmynamu (7)
u (6), obsi3aHbl y0BaETBOPATH cucreme ypasHenuit (5), (2), (3) qmmb Ha uHTEpBaIaX
(iT,iT+7), rme i = —M, ..., 2N — 1. Ha konnjax uarepsa/ios 3t (pyHKIMU MOTYT UMETh
paspsis. Ucnoan3ys dopmyy (6), yciaosue nenpepbiBaocTr byHKIME v (&, CJIEJ10BATE b
HO, U ¢, cM. ypaBHenue (3)) B 9TMX TOYKAX MOXKHO 3aluCaTh B BUJIE

ui(O):ui_l(T) (iZQ—M,...,QN). (10)

Jlerko BuzmeTh, uTo cucrema ypasuenuii (5), (2), (3) sxBuBazeHTHA (C yIETOM 3aMEHBI
nepemennbix (6) n (7)) cucreme ypasuennit (8), (9), (10).
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®opmyna (8) mpu i € {—min{N, M},...,0} naer npezicrasienue DyHKIWMH u; depe3
dbyurIwY U1, ..., uey. Jomycrum, uro M > N u iy € {—M,...,—N}. Paccmorpum pa-
BEHCTBO (8) pu ¢ = ip U K IepBOMY CJIaraeMOMy MIPABOil 9aCTH IPUMEHIM PABEHCTBO (8)
npu ¢ = 19 + INV:
w =2 <2Uz‘o+2N B Ui0+3N> _ UigpaN (22— Duigran 2uip43N
D A A2 A2 A2 A3

Eciu M > kN v upu ig € {—M, ..., —kN} umeer mecTto paBeHCTBO

_ (@ + DuigreN  Yig 4 (k+ DN

ig G N

TO, aHAJIOTMYHBIM 00pa3om ucnonbsys (ig + kN )-e ypaBuenue cucrembr (8), moaydaem

(ar + 2)uipreryny (@ + DUt (o) N

Wio = N Ne+2

[IpumeHsig MeTOJ] MATeMATHIECKO WH/IYKINH, TeperuIieM cucremy (8) B Buje

o (/CZ + 1)u¢+kiN kiui—i—(ki—f—l)N
Ui = ki B \eit1

(t=1-M,...,0, ki = min{p € N: i+pN > 0}).
(11)
Dra cucTeMa SKBUBAJEHTHA cucreMe (8) u JaeT sBHOE MpejcTaBieHue yHKITHi
UL My, Ug I€PE3 DYHKITHA U7, . . . , UQN -
Ucnonesys mpeacrasiaenne (11) u to, aro dopmansuo mpu i > 0 paserncrso (11)
umeer BUI u; = u; (B 9ToM caydae k; = 0), uckaounm DYHKIAH U_jfy1, ..., Uy O3
ypasuenuii (9):

() = pus(t) + a(t + (i = 1)) ((di Hlasan(l) diu"‘ﬂiﬁfwm) 1)

i=1,...,2N, d;=min{peN:i— M +pN >0}, te(0,71).
Takum obpasom, cucrema (8), (9) sksusanenrua cucreme (11), (9).
Ucnonbsys npejacrasienue (11) npu i = 0 B dopmyse (10) mus ¢ = 1, mosyaaem
u1(0) = 2un (7) /X — uan (7) /A2 (13)
Badukcupyem npoussosbaoe 3nauenne ¢ € {2 — M, ..., 0} u nonoxkum k = min{p € N :

i+ pN > 0}. Ecin i # 1 — kN, 1o, ucnonb3ys npezcrasienne (11), momyanm

uirkN(0) — wippn—1(7) kui+(k+1)N(O) = Uit (bt 1)N—1(T)

Uz(o) - Uifl(T) = (k + 1) G AE+1

Eciu e i = 1 — kN, To, ucnonb3ys npezcrasaenue (11) u dbopmymny (13), moryamm

B wi1,N(0) wiy (k11N (0)
u;(0) = (k+1) N k N
k412 1  tit (e (0)
BESVE Xui-i-(k—i—l)N—l(T) - ﬁui+(k+2)N—1(7)) TR
kE+2 k+1
= WUH(Hl)NA(T) - Wui+(k+2)Nfl(T)+
Uir e+ 1)N-1(T) Uiyt (0) k
fp—t Ak’ﬂ By it >\k+)1 = ui1(7) + sy (un(7) = unv41(0)).
Taxkum o6pasom, ypashenus: (10) npu i = 2 — M, ..., 0 ABASIIOTCA CJEJCTBUAMU JIPY-

rux ypasaenuii cucrembl (10), (11), (13) ¥ UX MOMXKHO MCK/IIOYMTH U3 ITON CHCTEMBI.
CnenoBarensho, B popmyse (10) GyayT HCHOIB30BATHCS TOJBKO yPABHEHUS

’U,Z(O) :ui_l(T) (i:2,...,2N). (14)
W3 ckazannoro ciemyer, uro cucrema ypasuennii (5), (2), (3) sksusanentra (¢ yuerom

samenbl epementbix (6) u (7)) cucreme ypasuenwuit (11), (12), (13), (14). Mnaqe rosopsi,
JUTsT KayKJI0TO perenust ypasuenus (5) no dbopmyiie

ui(t) = v?(t + (i — 1)7) (tel0,7])
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OTHO3HAYHO ompejesgerca Hexoropoe pemernne U = (uq,...,usy)!] Kpaesoil 3a1a-
u (12), (13), (14); npu stom bysriwmnr ¢ u U yA0BIETBOPAIOT COOTHOIICHUIO (AB/IS-

fomemycs caencrsueM dopwmyi (7) u (11))
(ki + Duign(t = (i = 7)) kit gy yn (= (i = 1)7)

o(t) = \Ei it 1 ’
rae ki = min{p € N:i+pN >0}, i =1—M,...,0,t € [iT — 7,i7], u jus 1106010
permenna U = (uq, ..., usn)? xpaesoit zamasm (12), (13), (14) mpm momMonmy mocaeiHero

COOTHOIIIEHNST BOCCTAHABIMBAETCST COOTBETCTBYOINEe perenne ¢ ypasuenus (5). Orciona
BBITEKAET CJIeIyIONee YTBEPK/IEHNE.

JIemma 1. IIpu A # 0 wmmooicecmeo pewenuti ypasrerus (5) usomopdhro mmoscecmesy
pewenul kpaesoti 3adavwu (12),(13),(14).

Paccmorpum kpaesyio 3amady (12), (13), (14). Jlroboe pererue 3Toii 33189l MOXKHO
[IPEJCTABUTEL B BUJIE
U(t) = Sx(t)e,
rae Sy : [0, 7] — (dbyumamenTaIbHAST MATPUIA, CUCTEMBI OOBIKHOBEHHBIX U]~
bepennuanbubix ypasuenuii (12). Yrobsr maiitu sexrop ¢ € C2V,| nocrarouno mosjcra-
BUTH 00Imii BuJ pemrenusi B kpaesbie yciaosus (13), (14). Uepes ey; obosHaunmM j-1o
crpoky marpuipst Sy. s A € C\ {0} seegem marpumy Q(A) € C2VX2N

N (C2N><2N

26)\]\77' 6)\72]\[7'
exi(0) - 220) | exan(o)

Q) = ex2(0) — ext(7) : (15)

ex2n(0) —exan—1(7)

TOF,Z[& BEKTOD C ABJIACTCA PENICHUEM YPDaBHEHUA

Q(\)c=0.
[TockospKy (yHmaMeHTaTbHAS MATPHIA HEBBIPOXKIEHA, TO TP KaxKI0M A # 0 MaTpnd-
Has Gyaknus Sy(-) OCyImecTBIseT n30MOPMOU3M MEXK/IY HYIb-IPOCTPAHCTBOM MATDHIIBI
Q(\) m MHOKecTBOM pernenuii Kpaesoit 3amadn (12), (13), (14).
Takum o6pazom, u3 JeMMbl 1 CaeayeT, 9T0 MHOYKECTBO pelenuii ypauenus (5) u30-
MopdHO HyIb-ipocTpancTBy MaTpuisl Q(A). Obozmatnm N, = {\ € C\{0} : det Q(\) =

0}.

Teopema 1. Ecau A # 0, mo umeem mecmo pasencmeo dim N ((M — AI)?) = 2N —
rankQ(A). B wacmnocmu, o(M) \ {0} = Nj,.

Jlemma 2. Aazebpauueckas KpamHocmsd HEHYAEE020 COBCMEEHHO20 SHAUEHUA N ONEPa-
mopa MOHOOPOMUY PaBHA eduHUYE Mo20a U MoAbKo moezda, kozda rank@Q(A) = 2N — 1.

Hdoka3zaresibecTBo. Anrebpandeckoii KpaTrHOCTBIO m(A) COOCTBEHHOTO 3HAYEHUS A OIe-
paTopa M HaswBaeTcs pasmepaocTs mpoctpanctsa N ((M — AI)F), rae k € N — Ta-
xoe wmco, atro N((M — AF) = N((M — AD)F). Ecm m(A\) = 1, T0 ouesmi-
mo dim(N (M — AI)?) = 1. Ecm dim(N (M — A)?) = 1, To Jerko J0Ka3aTh, HTO
dim(N (M — AI)) = 1 u, crepoBarensro, m(A) = 1. Ocraercs npuMeHUTh TeopeMy 1.

Teopema 2. ITycmo cywecmsyem T-nepuoduueckoe pewenue T ypasuernus (1), u nyemo
wucao N onpedeaero svwe. Pewenue T asasemes sunepbosuseckum mozoa u moavko
mozda, Kozda {\ € Ny : |A =1} = {1} urank@(1l) =2N — 1.

HoxkasaresnbcrBo. 113 Teopemst 1 caenyer, uro o(M) \ {0} = N,. T. e. oneparop M
MMeeT Ha eJMHUIHON OKPYKHOCTH €JIMHCTBEHHOE COOCTBEHHOE 3HadeHune A = 1 Torjga u
TOJIBKO Torga, Korma {A € N, @ |\ = 1} = {1}. 13 nemmnl 2 ciaexyer, 9ro cobCTBEH-
HOe 3Hadenne A = 1 omeparopa MOHOJAPOMHW — TPOCTOE TOTJA M TOJBKO TOT/IA, KOT/IA
rank@Q(1) = 2N — 1.
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I'vroB C.U., /1o/10TOBA H.C., PATXYTIUHOB .H.

«HEKOMITAKTHBIE» 3A/IAY PACIIOBHABAHUNA.
JIOTUYECKNN CUHTE3 I10 3.T'NJILBEPTY!

B nepeoti wacmu pabomuv, onucar onvim NOCMPOEHUSA NPO2PAMMHOT CUCTNEMbL, ONpe-
dessrousetc 006AGCMU KOMNEMERMHOCTIU AA20PUMMOE CUHME3A NOZUNECKUL CLEM.
IIpu smom pewaemca 3adaua KAGCCUPGUKGUUY € HEBBINOAHEHOT 2UNOME30T KOM-
naxmuocmu. Bo emopoti wacmu onucar Ho8bl aA20pUMM CUHME3E KOMOUHAUUOHHO-
A02UMECKUT CTEM HA 0CcHO8E pasrodicenus 3.Iurvbepma.

1. BBEAEHUE

Ha cerommsimiamit JeHb CyIIECTBYIOT 3HAYUTEIBHOE KOJUYIECTBO AJITOPUTMOB JIOTHYE-
CKOT'O CHHTE33 KOMOMHAIMOHHO-JIOMMTIECKIX CXEM Pean30BaHHbIX B cocTase psiga CATIP
¥ OCHOBAHHBIX HA T€X WJIM WHBIX TOYHBIX JTHO0 9BprucTHdeckux Meromax. OJHAKO, B CBA3U
C PE3KUM yKECTOUEHUEM ITaPaMETPOB BHOBb NPOEKTHPYEMbIX cxeM (10 1 Mups Kirouei
Ha KPHUCTAJIE, pasMep Kjaoda MeHee 50 HM) aJrOpUTMbl CHHTE3a TEPECTAIOT yJ0BJIe-
TBOPSITH TIPEIbsBIIEMbIM TPEOOBAHUAM [0 Ka9eCTBY TOJydaeMoii cxembl. [Toatromy Ha
[TOBECTKE JIHSI CTOUT pa3pabOTKa MPUHIUITNAIBHO HOBBIX THIIOB YKa3aHHBIX aJIOPUTMOB
T.H. aJICOPUTMOB CHHTE3a HOBOI'O TOKOJieHUsl. JIaHHBIE aJIrOPUTMBI JOJIPKHBI OCYIIECTB-
JISITh CUHTE3 OTJIEJIbHBIX 9aCcTeill CJI0YKHOW JIOTUIECKON CXeMbl UCXO/st u3 jauddepeniin-
poBanHBIX KpurepueB. Kak m3BeCTHO, Pa3/nvdHble CHHTE3UPYIOIIME aJrOPUTMbI JEMOH-
CTPUPYIOT pa3/indHyo 3(pDHEeKTUBHOCTD HA PA3/INYHBIX TUIIAX cxeMm. Kpome Toro, jannas
9D DEKTUBHOCTD MOXKET OIPEJIEIATHCA UCXO/d U3 Psjla Kpurepues (I101a/1b, 3aHnMa-
eMasi CXeMoil Ha KpucTaJjie, o0Ias 3aJepKKa M0 KPUTHIECKOMY TYTH, MOTpedisseMast
MOIIIHOCTD U T.T.).

[lepBast wacTh AOK/Ia/1a OMHUCAH OMBIT MOCTPOEHUS TPOTPAMMHOM CUCTEMBI, OTIPe/Ie s
foreit 06/1acTu KOMIETEHTHOCTU AJTOPUTMOB CHHTE3a JIOTudeckux cxeMm. Bo BTopoit ya-
CTU PACCMOTPEH HOBBIN MEPCIEKTUBHBIN AJITOPUTM CHHTE3a KOMOMHAIIMOHHO-TOTUIECKUX
CXeM, OCHOBAHHBII Ha pa3jioykeHuu Oy/eBbIX (DYHKIHi, npeaioxkeHHoM J.['uabbeprom.

2. «<HEKOMIIAKTHBIE» 3AJIAUYM PACTIO3HABAHUS

2.1. Beegenwne. IlepsoiM marom ma mytn cozmarnsa CAIIP ¢ cunresupyommmn aaro-
pUTMaMU HOBOTO THUIA MOXKET OBITH pa3paboTKa MPOTPAMMHON CHCTEMBbI, OTPeIe/IsIio-
el Mo MpeIbIBIEHHOMY BXOHOMY OIHCAHUIO CXEMbl HEKOTOPBIE XapaKTEPUCTUKU U,
B 3aBUCUMOCTU OT HUX, MPUHUMAOIIAS PEIleHne, KAKOMY U3 MMEIOIIUXCSA aJTOPUTMOB
“mopyunth’ cumHTe3 cxeMbl. IIpu paspaboTke OmuCaHHO! CHCTEMBI BOSHIHKAIOT 33 aUN 10~
CTpPOEHUs TTPU3HAKOBOI'O MMPOCTPAHCTBA OMMCAHUI CXeM U pa3bueHus ero Ha JacTH, IPHU-
HAJIIE2KHOCTh K KOTOPBIM OIpeJessgeT BbIOOP CHHTE3UPYIOIIEro ajaropurma. B teopun
pacro3HaBaHus 00pa30B YKa3aHHbIE YaCTU HABBIBAIOT 00/IACTAME KOMIIETEHTHOCTU AJI-
COPUTMOB, B HAIIEM CJIy4Yae — aJrOPUTMOB CHHTE3a KOMOMHAIIMOHHO-JIOTUIECKIX CXEM.

2.2. ObJslacTu KOMMETEHTHOCTU W TUmoTe3a KoMmakKTHOCTu. Obaacmbio Komne-
MeRMHOCMU GA20PUMMAE HA3HIBAIOT TTOAMHOXKECTBO TPOCTPAHCTBA XaPaKTEPUCTUK BXO/I-
HOrO OnucaHus 00HEKTOB (KOMOMHAIIMOHHBIX JIOTMYECKUX CXEM, B HAIEM CJydae), JIs
KOTOPBIX JIAHHBIM aJrOPUTM ONTUMAJIEH 110 BHIOPAHHOMY KPUTEPHUIO. 3a1a4dy (hopMupo-
BaHWS TPU3HAKOBOTO MPOCTPAHCTBA Ha MPAKTUKE BCET/AA MTPUXOANTCS PEITATH SMIUPUIe-
cku. Jleso oc/ioKHSETCS TEeM, 9TO HAIIA 33/a49a OTHOCUTCS K 33/1a9aM C HEBBIIIOJIHEHHOM
2unome3oti KoOMNaxKmMHOCMU, KOraa Kiaaccudurupyemble 00bEKThl U3 Pa3HbIX KJIACCOB

!PaBora BeImOHEHA TIpU EHaHCOBOI MomTepKKe PODU (kompr mpoexTa 04-01-00161, 07-01-00211)
u Intel Technologies, Inc.
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CUJIbHO TIE€PEMEITAaHbl U «00pa3bl HE COCTAB/ISIOT KOMIIAKTHBIX MHOYKECTB B IIPOCTPAH-
CTBEe BBIODAHHBIX CBOHMCT». /laHmble 3a/1a9n Ipe3BBIYAiHO TPY/IHBI U HA MPAKTUKE TACTO
OTKA3BIBAIOTCA OT UX pelrenusi popMa/IbHBIMU METOAMHU.

B Toxe Bpemsi, B caMOM HadaJjle CTAHOBJIEHWS] TEOPUN PACTIO3HABAHUS OIHUM U3 €€ CO-
snareseii M.Borrapgom [3] 6611 npeiozken Meros opMUpOBaHUs MTPOCTPAHCTBA MPHU-
3HAKOB U PEIeHNs 33/]a" C HEBBITOJHEHHBIM YCIOBHEM KOMITAKTHOCTH: B PaboTe OBLIO
MPOIEMOHCTPUPOBAHO HA TIPUMEPE, UTO TaKue 33a9¥ B MPUHIUIIE MOTYT OBITH PErTeHbI.

2.3. TlocranoBka 3amaun. [loz ) Oygem MOHWMATH MHOXKECTBO BCEBO3MOYKHBIX OITHU-
CcaHuil BXOAHBIX 00bEKTOB B HEKOTOPOI CTaHIapTHO dpopMme, a 1moj A — KOHEeYHOe MHO-
JKECTBO AJIrOPUTMOB 06paboTKy yKazaHHbIX 00bekToB. [Tycrs S(A,dp) — dyukumonasn
KadeCcTBa TOJIYIEHHOTO0 BBIXOJHOTO OOBEKTa B Pe3y/abrare 0O0pabOTKU BXOIHOTO 00b-
ekta 0y € () amroputmom A € A. Tpebyercst moCTpOUTH MPOCTPAHCTBO W Pa3OUTH
ero Ha 00s1acTn KoMIeTeHTHOCTH anroputMoB A (u3 A). VHbiMu cioBaMu, onpenesnThb
Ap = Argmin S(A, dp) /151 TPOM3BOJILHOIO OLMCAHUS J) U3 IOCTPOEHHOTO IIPOCTPAHCTBA
Q, riae muaEMYM Oepércst o BceM A € A.

B namewm ciygae (2 ecTb MHOXKECTBO ONMUCAHWUM CHCTEM YaCTUIHBIX OYJIEBbIX (DYHKIINN
(CUB®) B dbopmare cucrembl cunresa cxem SIS (cm. [7]), A — coBokynnocTh peanuszo-
Banubix B SIS asropurmos cunresa CUB® B Buge cxem (19 asropurMos), a B KauecTse
S(A,0) B3sTa KOJIMUECTBEHHAS OLEHKA IO/ M CUHTE3UPOBAHHON CXEMBbI.

2.4. Knaccudukanus 1 runoTe3a mpeacTaBuTeabHocTu. [lonsarao, o dyHKInn
n3 CHUB® nojiexkammux MUHUMUABALUUUA U CXEMHOW peaiu3aliiy Ha [IPAKTUKE JIAJIeKO
HE Cﬂy‘{aﬁHbI, IIOCKOJIbKY OHU OIIMCbIBAIOT KOM6I/IHaJ_U/IOHHbIe YaCTU JIO'NMYECKUX 6.}10-
KOB, UMEIOIINX OIPEAEAEHHYIO JOTUKY PaboThl. Takke MHTYyUTUBHO $ICHO, YTO UMEIOTCH
paznuuanbie Tunbl Takux CHB®. B 1o ke BpeMsi 3aMedeH0, 9TO 3a9acCTyi0 HEOOJIbINNE
U3MEHEHUsI B OMUCAHUSX (DYHKIUI TPUBOAAT K PATUKAJTHHOMY M3MEHEHUI) WX CXEMHO-
ro TpejcTaBjeHus. ITo o3HavaeT, uto omucanne CHB®D B Hekoropom “crecrBeHHOM”
MPOCTPAHCTBE He 00ECIeInBAET BHITOJTHEHNE MUIOTE3bI KOMIIAKTHOCTH 06pPa30B.

Jamee MBI He OyaeM pazjndaTh OOBLEKTHI U UX omucanusi. HamomMHWM, ITO 00BEKT
C M3BECTHON KJacCu(UKAINN HA3BIBACTCS B TEOPUU PACIO3HABaHUs mperegernToM. s
PEeIleHnsT TOCTABIEHHOM 3a/1a41 HeoOX0 UM HAbDOD TPeleeHTOB — OMUCAHUN CXeM C pe-
3yJIbTaTaM¥ CHHTE3a BCEMU UMEIOIIUMUCS AJTOPUTMAMU. DTa WHMOPMAIUN U ABJISIETCS
OCHOBHOII [IjTsl PEIeHus 3aa4u.

fcuo, uTo perreHue 3324 BO3MOYKHO, €C/id HAOOp MMEIOTINXCS MIPEIeIEHTOB HEKOTO-
pbIM 06pa3oM 0TpazxKaeT 00beKThbI, KOTOPhIE PeabHO OY/IYT BCTPEYATHCS MPU OCYIIECTB-
Jiennu Kjaccudukanuu. /lanHnoe mpejnoioxKenne Ha3bIBAETCsI B TEOPUH PACIIO3HABAHUS
2unomesot nPedcmasumesbHOCMU.

2.5. Upes merona M.Bourapaa. Ilpu HEBBINOHEHHOl TUIOTE3¢ KOMITAKTHOCTH (CH-
Tyanusg “TyOKu u BOABI” O BBIPDAXKEHUIO aBTOPA METOJA) MpPEeJIaraeTcs JeliCTBOBATD
CJeAYIOMUM 00Pa30M.

(1) Tem nm uabM cocobom chOPMUPOBATL HEKOTOPBIH HAOOD TTPOU3BOJIBLHBIX TEP-
BUYHBIX MPU3HAKOB — YUCJIOBBIX XaPAKTEPUCTUK O00BEKTOB. DTU MPUBHAKU, BO-
o0111€e TOBOPSI, HE TO3BOJIAIOT YCIEITHO PEIUTh 33/ady Kiaaccudukanuu (pa3ou-
eHUe IPU3HAKOBOTO NPOCTPAHCTBA).

(2) C nmomompio BbIOPAHHBIX (DYHKIMOHAIBHBIX NPEOOpPA30BAHMI U3 MEPBUYHBIX
[IPUBHAKOB CTPOSITCS BCEBO3MOXKHBIE BBIDAXKEHUsI, HA3bIBAEMbIE B JlajibHEAIIIeM
BTOpUYHBIMU TpU3HaKaMu. J[jisi epBOHAYAJIBHOIO HMOCTPOEHUST HET Heo0XO u-
MOCTH TIOJIb30BATHCS CJIOKHBIMU (DYHKIIMOHAJBHBIMEU TPEOOPA30BAHUSMEI U [IPU
pa3paboTke cHCTeMbl ObLIN UCHOIb30BaHbl (Kak u y M.Bonrapma) mpocreiimne
apudmernueckue omnepanun {+, —, X, /}.

(3) 13 moCTpOEHHBIX BTOPUYHBIX MPU3HAKOB I KAXKOTO KJIACCA (COOTBETCTBYIO-
IEr0 OJIHOMY W3 aJIFOPUTMOB CHHTE3a) OTOMPAETCST HEKOTOPOEe KOJUIECTBO HAU-
6osee “urdopmMaTuBHBIX” TpU3HAKOB. 1101 TAKOBBIMU TTOHUMAIOTCS T€, KOTOPHIE
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HAITY9IIuM 00pa30M OTAEIAI0T KOHKPETHBII KJIacC OT OCTATBHBIX KJIACCOB (3Ha-
YeHUs HA MPEeIeeHTaX KOHKPETHOr0 K/Iacca CUIbHO OTJIMYAeTCd OT 3HAYeHUul Ha,
IPETE/IeHTaX U3 OCTAIbHBIX KJIACCOB IIPU3HAKOB).

(4) st BCeX MPENEEHTOB CTPOUTCA HAOOP MEPBUYHBIX MPU3HAKOB, BHIYUCISIIOTCS
BTOPUYHBIE TTPU3HAKHU, TPOU3BOJUTCS ONMCAHHBIN BBIIIIE OTOOP M 3aTE€M I10 BCEM
0TOOpPAHHBIM BTOPUYHBIM MPU3HAKAM YCTPAmBaeM TOJI0COBaHue. B pesyiabrare
BCE TIPOCTPAHCTBO 00HEKTOB pa3bmBaeTcst Ha, KIACCHI.

Bamernm, UTO JAHHBI METOJ OCHOBBIBAETCS Ha MOJHOM nepebope (mpu dhopmupo-
BaHUM BTOPUYHBIX TPU3HAKOB), 9TO TPeOyeT, B OOIIEM C/lydae, 3HAYUTETHHBIX BBIYUC-
JIATeAbHBIX 3arpar. OaHaKo TaKoil OOJIBIION CYET BBLINOJJIHSETCS €IMHCTBEHHBIA pa3 Ha
grare o0ydeHus.

2.6. MaremaTtndeckass wMojesab. Ilycrs umeercss N  aaropuT™MOB MHUHUMABAINA
yrpagsjsiomux cucrem Ay, Ao, ..., Ay, R;, i =1, ..., N — 061acT#i KOMIIETEHTHOCTH
asiropuTMoB. HazoBeM nepBUYHBIM TPU3HAKOM ITPOU3BOJIHLHYIO (PYHKIINIO OT TAOJIUIHOTO
saganna CUBO.

Iycrs Pi(9), P2(9) ..., Py(d) — nepsuunbix npusHakos koHkperHoit CHB® §. Bro-
PUYHBIM MPU3HAKOM YACTUIHO 3aIaHHON OysIeBoil (DYHKIMY § §-T'0 aJrOPUTMa, HA30BEM
IPOU3BOJILHYIO (DYHKITHIO

Fii(Pr, Pa, ooy Pag) = [577/(PU(8), Po(6),..., Pu(8)), i=1,...,N, (1)

rjae j — HOMEP UPHU3HAKA, MMOCTPOEHHYIO C IMOMOIBI0 apudMeTUYecKuX Omeparuit
+, —, X, / U3 NEepBUYHBIX IPU3HAKOB.

O6/1acTb KOMIIETEHTHOCTU KAXKJIOI'0 AJITOPUTMA MUHUMU3AIIAU OY/IEM 33/[aBATh CUCTE-
MO HEpPaBEHCTB

fl',l(Plv P27 ceey PM) § COHStiJ
S

fie:(P1, Pay ..., Py)
rje koncranTsl Const; 1, ..., Const; ., u onepaiust cpaBHeHnst «OOJIbIIE» MM «MEHBIIIE»
BBIOMPAIOTCS W3 YCAOBUS MUHUMHU3ANWH (DYHKIMOHAIA, KAYECTBA BTOPUIHOTO MPU3HAKA
(c npuBsi3aHHO# K HEMy onepanueil CDaBHEHNUS U KOHCTAHTHI ):

Q(Fic;) = Z [Fie; — t]%(6) — min,

SV

Const; ¢,

rie Fiﬁj — WHIWKATOP MPUHAIIEKHOCTH 00heKTa § KJAACCy ¢ HOMEPOM ¢, CTPOSIIIUICS
u3 f;, onepanuit >, < u Const; .

Boo6mie roops, mo6ast byHKIMs (¢ OrpaHUIeHUsIME Ha CYIECTBOBAHUE MTPOM3BOHBIX
HY?KHOTO TIOPS/IKA) pasyioxkuma B psaj Tefisopa, 9To TOBOPUT O TOM, 9TO KJACC BCEX
dbywuxmmit {fH7>/} nocrarouno mmpok.

Bsenem mabop mHAMKATOPHBIX DYHKIII

k (5) { ].7 €CJIX BBIIIOJIHEHA CHCTEMa HEPABEHCTB;
5 —

| -1, wunaue,

n QYHKIHO mrpada
1, ecmu 6 € R;;
Ui(9) = { —1, ecom § € R;.

Paccmorpum dyukmmio

[Tosyuaercst, uro

Z,(5) = 0, ecim 3amaer mpeaukar o € R;;
1 1, umaue.

N, maxownerr, paccMoTpuM (DYHKITMOHAJ KAIECTBA

®; = YseZi(0), i=1,...,N. (2)
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Teneps 3a1a4a TOCTpOEHNSA KIACCU(PUKATOPA CBEJIACH K 3aja4e MUHUMU3AIUN (DYHK-
[IMOHAJIA KAYECTBA JIjId KaXKJIOT0 aJIFOPUTMA 110 HAOOPY BTOPUYHBIX PU3HAKOB:

®;, — min (3)

misi Beex ¢ = 1, ..., N. Bamerum cpasy, 94T0 MOCKOIbKY () — IMOTeHIMAIbHO OECKOHETHOE
MHOKECTBO, TO MPOTPAMMHO TIOJCUUTATH (2) HE MPEICTaBIIeTCs BO3MOXKHBIM. [loToMmy
Ha MPAKTUKE TPUXOJAUTCSA OTPAHNIUBATHCS MPEIOI0KUTETHHO JOCTATOYHO TTPEICTaBU-
TEJLHBIM (PUKCUPOBAHHBIM TIOJMHOYKECTBOM MHOXKECTBA ;, COCTABIISIONIEE MHOKECTBO
() TpereaeHToB.

2.7. Ilocrpoenue npeneaentHoit nudopmanun. Ilpenenenrnas nndopmanus (Ha-
6op CUB®) npescraBisaiach B BU/IE MATPHI] BXO/A U BBIXO/IA, CTPOAIIAXCS U3 9JIEMEHTOB
0, 1 u —. Marpumna Bxo/ia 3ajaeT UHTEPBaAJ OyJIEBBIX [IEPEMEHHBIX, a MaTPUIA BBIXOJA
— COOTBETCTBYIOIILYIO WHTEPBAJY, CTPOKY 3HadeHuii Habopa dyukmumii. B kauecTtre mpe-
L[eﬂ;eHTHOfI I/IHCbOpMaL[I/II/I 6LIJ'H/I B3ATHI MaTEeMaTUYIECKNE CXEMBbI, ITOCTaBJIAEMbIe BMECTe C
makeToM SIS, m cXeMbI CreHepUPOBAHHBIE CAYJafiHBIM 00pa30M, C WCITOIL30BAHNEM HOD-
MaJIbHOT0, TaMMa, SKCIIOHEHINAILHOrO0, 0eTa, myacCOHOBCKOro, Komm, OMHOMHUAIHLHOTO
pacmpeenernit. Belin cxeMbl CreHepUPOBAHHBIE C TIOMOIITHIO TOJIBKO OTHOTO PACTIPEIeTe-
HUA, & TaK K€ CXeMbl, KOTOPBI€ JC/JINJINCH Ha 6.}'IOKI/I7 Ka,)KrZLbII‘/JI "3 KOTOPBIX CT€HEPUPOBaH
C TIOMOIMBIO CBOETO PACIPEIETEeHNsT W3 CIUCKA, TMTEPEINCICHHOTO BBIME. 3aMEeTUM, 9TO
CAMBIM BaXKHBIM MOMEHTOM HA STOM 3JTare pPas3paboTKh OBLIO MOIyUeHWe TPEeICTaBU-
TesibHOl (Hanbosiee 001Ieil) BEIGOPKH.

2.8. IlocTpoeHne MEepPBUYHBIX IMPU3HAKOB. [lepBruunble MPU3HAKW CTPOWINCH Ce-
IVIOIIIM 0DPa30M.

B marpurie Bxoma n Beixoa koakperaoit CUB® Beigensercsa 5 mogobaacTeil: MaTpuIia,
“pazpezannas’” Ha YeTbIpe paBHble YacTu (4 MOJOOJACTH) W MOJAMATPHIA, 00pA3yIOIIast
IPSMOYTOJIbHUK, HAKPBIBAIOIIWI EHTP MAaTPHUIIHI.

Jng kaxkpoit momobacTi Ompeesisioch (Ha3bIBAEMOE B JaJIbHENINEeM MePBUIHBIM
npusnakom CUB®):

(1) IpomenTHOE COOTHOMEHNE KOMMIECTB CUMBOJIOB 0, 1 1 — OTHOCUTETHHO KOJIUYE-
CTBA 3JEMEHTOB B 110/00s1acTsiX (3 NpU3HaKa).

(2) CpegnecrarucTiyeckoe M0JI0KeHHe (MATEeMAaTHYeCKOe OXKHAHWE) KOJNYECTB
cumBoioB 0, 1 m — B cTpoKax m CTOJOMAX KaXKIAOM MOm00/IaCTH, HOPMAJIM30-
BAHHOE 110 JJINHE CTPOKK ¥ CTOJI0Ia COOTBETCTBEHHO (3 X 2 Npu3HaKa).

(3) Cpeatee OTKIIOHEHHE OT CPEIHECTATUCTUYECKOIO 10JI0KeHUs (UCIepeust) KO-
gecTB cuMB0JIOB 0, 1 1 — B CTPOKAX M CTONIOIAX KaK 101 11000/1aCTh, HOPMAJIU-
30BaHHOE 110 JIJIMHE CTPOKU U CTOJIOLA COOTBETCTBEHHO (3 X 2 npu3HaKa).

Nroro 150 mepBUYHBIX MPU3HAKOB I KayKIOTO IIpere eHTa.

2.9. ITocTpoeHne u ceJieKIINS BTOPUYHBIX Npu3HakoB. [Ipenenentrnas BeiOOpka
pa3buBaeTCst Ha TPU PABHOMOIIHBIX MHOXKECTBA (/711 OTCYTCTBUS MEPEOOYHUEHUsT METO-
JIOM CKOJIB3SIIEro KOHTPOJist). [lepBoe — jy1st MOCTPOeHNsl BTOPUYHBIX MPU3HAKOB U Ce-
JIEKIIUY U3 HUX HAWIydiinxX. Bropoe — jyisi orpanudenus nepeodydenus. Tperbe — jyist
OIIEHKY KAYECTBA KJIACCU(PUKAIUN.

ITo BeIOparHbIM 15 MEepBUYHBIM TPU3HAKAM CTPOSITCSI BCE BO3MOYKHbBIE BTOPUYHBIE TIPHU-
sHakK BuJa (1), CJI0KHOCTH KOTOPBIX (YMCJIO0 MCHIO/IB3YeMbIX Ollepaluii) He IpeBbliaia
gerbipex. Cpeiu HUX, JIJIsk KazKJJ0r0 KJIacca, OCTaB/ISeM TOJIBKO T€, C TIOMOIIbI0 KOTOPBIX
MOZKHO OTJIEJINTH HECKOJIbKO (10 mITyK) npenejgenTos 3Toro Kaacca oT ocraabHbiX. [Ipn
9TOM IPENEIEHThl PACCMATPUBAIOTCS TOJIBKO M3 EPBOIO MHOXKECTBA Pa30MEHMs.

Hasiee nrepaTuBHO BO MHOXKECTBE BbIOPDAHHBIX BTOPMYHBIX NPU3HAKOB (M3HAYAJIBHO
OHO IYCTOe) TIPOM3BOIUTCS OTepariust 106aBIenns /yaaaenns npu3nakos. Kpurepuit mpo-
BeJIEHMUsI OTIEPAIINN — YMeHbIeHne (hYyHKIMOHATA KAuecTBa (2) Ha MpereIeHTax BTOPOoro
MHOYKeCTBa, pa30ueHusi, T.e. permaeM 3a1a4dy (3).

Jlammbrii sTam TpebyeT OCHOBHBIX BBIYMCIUTETHHBIX 3aTPAT, MOITOMY HYKIAETCSI B
TEOPETUUECKUX UCCIEOBAHNAX, C TTOMOIIBIO KOTOPBIX MOYKHO OY/IeT COKPATHTE Tepedop.
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2.10. Ouenka ka4decrBa KJjiaccudukaropa. KadecrBo ajaropurma oreHUBAJIACH Me-
TOJIOM CKOJIB34IIEr0 KOHTPOJis. i 9Toro u3 Bcero MHOKECTBA, IIPerie/IeHTOB BbIOupaJics
0/IuH OOBEKT, KOTOPBIA [MOMEIIA/ICA B KOHTPOJIbHYIO BBIOOPKY, HA OCTAJbHBIX [TPOXO/IU-
710 obyuenne. TTocte moTydIennst ONTUMATBLHOTO ANTOPUTMA Kaaccudukanuu (¢ y4eroM
OrPAHWYEHUIT — JIJIMHA BTOPUYHOTO TPU3HAKA HE DOJIBINE 5 M eI HEKOTOPHIX ), TPOBO-
ImIach KaaccuuKamysa BEIOPAHHOTO KOHTPOJHHOTO obbekTa. lanunas mporemsypa mpo-
BOJIMIACH LTI KAXKJI0T0 00bEeKTa U3 MPEIeJeHTHON NHMOPMAIIIH.

IMonyuennas omenka KomvecTsa OmMmMO0OK mpu kKiaaccudukanmu (Ha mMarepuase o00y-
YEeHUsT) TPEJIOKEHHBIM JATOPUTMOM COCTaBsier npubausureasno 5%. B 3amagax pac-
[TO3HABAHMWS TAKON CI0XKHOCTH, KAK PerraeMas HaMu, TPyIHO TpeboBaTh OOJIbIIeil TOY-
vocTu. IlpuMmensist cCOBpeMeHHBIE METObl KJIACCU(DUKAIUU MOYKHO YJIYUIIUTH KAIeCTBO
pacrniosaaBarus. OJHAKO 3TO MOXKET MPUBECTU K U3BECTHOMY 3P deKrTy nepeodyueHus,
KOT/a KJIaCCUPUKATOP, KOPPEKTHO pabdoTarommnii Ha cxemax ‘OMm3Kux’ K MpPereaeHTaM,
BeJET cebs HempeCKa3yeMO Ha BCEX OCTAJIbHBIX 00beKTax.

3. JIOTMYECKHNIT CUHTE3 HA OCHOBE PA3JIOYKEHUS D.['MJIbBEPTA

3.1. MonoTouubie OyneBbl (pyHKIMN U ux cBoiicrBa. Monomonnoti byaesoti Pyrk-

yuel HazbBaerca Oynesa dyukuus f(x1, ..., Tp), 11 KOTOPOii BBITOJIHEHO:
f(alv an) 2 f(blv ey bn)y
eCan G, ..., Gp U b1, ..., b, Takme, uro Vi =1...n, a; > b;.

Cosepmiennas JTH® MOHOTOHHO# (DYHKIIUN He COMEPKUT OTPHUIAHWI (JTAHHOE yTBEp-
JKJIEHUE CJIeIyeT HermoCPECTBEHHO U3 OMPEJEIeHNs ), YTO 00eCIeInBaeT MUHUMATBHYTO
3aJIEPKKY MPU Peau3aluu MHTErPAIbHBIX CXeM, TI0 CPABHEHUIO C J1I000i1 Apyroit pyHK-
el OT OJTHOTO U TOrO K€ KOJIMYECTBa IepeMeHHbIX. Halo oTMeruTsh, UTO COBEpIIeH-
vag JJH® monOTOHHON (DYHKIUU CTPOUTCHA JOCTATOYHO JIETKO. [l 3Toro jmocraTtodno
HAWTH MHOXKeCTBO () HIKHUX eAuHWIl (DYHKIUU (HUXKHENH eTuHuIeil (DYHKINN HA3bIBA-
ercs Takoii HaboOp ai, ..., an, 910 f(ai, ..., a,) = 1 u He cymecTByeT Takoro Habopa
bi, ..., by, Yi = 1,...,na; > b;, aro f(by, ..., b,) = 1). Hdamee ocraercss TOIBKO
zanucarh camy cosepiennyio JH®, koropas O6ymer BBINJISAIETH CJIETYIONUM 00pa30oM:

f(xy, oo ) = Vs, . s0)eq Noi=1 Ti-

JlanHbie CBOCTBA IpeIaraeTcs UCIOJIb30BaATh JIjis CHHTE3a WHTErPAJIbHBIX CXeM HEMO-
HOTOHHBIX OyJIeBBIX (DYHKITHIA.

3.2. TlocranoBKa 3amaumn. Ha cerogudanamii 1eHb K MHTErPAJbHBIM CXeMaM TPeIbaB-
JIIOTCS Bce OoJiee m Hostee Kecrkme TpeboBamnndg. OHU JOMKHBI IMETh MUHIMAJIbHBIN
KPUTHYECKNI IIyTh, IJIOMAh, 3aAep:KKY 1 T.1. 1103TOMy MOCTOSHHO BeIETCS MOUCK HO-
BBIX METOJIOB HAWJIYUIIEro MmpeJcTaBjaenns Oy/aeBbix (yukiuit. B namroit pabore 6yaer
[IpeICTaBIeH ONWH M3 BO3MOXKHBIX IIOIXO0B K PEIIeHNIO IpobieM CHHTE3a MHTEerpajib-
HBIX CX€M, OCHOBAHHBII HA CBONCTBAX MOHOTOHHBIX (DYHKITHIA.

Tpebyercsa mpeacTaBUTh YACTUUHYIO OyIeBY (DYHKIHMIO C IMOMOIIBIO OMEPAIHil KOHb-
FOHKITUS U OTPHUIAHUS HAJ MOHOTOHHBIME (pyHKmuaMu. CyIecTBOBaHIE TaKOrO IIPe-
CTaBJIEHNs HEIIOCPEJCTBEHHO ClIeayeT n3 TeopeMbl ['mibbepra.

3.3. Teopema I.I'myibbepra.

Teopema (3.I'misbepr). Jaa awbot 6yaesoti dynxyuu f(x1, ..., Ty) cyuecmeyrom
maxue monomonnvie gyrnkuyun f1(x1, ..y n),.. . ful@1, ..., Tn), wmo

f=HANAfBA L ASR

Hoxka3zaresiberBo. O603uauny uepe3 M (f) MHOKECTBO eIMHUIHBIX HAOOPOB (hyHKITHH.
Eciu f — moHOTOHHAS (DYHKITHS, Cpa3y MOJIydaeTcss HeOOXOAUMO TpeicTaBaeHue f =
f. B mporuBHOM citydae BeibepemM MOHOTOHHYTO byHKImO f1 Tak, arobsr M (f) C M(f1).
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Taxyro (yHKImS BCerma MOXKHO IOJ00paTh, HAIIPUMEpP, Halisd BCEe HUKHHUE €JIUHUIBI
dbyuknun f (muaoxkectso (2). Torma

f1($1,---7$n) = \/ /\l’l

(81, ... 00 )EQ 6 =1
Teneps naiizem f' u3 cieiyiomero cooTHOmeHns:
f=hAN
[IpoBeast aHaIOrHuHbIe PACCYKICHUs, A1 MYHKIUN f1 MogydanM MOHOTOHHYIO (byHK-
mmo fou f = fiAfaAfZur
Teneps mokaxkem, aro s Jii060it OysieBoit OYHKIMU CYIIECTBYET KOHEYHAS ITOCIE/0-

BATEJIbHOCTH MOHOTOHHBIX (DyHKIWIT, €€ onpe/esiomas. Jlamee Mbl JOKayKeM J1Ba yTBED-
KJIeHU .

(1) M(f)>M(f*).
Tak kak f = f1 A f1, To obs13aTenbHO
0, ecmu f =1,
fl= 1, ecm f=0mu fi =1,
moboe 3uadenne, ecm f = fi = 0.

Onpenenum f1 cremyromum crocobou:

= 0, ecm f =1,
1, ecmm f = 0.

Teneps HaiieM MOHOTOHHYIO (QYHKIHIO fo, MOKPBIBAOIIYIO BCE €IWHUITEI
bynxmym f1w nocrponm dymkmmio f2, noonpenenus yreepxkaenne (1):

0, ecmm f! =1,
f? = 1, ecm fl=0mu fo =1,
0, ecm fl = fo =0.
YT0 paBHOCWUIBLHO:

0, ecm f =0,
f2: 1, eC'HHf:fZZL
0, ectu f=1mu fo =0.

Tax Kak MOHOTOHHBLIE (DYHKIMH MOJAOMPAIOTCA TaK, 9TOOBI OHM MOKPBIBAJINA BCE
HUZKHUE eUHUIBI UCXOIHOMN (DYHKIUH, TO CYIIECTBYIOT TakKue Habopsl, 9To f = 1
u fo = 0. Crenosaremsuo, M(f) D M(f?). Amamornuno momyaaem, M(f) D
M(f%) > M(f4Y....
(2) M(F") € M(F%).

Tax kax f3 momyuaercs mocye nepeonpeaenenns bynxnun f2 mo npasmiy (1),
a yxe jgokazano, aro M (f) D M(f?), To, caemosaremsno, M(f') ¢ M(f3) u
sepro M (f1) € M(f3) c Mf5....

B pesyabrate sroro Bemommensl yciosua M (f1) ¢ M(f3) ¢ Mf5... u
M(f) D M(f%) D> M(f*)..., Mbl momydaem: JuO0 TPH KAKOM-TO HEUETHOM 7
f" =1, mubo xe upu geraom n f* = 0.

3.4. IIpengyaraembrii anroputM. Ilycts 3amana Bciogy ompesaeneHHas OyaeBa GyHK-
nust f. Onurem Jjist Heé aJrOpUTM TOCTPOEHUsT pasJioxkeHus [ mibbepra.

(1) Haxomum Bce HuKHWME eanHAIBI DYHKIMT — MHOYXKECTBO ).
(2) Berancsmm fi xak

f1($1>--~71'n) = \/ /\1‘1
(51,0 ) EQ 8i=1

(3) Tepecuntaem f, n maiizem f1 w3 coormomrerma (5).
(4) Iosropus m.1, Haiizem fo.
(5) Tlocme wero mepecunraem f! u maiiaem f2 us coornomenns (6) u T.1.
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B pesysbrare, Kak ObLIO JOKA3aHO BBIIIE, OJYYUM KOHEUYHYIO CUCTEMY OyJIeBBIX
PyHKIMIL, OJHOZHATHO OMPEIETATONTAX UCXOTHYIO0 JACTUIHYO DyHKIHO f.

3.5. Pacuiupenue ajsiropurma Ha YacTuvHbie OysieBbl pyHKIuUu. Brimie ObLT pac-
CMOTpEH Caydail TpeCTaBJIeHUsT BCIOJY OMPeIe/eHHOM Oy/eBoit MYHKIUNA C TTOMOIIHIO
MOHOTOHHBIX. OJIHAKO HA MpAKTUKe OOJIBINMNMI WHTEpPEC MpejcTaB/iseT pabora ¢ Gojee
IMIAPOKUM MHOXKECTBOM YacTUYHBIX (hyHKImi. s paboThl ¢ JaHHBIM BUIOM (QPYHKIIAN
MOXKHO TPEJJIOKUTh PA3IUIHbIE PACITUPEHUS TPeII0KEeHHOTo ajroputma. Huxe mpu-
BEJIEHO OJIHO M3 HUX.

(1) Haxoaum BCe HuzKHME eauHUIIb (DYHKIMU — MHOKECTBO ().

(2) Boraucnum fi(xi, ..., x,) Kax
fi(zy, oy Tn) = Vs, s0)eq Noi=1 Ti-

ITpu srom, ecom f(&1, ..., Tp) = —, BO3MOKHO 3 CJydast:

(a) 3(01, ..., 6y) € Q makoii, uro ecam §; = 1, ro =, = 1. Torpa oupegenum
f(‘%la 7'@71) = 1

(b) 3(d1, ..., 6n) € Q, uro &; <= 0;. Torma moonpenenum f(&1, ..., &) = 0.

(c¢) Ecaum mabop (21, ..., &) He CDABHUM HE C OJHUM U3 HAGOPOB (41, ..., 0y) €
(), Torga Ha JAHHOM Imare joonpenensts f Ha (I, ..., &,) HE OyIeM.

(3) MepecunTaem f, n maiizem f1 3 coormomrenmsa (5).

(4) Tlosropus m. 1, maitnenm fo. Joompenemum f1 amamormano m.2. 3ameTnm, 9T0 Ha
9ToM 11are pyHKIUs JTOONPEIETUTCS X0Tsd Obl ernté ua 1 Habope 10 CpaBHEHUIO C
MPEJBITYIINAM TIIaroM.

(5) Ilocme wero mepecunraem f! u maiiaem f2 ms coornomenns (6) m T.1.

3.6. Omenka aaropurma. OueBUJIHO, YTO JAHHBIN AJTOPUTM HE JAET HUKAKUX YJIyd-
[IEHUH [IPU CUHTE3€e CXeM MOHOTOHHBIX (DyHKIWi. OJHAKO B JPYTIHUX CJIydasX BO3MOKHO
YMEHbIIIEHNe BPEMEHU KPUTUYECKOI'O IIYyTH, IJIOMIA/IM CXEMbl M KOJIMWYECTBA MCIOJIb3Ye-
MBIX 3JIEMEHTOB B CXeMe.

PesynbraTsl cunTe3a MpUBEIEHBI B HUXKECTEAYIONINX TAaOJIUIAX.

Tabauma 1. Ilapamerpbl cxeMm, CHHTE3UPOBAHHBIX MPEJJIOKEHHBIM AJITOPUTMOM

Haszsamme cxembl | # BXOHOB | # KaCKaI0B | # KOHBIOHKIINN | # TU3BIOHKITNIH
bench 6 1 8 2
sqn’ 6 81 36 5)
life 9 2 124 31
P38 2 20 9 1
P18 2 17 7 1
fout 6 4 44 11
luc8 2 8 0 1
Rd73 7 4 15 6
Rd53 ) 1 15 )
Sqn2 3 2 4 2
Col4 14 2 1 15
Sym10 10 1 0 0
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Tabnura 2. 3a7epxKKa I0 KPUTUIECKOTO My TH (B YCJIOBHBIX €MHUIAX) B CXEMaX, CHH-

TE3UPOBAHHBIX CTAHIAPTHBIMU METOHAMHN N3 CHCTEMbI SIS u IpeajIOzKEHHBIM MEeTOI0M.

Hazsanme cxembr | Meron SIS | Pazmoxenue ['ninbepra
bench 10.8 11
sqn 9 7
life 11.2 114
P3 11.12 11.01
P1 11.09 11.06
fout 10.7 8.9
luc 11.3 11.4
Rd73 10.31 10.4
Rd53 9.2 9.3
Sqn2 7.1 7.5

Taxknm 006pazoM, MTPOBEIEHHRIE NCCASIOBAHNS, TTOKA3AJIN, ITO Ha, Psifie TTPUMEPOB TaH-

HBII MEeTO pa60TaeT JIydimie, 9eM CyHIeCTBYIOIINE aJITOPUTMbBI CUHTE3a JIOTUICCKUX CXEM.

Tak>ke JaHHBIN METO/T TTO3BOJISIET UCIIOIBL30BATH PsJT TPe0bpa30BaHMil, KOTOPHIE MOTYT

MOMOYb B YJIy9YIEHUH PsijIa TTapaMeTpoB paboThl agroputMa (HAmpuMep, MPUMeHEeHne
MOBOPOTA BOKPYT BEKTOPA MOJISAPU3AINHY ), KOTOPbIE HE MOTYT UCIOJIB30BATHCS BO MHOTHX
paboTaroImx METOgaX CUHTE3d CXeM (PYHKIIMOHAIHHBIX JJIEMEHTOB.
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NCCJIEJJOBAHUE TPEXSJIEMEHTHONM CMO C

OTKA3AMMUI, OBCJIV2KIBAEMOMN JIBYMSI
HAJTAJTYNKAMUN

KOBAJIEHKO A.U., MApsHuH B./1., Cmosiny B.II.
TABPUYECKHUI HAIIMOHAJIBHBINI YHUBEPCUTET UM. B./1. BEPHAICKOTO
CUM®EPOIIO/Ib, YKPANHA

Pacemorpum CMO, cocrostinnyio u3 TpEX 3JIeMEHTOB: OJUH YIPABJISIONINAN U IBa MOJI-
YUHEHHDBIX. ECHI/I NCIIpaBeH praBJ’[HIOU_[I/Iﬁ n XO0TA 6bI OJJVH U3 HO/:L“H/IHéHHI)IX 9JIEMEHTOB
— cucrema paboToCcrocoOHa, B MPOTUBHOM Ciydae — Hepaborocmnocobua. B pabodem co-
CTOAHUNU JIEMEHTBHI MOT'YT BBIXOJAUTH U3 CTPO. I/IHTGHCI/IBHOCTI) TTOJIOMKHM YTIIPaBJIAIOIIETO
3JIeMeHTa — (3, IOJAYMHEHHOIO — (.

B ciyuae Beixoma w3 crpost JiF0OOrO 3JIeMEHTA K PEMOHTY HEMEJJIEHHO MPUCTYIIaeT
MacTep, MPUYeM MHTEHCUBHOCTH PEMOHTA YIPABJSIONIEro dj1eMeHTa — 0 (y), & MHTeHCUB-
HOCTH PEMOHTA IIOMUHEHHOr0 dj1ementa — (). Ecim macrep pemonTupyer moamnnén-
HBII SJIEMEHT U CUCTEMA, (PYHKIMOHUPYET, TO OHA MOXKET BBITH U3 CTPOsi 38 CIET 110JIOM-
K1 OO0 BTOPOTO TMOJUUHEHHOTO 3JEMEHTa, JUOO0 YIPAaBJSIONIEro daeMeHTa. B mepBom
CJIy4Yae K PEMOHTY BTOPOTO TOSUMHEHHOTO JIEMEHTa TPUCTYIIAET CTaXKEP ¢ NMHTEHCUBHO-
CTBIO peMOHTa A(z), HO eC/IM MacTep pPaHbIe CTAayKepa 3aBEPIIUT PEMOHT, TO OH 3aMe-
HSET CTazkKeépa U MPOJIOJIKAET PEMOHT BTOPOTO MOIYNHEHHOTO 3JIEMEHTa, (C COXpaHeHneM
BPEMEHHU, 3aTPAYeHHOr0 Ha PEMOHT CTayképom). Bo BTOpoM ciiyuae mMacrep HaunHAET
PEMOHTHUPOBATH yIPABJSIONINI J/IEMEHT, a CTAXKEDP MPOIO0/IKAET PEMOHT MOTINHEHHOTO
syieMeHTa (C COXpaHeHHeM BPEMEHH, 3aTPAadeHHOr0 Ha peMOHT MacTepoM). CTaxkép K pe-
MOHTY YIPABJISIOIIEr0 SJeMEHTa He JIOMYCKAeTCd U B JIFOOOM Cjydae OCBOOOIUBIINICS
OT paboThI MacTep HEMEJTIEHHO 3aMeHsIeT CTarKepa.

IlycTs cayuaiiHas BeWYWHA W) — BPEMs, 3aTPAde€HHOE HA PEMOHT YIIPABJISIOIIETO
9JIeMEHTA MaCTEPOM, Wy — BPEMs, 3aTPAvYeHHOe Ha PEMOHT MOJIMHEHHOTO 97IEMEHTa Ma-
CTEPOM, w3 — BPEMsl, 3aTPadeHHOe HA PEMOHT IIOAYMHEHHOIO JIEMEHTa CTazKEpOoM, wh —
"oryiokeHHoe" BpeMs PEMOHTA IMOYUHEHHOTO JIEMEHTa MAaCTEPOM B CAydae ero 3ame-
HBI CTa’KEPOM, wh — "oTI02KeHHOe" BpeMsl pEMOHTA MO[IUHEHHOTO 3JIEMEHTa CTaKEpPOM
B CJIyYae ero 3aMeHbl MAaCTEPOM.

CooTBercrBytonmii caydaitubrii mpomecc & (t) MOXKET HAaXOJUTHCST B BOCHMU (PA30BBIX
COCTOSTHUSIX. DTU COCTOSTHUST OTIMCHIBAIOTCST COOTBETCTBYIOIIUMEI (DYHKIIUSIMU, HATTPUMED,
COCTOSHUE (2,w2,wé) — cucrema (YHKIMOHUPYET, ONWH W3 MOJINHEHHBIX JJIEMEHTOB
Hencipaset, o0IIee BPeMsl ero PeMoHTa wy + wh (wh — "ommokennoe" Bpemst peMoH-
Ta CTAXKEPOM WM Wy — TEKYIEe BPEMsi PEMOHTA, MaCTEPOM )

82
Qg(t,IE,Z) = P{E(t) = 2,(4)2 < CIT,WS < Z}7 QQ(t,.’E,Z) = 8.%'?2

// @2(t,z,z)dxdz = Qa(t, 00,00) =: pa(t) —
00

BEPOSITHOCTb HAXOXKIEHUSI CUCTEMBI B COCTOSTHUN (2) B MOMEHT BPEMeHH t.

Cocrapjena cuctemMa HHTErpo — audepeHIuaIbHbIX YPABHEHUN C TPAHUTHBIMU YCJI0-
BUSIMU OTHOCUTEIBHO STUX (PYHKIINN, PEIeHre KOTOPOil TOyUeHO MpU HEKOTOPBIX JI0-
TTOJTHUTETbHBIX OTPAHUYEHNAX HA WHTEHCUBHOCTU PEMOHTA.
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B. B. KOPHEB

O CXOAMMOCTU PA3JIOZKEHUMU 110
COBCTBEHHDBIM ®VHKIINAM NMHTEI'PAJIbBHBIX
OIIEPATOPOB C IIEPEMEHHDBIM IIPE/IEJIOM
NMHTETPUPOBAHUA B ITPOCTPAHCTBAX
JANPPEPEHIINPYEMBIX ®YHKIINN'

B cmamove 0oka3vi6aemca npuskak pasHOMepHoT cToOUMOCTMU PA3AOHCEHUT 1O
COOCBEHHBIM PYHKUUAM 00H020 KAGCCA UHMEZPAALHHEL ONEPATNOPOS, ABAAOULUTICA
AHAN020M U3BECHO20 NPusHaka 2Kopdana-L{upurie 0ia MPUZOHOMEMPUYECKUT PA-
dos Dypwe.

Paccmorpum mHTErpaabHBIM OmepaTop

1—x
Af(z) = / Al —z,t)f(t)dt, 0<z<L. (1)
0

riae A(x,t) — n pa3 menpepbiBHO Jud depeHnupyema 110 & U OJUH pa3 1o ¢, npuiem

S

oz’
dsn—1 — cumBos Kponekepa.

Croiictsa psa108 Dypbe 110 COBCTBEHHBIM 1 TPUCOEMHEHHBIM (DyHKImsaM (C.11..) ome-
paropa (1) umeror maOro 00mEro ¢ Tpuronomerpudeckumu psgamu Pypne. B wacrocru,
B [1] auist Takoro oneparopa yCcraHOB/EHA PABHOCXOJAUMOCTH Pa3jioXKeHuii 1o c.i.d. u B
0OBIUHBIN TpUTOHOMeTpuYecKuit psag Pypre. CAeAyONIy0 TeOpeMy MOXKHO PACCMaTPHU-
BaTh KaK aHAJOT W3BeCTHOI Teopembl 2Kopaana-/lupuxie u3 TeOpuu TPUTOHOMETPUUIE-
CKUX PSIIOB.

Az, t)|j=¢ = 0sp—1 (s =0,1,...,n),

Teopema. [Tycmv o — 0dno us wuces 0,1, ..., n—1. Tozda daa mobot f(x) € C*[0,1], y
xomopoti f(*)(z) umeem na [0,1] ozpanunennyio sapuayuo u Komopas yooeiemeopaem
yeaosuam fF(1) =0 (k=0,1,...,a), eunosnaemca coommowenue

lim || f(z) = S, (f,2)l| 0o = 0,

20e Sy(f,x) — wacmuunaa cymma pada Pypve no c.n.d. onepamopa A, coomeemcmay-
0UWUM TAPAKMEPUCTNUYECKUM 3HAYEHUAM U3 Kpyea |A| < r.

Hoka3zareabcTBO. I13710:KUM OCHOBHBIE MOMEHTHI JOKa3aTeabcTBa. 1IycTh misg ompe-
nenennoctu n = 4v 4 1. PaccmorpuM BHaYase mpoCTefIil omepaTop YKa3aHHOTO BUIA

T

(1—a2—t)" !

F(t)dt

o7

u ero pesosbeenty Ppexronsma Ry = (B — M)t Ay (E — equnnunsiii onpearop, A
— crekTpasbHbli mapamerp). [lomoxum A = ip™, toe p € S = {p[ argp € [0, %’r] } Cek-
Top S pa3obbeM Ha YeTbIpe ceKTopa S; = {p\ argp € [%(] - 1), %j]} (1 =1,2,3,4).

g onpenenernnoctu GyaeM paccMarpuBaTh p € S (OCTaIbHBIE CEKTOPBI PaCCMaTPH-
Batorcst anagornyano). O6osnaunm wepes wy (K = 1,...,n) kopuum n-it crenenn u3 1,
3aHyMEPOBAHHBIE TaK, 9TOOBI B S BBITIOJHSINCH HEPABEHCTRA

Re pwy > Re pwy > -+ > Re pwn, > 0> Re pwpgy1 > -+ > Re pwn;

Ipagora semomHena npu dunrancosoit nommepxkke POOU (mpoekt 06-01-00003).
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1 n ng
g1z, t,p) = W{e(m, t) ) ;H wi exp pwi(x — t) — e(t, x) kzlwk exp pwi(x — t)},
—no -

g2(x,t,p) = %{—e(x,t)Zwkexp(—pwk(a:—t))—i—a(t,a:) Z wkexp(—pwk(m—t))},

np k=1

k=no+1
rie e(x,t) =1lnopu x > tue(x,t) =0 npu z < t;
o(x,p) =exppwg(r—1),ecom k=1,...,n,u o(x,p) = exp porx,ecm k =n+1,...,2n,
rJie Yepe3 Wy 0B603HAUEHBI YUCIa W, —wk (K =1,...,n), 3aHyMepOBaHHBIE CJIETYIOMINM

obpazom
Repiy > -+ > Re py, > 0> Re plop1 > -+ > Re ploy,.
Kak mokazauo B [2]|, u3 S] MOXHO YIATUTh TOUKU P1,02,- -, Pmy--. BATA Py =
a + imm/®, BMecTe ¢ OKPECTHOCTSIMHU JIOCTATOYHO MAaJjoro pajuyca 0 Tak, 4TO B IO-
AydusIieiicsa obnacta Sy 5 OPH JOCTATOYHO OosbmuX |p|  Ro ) CymiecTByer u

RO,)\f(:L‘) = Ul(xap) + UQ(:Ev p)7 (2)
1
rae (vl(x7p)7v2(x7p))T = bfG(.fL',t,p)BF(t)dt, G<$7t7p) = g(.%',t, P) + pn%lH(xﬂf?p):

g(I,t,p) = diag(gl(x,t,p),gg(x,t,p)), B = % (;Z :i>7 F(t) = (f(t)vf(l - t))T:

H(xz,t,p) — marpuia 2 X 2, KOMIIOHEHTBI KOTOPOIl SIBJISIOTCS JIMHEHHBIMU KOMOUHAI[V-
SIMI BCEBO3MOXKHBIX T1pousseiennii o(x, p)o(t, p) ¢ koaddunmenramn (He 3aBUCAIAME
OT T ¥ ), ABAAIOMUMEICSA OTPAHUYEHHBIMU (DYHKIUSAME .

Beegem B pacCcMOTpEHHE ONepaTophl

T

T—(E+T) - B Tif() = [ 0

A D)t
0

o d
/ — — = — — —
Tif(w) = [ GT@0fOd D=1, Sf()= (1 -a)
0
Torya st pesonssenthl Ry = (E — AA)™1A B S5 npu Goabmux |p| crnpasenmsst
dbopmyssr (em. [2])
Ry = Ro + RopT/(E — D" 'SRy ,\T}) ' D" 'SRy ; (3)
Ry — Ry = Ry \T/D" 'SRy + KD" 'SRy \T{D" 'SRy », (4)

e Kf = flK(x,t,p)f(t)dt u K(x,t,p) = O(pn%l).
0

AmnamornyHbie pe3yIbTATH MOMYJIAIOTCA U PA PACCMOTPEHUN CEKTOPOB S9, S3 U Sy.

Ob6oznaanm S5 = S15U ... U Sys u OyzneMm B JaibHEHIIeM B KOHTYPHBIX HHTerpajax
OpaTh Takme OKPYZKHOCTH |[A| = 7, Ipoo6pasbl KOTOPBIX B P-TIJIOCKOCTH JIeXKaT B 00/1aCTH
Ss.

Paccyxkas kak u B TeopeMe 2 u3 3], MoxKHO 1moKazarhb, uro eciu f(x) € C*[0,1],

1
f0)=f(1)=0uV f® < 0o, 10 upK T — 0O CUPABEIUBEI OLEHKU
0

ds
| [ 1 Roaf@)] 10| egogy = IO leeroas + (1), 5)
[A|=r

0 0<s<a«
F;Leqsz{’ -~ ,s5=0,1,...,n—1.
s—a, s$>a,
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Bsezem Teneps muoxkecrtsa D = {f(x) € C*[0,1]|f*)(1) =0,s=0,1,...,n— 1} n
D = {f(z) € C*[0,1]|f®)(1) = 0,s = 0,1,...,a}. Ormermy, ur0 D — 3aMBIKaHHE
D no mopme mpocrpanctsa C0,1]. Mycrs f(x) — npoussombhas dbynxuus u3 D u
1
v
0

f@) < co. Torma CymecTByeT HOCIEI0BATENIHHOCTD {fe(z)}32, C D, cxopsamasics

f(z) no mopme npocrpancrsa C[0, 1], npudem flgs)(O) = fO0) u fks)(l) = fO(1) gns
Beex 0<s<a,k=1,2,....

Vuntesas, ato S,.(f, z) = — o=

—5= [ Ryf(x)d\, npejcrasum ocraTouHblil 4eH B Cle-

[Al=r
JIYTIOIIIEM BU/IE

£@) = 5(F.2) = [f@) = i) + @)+ 5 [ R+ o [ Ra - fdn

[Al=r [Al=r

(6)

Jim 1£(2) = fu(@)llcapp.y =0, 7

Temnepb BO3bMEM IIPOU3BOJILHOE YUC/IO [i, HE SBJIAIOIIEEECS XapaKTePUCTUICCKUM 3Ha-
werneM omepatopa A, n momoxmM gy (r) = A~ fr — pfe(x). Toraa

1 1 Ragi(z)
— d\ = — —27 2 dA.
(@) + 5 / Ry fi(z) 5 N —
[Al=r [A|=r

ITo BeIGODPY fi(2)

YuaursiBast HEIPEPBLIBHOCTL g (x) u jiemmy 6 [4], rak ke kak u B [3]|, MOXKHO MOKa3aTh,
ucnonbsyst dbopmyasl (2) — (4), aro

s 1
HD R)\gk(i)HC[O,l] :O(pi)v 520,17...771,—1.

n—1—s

W3 s1ux OIIEHOK CJieayeT, 9TO

1
an x+—,/R diH — 0. 8
A | r(@) + 55 i) ce0,1] ®)
Al=r
[Tocepnuit maTErpas B MpaBoil YacTu cooTHoIIeHns (6) MOKHO OIEHUTD, BOCIIOJIB30-

BaBmch dpopmyramu (3) — (4) u omenkamu (5), B pe3y/JbTaTe 9ero moJIyIaeTcsa COOTHO-
nIeHne

I H/R ~ fdA| — 0. 9
Jim. A=A 9)
IA|=r
13 dhopmya (6)-(9) caemayer yrBep:KIeHIe T€OPEMBI.
3ameuanne. Yemopus fF)(1) =0 (k= 0,1,...,a) HeoGXOAMMDI, TAK KAK STHM YCJIO-

BUSM YIOBJIETBOPAIOT C.1.¢h. omepaTtopa A.
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JIECHBIX A.A.

OIIEHKU PEIIIEHUI HEO/IHOPO/IHBIX
HENTPAJIbPHBIX YPABHEHUN

B pabome usyuaemca crasaproe neodHopodroe duddeperyuantHo-padnocmmoe ypae-
Henue Hetimpaabhoz2o muna obwezo suda

m h
Z/u(j)(t—O) doj(0) = w(t), t>h,
0

Jj=0

ede 0;(0) — Pynryuu ozpanuvennol sapuayuu. Jia pewenuls 9moeo YpasHeHus no-
AYYEHA OUEHKG

() lwg r—n1) < CLTI e lut) lwyr 0,0

T
1/2

—|—C'2\/T(/(T — 7+ 1)2(‘171)62"@7?)|w(7‘)|2 dT) ,
0

2de Cy, Cy — nocmosannsie, ne 3asucawue om uo(t) = u(t),t € [0,h], u w(t), a snave-
HUA BEAUNUH ¢ U ¥ ONPEIEAAIOMCA CEOUCTNEAMY TAPAKMEPUCTNUNECKO20 Onpedesume-
Af 9MO20 YpasheHus. Panee ama oyenka dokaswneanract dasa ypasneruli menee 00uwezo
suda. Hanpumep, daa kycouno nocmoannur dywkyull o;(0), usu daa cayses, xozda
om(0) umeem cxauku 6 obeur moukar § = 0 u 0 = h. B nacmoawed pabome sma
OUEHKA NOAYIEHA MOALKO NPU YCA0BUL, MO 0., (0) umeem cxavwor 6 mouxe § = 0,
KOmopoe HEeoOLOOUMO OAA KOPPEKEMHOU PA3PEULUMOCTIU HA%AALHOT 3604 U,

The paper deals with nonhomogeneous scalar differential-difference equations of the
general form

m h
Z/u(j)(t—ﬁ) doy(0) = w(t), t>h,
=079

j=0

where 0;(0) are the functions of bounded variation. It is proved that the estimate

lu(®)llwg (r—n,T) < C’1T(1716MT||U(15)||Wgﬂ(o,h)
T
1/2
+02\/T(/(T — 7 4 1)2@ D 2T =)y (1) 2 dr) ,
0

holds for solutions of this equation. Here constants C1,Cy do not depend on functions
uo(t) = u(t),t € [0,h], and w(t), and the values of q and > are determined by the
properties of the characteristic determinant of this equation. This estimate is known
for equations of less general form. Namely, for step functions with finite number of
steps, and for the case when the function o,,(0) has jumps in both points § = 0 and
0 = h. Here the estimate is obtained under the assumption that o,,(0) has jump only
at the point 0 = 0. This assumption is necessary condition for correct solvability of
this equation with given initial condition u(t) = ug(t) for t € [0, h].

1. BBEJIEHUE

OfHUM U3 BaXKHBIX BOIPOCOB, BOHUKAIOIIUX B TeOpUH (GpyHKIINOHATLHO-Iu(depeH-
[MUATBHBIX YPABHEHUI, ABJSIETCS BOMPOC 06 ACHMITOTHYECKOM IOBEJIEHUU PEIIeHHI.
Cpeau obumpHOil JinTepaTyphbl Mo STOMY Bompocy ormerum Mouorpadun [1], 5], [8],
[9], [12], B KOTOpPBIX MOTYT OBITH HaiiI€HDI JAJbHEIINe CCHLIKM.
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B s70it pabore MBI 1OJIydaeM TOYHBIE OIEHKHU PEIIeHUil HEOIHOPOHBIX YypaBHEHUI
HEATPABLHOTO TUIA JIOCTATOYHO 001Iero Buga. OTMeTuM Cjenyroniue pe3yibTaTbl, Hau-
bosiee GyiM3KIe K pe3yJbTaTaM Haimeil paboTsl. B |2| usywanracs nadaipaas 3a1ada

h

h

%(mw+/ﬁ@—mdmw)+/u@—mdmm:a > h (1)
0 0

u(t) =wuo(t), teo,h], (2)

rae u(0), n(0) — dyuxkuun orpanmuennoit Bapuanuu. Ing pentenuit 3Toit 3a1aun npu
upeanonoxkenuun, 4ro 1(f) menpepwbiBaa npu § = 0, nosydeHa cieayonas OUEHKA B
HOPME IPOCTPAHCTBA HENPEPBIBHBIX (DYHKIHMIA

ullopern < de(%+5)tHu0HC[0,h]-

B sroit omenke umcsio € > 0 B mokazaresie SKCIOHEHTHI MOXKHO B3STh CKOJIb YTOITHO
MaJjbIM. B 9TOM CMBICTIE 9Ta OIEHKA SBJISAETCA HETOIHOI.

Herounblie OneHKM TaKOro TUNA JABHO M XOPOIIO M3BECTHBI (CM. yKA3aHHBIE BBIIIE
monorpadun). OHAKO TOUHBIE OLEHKM DEIleHuil ypaBHeHuil HefTPaJbLHOTO TUNA Pas-
JIMYHBIX BUJIOB ObLIM TIOJIy9eHbl CPAaBHUTEIHLHO HemaBHO. Haumbosiee obmmvu, HA HAI
B3LUIsiL, SIBJISIIOTCS CJlejytolnue pesy/brarsl. B [6] uzyuasocs ypasHenue Buja

oD Agu Dt =) = f8), t>h (3)

k=0 j=0

rje Ay; — nocrosinaeie marpuiipl, det Aoy, 7# 0. Lt pemennit 9T0oro ypaBHeHust 10/1y 9€Ha
OIICHKA

ullwgn t—npy < Crt + 1) e uollw o0
t

+@¢K/@—T+n%]khﬁﬂuuwdﬁ”{(@
0

rie nocrosinabie C1,Co He 3aBucaT or dyukunii ug(t), f(t), a ¢ n 3 — HeKoTOpHIE JIEii-
CTBUTEJILHBIE YHCJIA. 3J€Ch YKEe HeJIb3s1 YMEHBIUTh YUCJI0 ¢ U 3aMEeHUTh €ro Ha » — &,
T.€. 9Ta OIEHKA SBJISETCS TOTHOMN.

B ypasrenun (3) yvacTByer b KOHETHOE YHMCJIO 3aMa3/IbIBAHUI 110 BDEMEHHU, 3a-
maBaeMbIx gucaamu hg. B To ke Bpems mHTEpEC BBI3BIBAIOT TAKWE yPABHEHUs, 3aria3-
JBIBAHUST B KOTOPBIX 3aJaHbl B Gosee obmem Buge. Hanpumep, B ypasmenuun (1) 3a-
nazapiBanusg u K03GhdUIMeRTs 331a10TCs DYHKIUAME OrPAHUIeHHON Bapuaiun (1(0) u
1(6). B ciyuae, korpa 91u hyHKIMN KyCOIHO-IOCTOSTHHBIE C KOHEYHBIM YUC/I0M CKAIKOB,
MBI [I0JIy9aeM yPaBHEHUE ¢ KOHEUYHBIM YUCJIOM 3amasjpiBannii. TouHast OleHKa, PeIeHuit
HeliTpasbHbIX ypasHenuil Buga (1), 3anasapiBanus n K03 MUIMEHTBI B KOTOPBIX 331~
10TCs (DYHKIMsIMU OrPDAHUYEHHOIN Bapuanuu, nojydesa B [3], riae usydaercs BeKTOpHOe
ypaBHEHUE BUJA

Sl

h h
/ ult — 0) du(6) + / ult — 0)(8) 6 = f (1),
0 0

ssementol marputl ((0) nexar B BV[0, h|, a snementsr marpur 7(6) sexar 8 Lo(0, h).
O/iHaKO OIleHKa PEIleHnii mojiydena npu 00Jiee KeCTKUX OrPpaHuYeHusX Ha Ko duium-
enTbl. A umenno, npejanonaraercs, 4ro (gynkums (f) umeer ckavuok He TOJIBKO HpPU
0 =0, uo ermme u pu 0§ = h.

OHOpOJIHBIE CKAJISIPHBIE HEHTpaIbHbIEe YpaBHEHUs 00Iero Bua u3ydaorcs B [7]. Ko-
3¢ uImeHTs B 9T0# pabore 3a7at0Tcsa (DYHKIUIMU OTPAHUYIEHHON BAPUAIUHU 110 AHAJIO-
run ¢ [2] u [3], HO HA HUX HAJIOYKEHBI MUHUMAJTHHBIE OTPAHUIEHsI, TAPAHTUPYIOIIHE JINIIIh
KOPPEKTHYIO Pa3pelmMoCTh HAavYaIbHOlM 3ajaun. B Hacrosimeil pabore Mbl IpUMEHSEM
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MeTO/Ibl, pa3BUThie B |7|, K HEOJHOPOJAHBIM ypaBHEHUsIM. [IJis pelenuii cCOOTBETCTBYIO-
el HaYaabHOI 339K HOIyueHa TOYHAd OIeHKa B IpocTpaHcTse Wi,

2. OCHOBHBIE PE3YJILTATHI

PaccmarpuBaercst ciefyromast Hadag bHas 337292 JJIsT CKAISPHOTO HEOTHOPOITHOTO
muddepeHImaaIbHO-PA3HOCTHOTO YPABHEHN HENTPAILHOTO TUIA

up(t), tel0,h] (6)

rae dyskmun 0;(0) € BV|0, h]. Henas dyskius

j=0

m h
AN = Z N / e doj(6) (7)
0

HA3BIBAETCSA XaPAKTEPUCTUIECKUM OTpeennTenemM ypasuenns (5).
B [7] ¢ momompio meromor pabor [10] n [11] Gbia jokasaHa ciejyiomasi Teopema,
KOTOPasi MOHAIOOUTCA HAM /I TOYHON (POPMYIUPOBKYM OCHOBHOTO Pe3y/abTaTa PadoOThI.

Teopema 1. ITyemov 0y, (0+) — 01, (0) # 0. Tozda sce nyasu A(N) aesicam 6 nexomopot
aesoti noaynaockocmu {Re X < C}, u nosmomy cywecmsyem wucao » = sup{Re :
A(N) =0} < co. Kpome mozo, wucao nyset na(P(a,b,h)) onpedeaumensn A(N), aeoica-
wuz 6 npamoyzoavruke Pa,b,h) = {A € C: ReX € (a,»), Im\ € (b,b+ h)}, ne
sasucum om b € R, u cywecmsyem npedea

= lim li P(a,b,h)).
¢ = lim lim maxna(P(a,b, 7)) (8)

OcuoBHOII pe3y/bTaT PaboThl COAEPKUTCI B CAEIYIONIEN TEOpEME.

Teopema 2. ITycmv 0,,(04) — 0,,(0) # 0. Tozda das pewenus u(t) zadauu (5), (6)
uMeem Mecmo oueHKa

lullwge (r—n7) < C'1Tq_1€%T||U0\|W2m(0,h)
T
+ Cgﬁ(/(T — 7+ 1)@ D 2AT Dy (7) 2 dT) )
0
2de wucaa »x u q onpedesenvt 6 meopeme 1, a nocmoannve C1,Cy ne 3asucam om @dynx-
yut ug(t),w(t).
Omenka (9) MOXkeT OBITH YTOYHEHA, €CM HAJOKUTE JTOMOJHATELHBIE OMPDAHUICHIST

Ha GyHKIWO W(t).

CaencrBue 1. Ilycmo swnoanaiomea ycaosus meopemsv 2, u pynxyus w(t) umeem
Komnarmmuvit nocumens. Tozda daa pewenua u(t) sadavu (5), (6) umeem mecmo oyenka

H“”ng(Tfh,T) < CquilexTHUOHWgﬂ(o,h)
T

1/2
+02(/(T_T+1)2<q1>e2%<TT>yw(T)y2 dr) (o)
0

2de wucaa »x u q onpedeaernvt 6 meopeme 1, nocmoannvie Cq,Co He 3asucam om Gyrruud
up(t),w(t), no nocmosnnas Cy 3asucum om pasmepa nocumenrs dynruuy w(t).
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3. JIOKABATEJIBCTBO OCHOBHBIX PE3V/ILTATOB

Buecre ¢ ypasuenuem (5) m HadaapHBIM ycaoBueM (6) MBI OyaeM pacCMaTpHBATH
OJIHOPOJIHOE yPABHEHUE

Z/ W (t —0) do;(0) =0, t>h, (11)
Jj=0 0
n OHOPO/JHOEC HAYaJ/IbHOE YCJIOBUE.

u(t) =0, tel0,h]. (12)
T.x. 3amaqa (5), (6) uueiina, To ee perrenne u(t) MOXkKeT OBITH 3AIINCAHO B BHJE
u(t) = ul(t) + UQ(t),

rae dbyukius ui(t) ects pemenue 3amaum (11), (6), a dynkumsa ug(t) ecrb pemenne
sazaun (5), (12). Ouenka dyukuun ug(t) 6buia nostyuena B [7] u jaer nepsoe ciaraemoe
B onenke (9). [Tosaromy HaM A0CTATOUHO MOy InTh OeHKY byHKIMY U2 (t), KOTOpas JacT
BTOpOE Cjiaraemoe B onenke (9).

[Tpumensig k ypasuenuto (5) mpeobpasosanue Jlammaca (Mbl npeanosaraeM, 9to (pyHK-
st w(t) mMeeT He Gostee, YeM SKCIOHEHINAIBLHBIN pocT), pemenue us(t) 3amaqan (5), (12)
MOXKeT OBITH 3aIlMCaHO B BHJE

ug(t) = eAATYN) [ w(T)e ™ dr dA, (13)
Lo

rme b € R — gocrarouno Gosbinoe uncio, a ¢yukmus w(t) g00mpeeseHa HyIeM Mpu
t € [0, h]. Pazmarag 31ech uHTErpas Mo T B CyMMY WHTEIDAJIOB, MPEICTABAM (DYHKIIUIO
us(t) B BUIIE

t) =) us(t), (14)
j=1

jh+h
ug;(t) = /et)‘A_l()\) / w(T)e 7 dr dA (15)
b+iR ih

u omeHuM GYHKIHT ug;(t).

Jlemma 1. ITycmo evinoanenv, ycaosus meopemwvt 2. Toeda oas dynruyut ug;(t), sadan-
noz (15), enpasedausa ouenka

[ugj g -y < C(T = jh+ 1) e T w1, G inen). (16)

2de nocmosnnas C ne 3asucum om dynryuu w(t), a wucsa »x u q onpedesenv, 6 Meo-
peme 1.

Jloka3zaresibCTBO. DTa OlEHKA SBJSIETCS HEMOCPEICTBEHHBIM CJIEJCTBHEM OCHOBHBIX
pesynbraroB padbotTsl [7]. JeiicTBuTensHo, npegcrasienue (15) MoxKeT OBITH Mepenucano

B BHjE
h

ugj(t) = / AMt=ih) A /w jh+7)e ™ dr dA. (17)
b+iR 0
B [7] ouenusanace dbyskius Bujga

u(t) =Y / A /h
0

7=0p iR

—0
u (7)e M0 dr do(0) d),

o7

B pocrpancrse W3(T — h,T). IIpudem, daxrudeckn, OblTa MOKa3aHa OIEHKA
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h—6

h
H / eMAl(A)//f )e M40 dr do (0 d)\H
Wi (T—h.T)
0 0

bR
< CT e f (M)l Lo (0.0)

rje nocrosinaasi C' He 3aBucut ot dyukuuu f(7), a dbyskuus o(f) ects mpousBoJIbHAS
dbyHKIWs orpaHryeHHON Bapuanuu. B3sis 31ech KycodHo-nocrosiHayio (yHKImo o(f) ¢
eIMHCTBEHHBIM CKaIKOM B 6 = 0, MOkHO yOeauThest, a0 Bhipaxkenue (17) musa dysximii
ug;(t) mMeer TOT XKe BHUJ, 9TO U B 9TOii orenke. Jlemma okazana.

Ncnonnsyst onenky (16) dymxumii ugj(t), ouennm, Temnepsb, byHKINIO Uz (t) ¢ MTOMOIIHIO
merosa [4, crp. 445].

JIemma 2. IIycmo ewvinoanenv ycaosus meopemovs 2. Tozda daa pewenus ua(t) sada-
wu (5), (12) cnpasedausa ouenka

T
lua )y rny < CT / (T — 7+ 1)28-De24T=) [y (1) 2 dir.
0

2de nocmoannan C ne 3asucum om dynkyuu w(t), a wucsa 3 u q onpedesenv. 6 meo-
peme 1.

Joxazarennbcro. Cpasrusas (13) u (15), MmozkHO 3aMeTuTh, 9To GyHKIUA Ugj(t) ecTh
pemenue 3ana4an (5), (12), rae B (5) BMecTo dynkuuu w(t) HAIO MOACTABATH (DYHKIUIO
W)X (jh,jh+h) (1), 1218 X (a,p)(t) — xapakrepucruyeckas dbyukuus unrepsaia (a,b). Ilosro-
My ug;(t) = 0 upu t < jh. He orpannansas 06IIHOCTH, MOXKHO CINTATE, 4T0 1" = (n+1)h.
Tornma

t)=> ug(t), t<T. (18)
j=1

Omnennm a1y cymmy. Umeem

HUQHW’”T hT) S (ZHUZJHW’"(T hT)) énZHu?jH%/VQm(T—h,T)' (19)
=1

[Tpumensist temmy 1, TPOIOIKAEM IEIIOYKY HEPABEHCTB

. Jhth

Jealfy gy < Ca > [ (=74 1P VEAT () ar
7=1
jh

T
<CT / (T — 7+ 1) De2AT ) |y (7)| dr,
0

npudeMm nocrosiaaas C' He 3apucut or dbyukimm w(t). Ilocaeqass oneHKa T0Ka3bBaeT
JIEMMY.

Jlemma 2 3aBepiaer jg0ka3aresibCTBO Teopembl 2. Jlokaxkem, Teneps, ciaencrsue 1.

Hoka3zaresnbcrBo caencrsust 1. Eciu dyukuus w(t) nveer KOMIIAK THbI HOCUTE/Ib,
TO YMCJI0 41eHOB cyMMbl B (18) orpanuueno cBepxy HOCTOsiHHON, He 3aBucsmeit or T
HO 3aBHCAIIEil 0T pasMepa HocuTens (yuknuu w(t). [losTomy B T0Ka3aTeIbCTBE JIEM-
MBI 2 B orerke (19) u mocaeayomux ormeHKax MOKHO yOpaTh MHOKHUTETh 1, & 3aTeM U
MHOXKUTENb 1, BHecs ux B moctosgaayo C. CiecTBre T0Ka3aHO.

Astop uckpenne 6marogaput mpod. Ikaamkosa A.A. 33 MOCTAHOBKY 3aa4M U TeH-
HBIE COBETHI.
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MENBHUKOBA U. B., Bgosun M. B.

PEI'VJIAPUN3AIINA HEKOPPEKTHBIX
JANPOPEPEHIINMAJIBHBIX 3A/TAY KOIIIN B

I[TPOCTPAHCTBAX L,(R), p>1!

ITocmpoenn, peeyaapusyrousue onepamope 3adaw Kowu e npocmparncmesaz Ly,(R), p >
1, Co(R) dan duddepernyuarvroz cucmem xoppexmuwnz no Ilemposckomy u ycaoeno—
koppexmuwix. Tlosyuena Gopmyia ouerKy nozpewnocmu 0is Pe2YiFPudyOUUT ONEPa-
mopos xa kaacce pewenuti duddepenyuarvror 3aday Kowu 6 ykasanuvis npocmpat-
cmear. OchosHvle PESYALTAMOL TOAYUEHYL C TIOMOWLDIO CEOTCME CEEPEKY 6 YKA3GH-
HOLE MPOCMPAHCTEAT U meoput 000buennur dynruyut Ieavparnda—Ilunosa.

1. BBEJAEHUE

Hacrosmmas pabora mocesiiiena, 3agade Kot

w(t) = P<i%>u(t), te0,T], u(0)=f, P(i(%) = <pjk Q%))T (1)

B mpoctpanctee X', p € [1, 00], cBazannoii ¢ cucreMamu audepeHnuaIbHbIX YpaBHEe-
HUI BAIA,

0 % 0 :
Euj(t,x) = ijk <za—x>uk(t,x), t>0,z€eR, j=1,...,m. (2)
k=1
Baecs X' — m-meproe npoctpanctso BekTopos £ = (f1,. .., fim), KOMIOHEHTBI KOTOPBIX

MIPUHA/JIeXKAT COOTBETCTBYIOIIEMY TTPOCTPAHCTBY

_ | LyR), ecmmp € [1,00), ) L\
Xp B { CU(R)a ecm p = o0, ¢ HOpMOH ||f||X177n - Zl HfJHXp )
]:

Dik <Z%> — [OJIMHOMBI OT OIEPATOPa t—— MAKCUMAJIbHOI'O TOPSI/IKA T C OCTOSHHBIMU

ox

KOMTLTEKCHBIMU KO3(DDUInEHTAMHA.

Cornacuo knaccnduxannn cucrem (2) lempdanma-Illumosa (cm. [2]) Bergenm 1Ba
KJ1acca:

1. Knacc cucrem xoppexmuwvix no Ilemposckxomy, nig KoTopsix pu t > 0 Ha Bele-
CTBEHHOU IIPAMO# BBINOJHACTCA HEPaBEHCTBO

m 1/2
< > |§jk(ta§)’2> < (Cy + Ogt™ Hent(1 4 ¢V a; e R.
j.k=1

2. Knacc cucrem ycao8no—Koppekmmuwvix, jig KOTOPbIX npu t > 0 Ha BemeCTBEHHOM
Hp?{MOfI BBITIOJTHACTCA HEPABEHCTBO

m 1/2
( > \gjk(t,§)|2> < (O + Cot™ 12t (14 |¢]) M=Vl gy e R, b>0, 0< h < 1.

jh=1
(3)
Bnech g;i(t,¢) (4,k=1,...,m), ( =& +in, — 371eMEHTEl MATPHIBI

O =3 TP,
=0

B pabore [3] st 3ama4 (1) B npocrpancrse XJ', CBSI3aHHBIX C BBIJIEJIEHHBIME KJ1aC-
CaMu CHUCTEM, C IMOMOIIBI0 TexHuknu R-mosyrpynn u npeobpazosanus Pypwe dyHKINI,

1Pa60Ta BBIIOJTHeHA mpu moamepxkke Poccmiickoro ®Pomma Dynmaventanbabix VccmemoBanmii,

rpant Nt 06-01-00148a.
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CyMMUPYEMBIX € KBa/JIpaTOM, [IOCTPOEHBI PErYJIAPUI3YIONINe OllepaTOPbl, KOTOPble MOXKHO
NIpeJCTaBUTL B BUJIE

Ro(t)fs = F L ePOKL), o= als) >0,

e Ka(€) = { (14 ag?)~rm=1/2 " g ciyuae cucrem KoppexTHbIX 10 [lerposekomy,
S (6) =

e , B C/Iy4ae YCJIOBHO-KOPPEKTHBIX CUCTEM.

B macroameit pabore ¢ NOMOMIBIO TEXHUKH CBEPTKHM B IPOCTPAHCTBAX X,, p €
€ [1,00], u npeobpazosanus Pypwe uccienosan oneparop Ry (t), onpenenennbiii mpu
HEKOTOPOM 3yteMenTe K, ciemyrommM o6pa3om:

Ro(O)f = ({(t),...,ul (1), tre wP)=>s@ )« fi (G=1....m),
k=1

ng)(t7) :fil[gjk(u )IA{VQ] (jvk = 17"'7m)'

B pesysnbrare nmonyuens: ycaosus Ha K, (Teopema 5), 3aBuUCSIINE OT BBIJIEJEHHBIX KIAC-
COB cucreMm u obecneumsaroniye s oneparopa Ry (t) BbINOIHEHNE OCHOBHBIX CBOMCTB
pery/sipusyromero oneparopa sajiauu (1) B npocrpanctse X' npu jobom p € [1, oq]:
1) upu kaxgom ¢ € (0,7] {R4(t) }a>0 — cemeiicTBO OrpaHiYeHHbBIX OIIEPATOPOB, Olpe-
penennbix st Beex £ takux, aro ||f — 5| xm < 6;
2) cymectByer 3aBucuMocTb « = «(J) Takas, 4ro

a(6) =0 u [u(t) - Raw)(Dfsllxp — 0 mpu 6 —0,

rie u(t) — pemenne 3amaun (1) q1s HagaapHOro BeKTOpa f.

2. OrPAHMYEHHOCTD ONEPATOPA Ry (1)

B 9T0oM pasjie/ie Mbl MOLyUUM ye/10Bus Ha Ky, 1pu KoTopbix oneparop Re(t) pasHo-
mepro 1o ¢ € [0, T orpannyen B npoctpancteax X, p € [1, oq].
Nssecrro (§18.3 [4]), uro ecrm s € Xy, f € Xp, p € [1,00], 70 sx f € X, n

Is* fllx, < lIsllx,|lfllx,. Orciona, ecim {sgz)( )};”k , C X1, 1o mpu sro6om p € [1, 0]

2\ 1/2
HRu@ﬂﬂXy“< o) ) <

X

m m 1/2 m 1/2
S(ZXEMW)JMMM&)) ZXZN% M) il <
j=1 = k=1
2
<2N% |m)|ww.

7,k=1

Jlemma 1. Iycms Ppynryus s € X1 aokaavho abcosmommuo nenpepweha na R, maxas,
umo 5(§) — 0 npu & — 0o u ee npoussoduaa npunadaescum npocmparncmesy Xa. Toeda
obpammnoe npeobpasosarue Pypve Gynryuu s — GYHKUUA S — NPUHAOAEHCUM NPOCTNPAH-
cmey X1 u daa a0b0zo p > 0

\Mm§§AWM%+7%(éWm%Qm- ()
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JokazarenbcrBo. Paccmorpum dyuKIimn

M
swle) = 5= [ @ ae Mo

KOTOpBIe B Kax0it Touke € R mpu M — 0o cxoagarcd K
1 ~ iz€
s(x) =— [ s(&)e "> d€.
(@) = 5= [ S ag
st dyukiuit spr upu npousBosibHbIX M, p > 0 u N > p BbIIOJIHAETCS CJI€/LyIONas
[IEMOYKA HEPABEHCTB:

/_ij|sM<x>|dx=/_Z

1
2T

M .
/ 3(&)e it d&’ dr =

-M

1 Mo e
= 1T del d
27 Jlei<p /M8(€)€ 5‘ S
1 S(M)e="M _F(—M)eirM 1 M e
o p<|z|<N —ix ti _M8(§)€ d¢| dx <
" N
<2 [ o) ac+ Lson) + s-anpm Vs
1 dx 1/2 N MM iae 2 1/2
+%</p<|x§N ﬁ) </N‘/M8(€)e ds dl’) <
S| 3 = N
< %/R!s(ﬁ)l d¢ + %(‘S(M” + |S(_M),)1n?+
1 M . it 2 1/2
VAT DI

Orkyna ciemyer, uTo mpu Jiobeix p > 0, N > p

im ; ' s L< ()2 >1/2
NLOO/_N'SM@”“)W“W/R\S(@d€+ﬁ JEGII

3HAYWT, coracHo Teopeme Pary dyHKIusg s cymmmpyema Ha orpeske [—N, N| u

[ stonas<? [anaes—( [ rg’(a)Pds)l/Z

nupu Jobbix p > 0, N > p. Orciona, B cuity npousBojbaoctu N, cieyer, 910 DyHKIUs
S CyMMEpyeMa Ha BCeli BeIeCTBEHHO mpsMoii u jist Jiro00ro p > 0 BeimosHgercs: (4).

Takum 06pazoM, ecu TPOM3BETeHUS §jk(t,-)l~(a (J,k = 1,...,m) yIOBIETBOPSIOT

()

(e
YCTIOBHSM JIEMMBI 1, TO 5.1
npu jobom p > 0

(t,-) (4,k = 1,...,m) npuHaIE€)KAT TPOCTPAHCTBY X1, U

o L\ LI AL
(X 1) < (% (Lanr—mmlt) ) <
k=1 k=1 p (5)
(5 0)" 0 (50"
() (55
=~ 7k i )
TN\ =1 TP\ =1

2
dg;

- ~ P ~
rje Ajk:/R‘gjk(ta{)Ka(é.”dg’ BijA‘gg(gjk(t,é)Ka(ﬁ))
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m 1/2 2\ 1/2
IIpH 3TOM ( Z Ajzk> = < </ |9k (t § €3] d§> > <
j 7,k=1

7,k=1
< [ (3 e \Q)Mds /(Z\gﬂctf ) ka0l
Jk 1 4 k=1
S Bi= [ 3 |2t R + gatt O30 e <
k=1 R k=1
<[ (( 3 ~ |gemnt.9 )1/2|f<a<s>|+(§mj O 1))

Gk=1

1/2.
Gt ©) |2) Ka(€)] de,

Orcrona, eciu MOMOKATE Ay = — (

n- (X
™ JR ik

) o ( S (6 r?)lﬁm >|)2d§,

7,k=1

1/2 B
TO HEPABEHCTBO (5) TpHUMeT BHJ ( Z Hsyk HXI) < Aup + | ==2. Hakower,
\ »

7,k=1
nepexo/ist K MUHUMYMY TIPaBOil 9acTu (HepaBeHCTBO (5) yCTAHOBIEHO MPU MPOU3BOIHHOM
p > 0), moayuaem

(3 > 1 ||X1>1/2 < (7 + V) (B,

(6)

gjkt§

Bamernm, uro g;x(t,¢) (j,k = 1,...,m) — nensle Gynkuum or ¢, CIeJOBATEIBHO,
IIPOU3BOIHLIE a—ﬁjk(t, ) (4, k = 1,...,m) cymectBytor, 6osee Toro, cormacuo [1| mpu
t € [0, T] na BemecTBeHHOI MPSIMOii BBIMTOTHIIOTCS CIEAYIONINE HEPABEHCTBA:

LS 2V 2< c 1 B CJIydae CUCTEM

Z 3_5gjk(t’ £) < G3(T)(1 +[¢]) ’ KOppeKTHBIX 1o ITeTposckoMmy,
jh=1

o 1/2 Cu(T. &)1 rm—h—1,(b+e)Tle]" B CJIy4ae yCJIOBHO—

Z 3_€gjk(t’§) (T, €)1+ [€]) ’ KOPPEKTHBIX CHCTEeM;

jk=1

37ech b, h Te xKe, 9TO B HEpaBeHCTBe (3), € MPOM3BOIBLHOE TIOJIOKUTETHHOE.
Ha ocHoBaHNT W3/I0YKEHHBIX Pe3y/IbTATOB MMeeT MECTO.

Teopema 1. Cuedyrowgue ycaosua na dynxyuto Ky :
1) nenpepwenas dupdepenyupyemocms na 6ewecmeennot npamot;
2) ybwsanue na beckonewnocmu: 6 caywae cucmem xoppexkmuwvx no Ilemposcromy

~ 1 = 1 B
Ka(ﬁ) - O<’§‘TT+1>7 Ka(f) - O<|€’rm—r+1> npu § 0,

6 CAYHae YCAOBHO—KOPPEKIMHBIL CUCINEM

~ 1 ~, _ 1 )
Ka(§) = O<W); Ko () = O<6bT5|h|€|rm7.+1> npu § — 00;

obecnewusarom pasnomepnyto no t € [0,T] oepanuuennocmo onepamopa Ry (t) 6 npo-
cmpancmeazr X', p € [1,00]; npu smom cnpasedausa ouenka

IRa ()] < <% + \“71) (AaBa)l/3 (Aw, Bq 3adaromcea gopmysamu (6)). (7)
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3. PEIVIAPUBALINA 3ALAYN (1) OIEPATOPOM Ry (%)

B 5T0M pasjiesie Mbl ONpee M ceMeicTBo {Kgq bas0, /15 SIEMEHTOB KOTOPOrO Bhi-
HOJIHSIIOTCSI YCJIOBUSI T€OPEMbI 1, M yCTAaHOBUM 3aBUCMMOCTh « = «(d) Ha Kjacce 0606-
meHHbIX pemennii 3ajauu (1) B mpocrpanctee X', p € [1,00], Taxyio, 9T0 U3 ycnoBmit
6 — 0, [[f — f5]|x; < d creayer:

6(6) =0 sup ult) ~ Ru (5] — 0
0<t<T
e u(t) — obobuiennoe pemenue 3ajauu (1) B npocrpancrse X' 1718 HATATBHOTO BEK-
topa f.

Onpepenienne 1. Bekrop—dyukuuio u(t) = (ui(t),...,un(t)), t € [0,T], upunumaro-
Y10 3HAYEHNUS U3 TpOCTpancTa X", p € [1, 00|, GyaeMm Ha3BIBATH OOOOIIEHHBIM periie-
rmeM 3aja49n (1) B mpoctpanctee X", ecym:

1) dysxmus u(t) orpanmdena na orpeske [0,17;

2) ma r0boro smemenTa ¢ u3 D — mpocrpancTBa 6eckoHedHO Aud depeHnupyeMbix
Ha BEIECTBEHHOM MpaAMOi (PUHATHBIX (DYHKITHIA,

%mj(t), p) = zmj <uk(t) ) Ejk< - ia%>¢>, t e (0,T],

k=1

tlil}rl0<u]() ©) = (fir )

rae (u;(t), @) = /uj(t,m)cp(x) dx, Ejk_ — noanHOM ¢ K03 PUIMEHTaMI KOMILIEKCHO

(j=1,...,m), (8)

R
COILIPAKEHHBIMU K KO3 DUIImenTamM moIMHOMA, Pjf.

Iycrs K, YZIOBJIETBOPsiET yCI0BUsIM TeopeMbl 1, a u(t) — obobienHoe perenne 3a/1a-
an (1) B mpocrpancree X", p € [1, o0, m1st mauambroro Bekropa f. Toraa B cuTy TeMMEBI

1 snementr K, = F *I[I?a] MIPWHAJIEXKUT TPOCTPAHCTBY X1 W, CJIEOBATEIHHO, BEKTOP—
bynkims K, «u(t) ¢ kommonentamn Ko« u;(t) (5 =1,. ) B CWJLy CBOMCTB CBEPTKA
NPUHEMAET 3Hauenns u3 npocTpancTsa X", ILOK&}KeM paBeHCTBo K, *u(t) = Ra(t)f,
JUIST 9ero TOCTYTUM CJICAYIOMAM 00pa30M: CHadasa MOKarKeM, 9TO BEKTOP—(hyHKINN
Ra(t)f, Koxu(t) seasiorcs oboburennbivu permernsivi 3a1a4u (1) B mpocrpanctse X,
JUIsT OJIHOTO M TOTO ’Ke HAYaIbHOTO BEKTOpa ¢ KommouenTamu Ko * fj (j = 1,...,m),
a 3aTeM NPUMEHWM TeOpeMy O €JIMHCTBEHHOCTH 0600meHHOro pemenus 3ajgaqau (1) B
npocrpancree X", p € [1,00].

Jlemma 2. Ilyemo dynxyuu w;(t) (j = 1,...,n), npunumatousue 3navenus us npo-
cmpancmea Xp, p € [1,00], oepanuuenv, na ompeske [0,T] u obaadarom ceoticmeom:
npu mobwx o € D, t € [0,T], At # 0 (t + At € [0,T]), noumu dan ecex x € R
BOINOAHAIOMCA PABEHCTNEA

n At

(wj(t + Al) * @ — w;(t) * )(x) = Z/O (we(t +7)*gje)(z) (G=1,...,n),

k=1
2de vj = k(@) (4,k = 1,...,m) — anemenmu. npocmpancmea D. Tozda npu ao-
bom ¢ € D Pynryuu w;(t) * ¢ (j = 1,...,n) duppepenyupyemo, na ompesxe [0,T) 6
npocmparcmee Xy, U 6biNOAHAIOMCA paeeucmea

d
%( Zwk * i (J=1,...,n).
B wacmmocmu, ecau dynruuy wj( ) (j = 1,...,n) npunumarom 3naueHus U3 NpPo-
cmpancmea X1, mo npu awbom @ € D ¢ymﬁuuu wj( )x@ (1 =1,...,n) dudpepenyu-

pyemovt wa ompesxe [0,T] 6o scex npocmpancmsaxr Xp, p € [1, oo].
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JokazarenbcTBo. B pamkax ycjoBuil JaHHON JIEMMBbI, B CUIy ODOOIIIEHHOIO HEPABEH-
ctBa MUHKOBCKOTO M HEPABEHCTBA /IS CBEPTKH, MOJIYyYIAeM CAeYIONTYIO OIeHKY:

wi(t+ At) * o —w;(t) * ¢ n

k=1 Xp

n

At n At
kzl/o (wi(t +7) % pje) () dr = ;/0 (wi(t) * k) () dT
At n r
— Jo <(;/0 (wi(t + o) * i) () do) * @jk)(-) dr
noopAt|| M T
Swlt’Z/ Z/ (wi(t + o) * o) (+) do
At n
|At| ZH%kal/ / lwi(t + o) ||, | Billx, dodr <

<M Z ikl x| Pl x, [ At
k=1
Ecnu xe dbynkmun wj(t) (j = 1,...,n) IPEEIMAIOT 3HAYEHHUs U3 IPOCTPAHCTBA X1,
TO OIEHKA IIPUMET BU/I
wi(t+ At) * o —wi(t) ¥ o

Xp

<

Xp

lpjkllx, dr <
Xp

n
<MY skl x, 1Brllx, |1 A
k=1 Xp k=1
3 moIy9eHHbIX OIEHOK CJIEAYET YTBEPIKIEHUE JIEMMBI.

Teopema 2. /s ao0bozo eexmopa £ € X', p € [1,00], sexmop—dynnyua Ra(t)f a6-
agemes 0bobwernnvim pewenuem 3a0auu (1) 0as Ha¥aAbHO20 6EKMOPA C KOMNOHEHTNAMU

Koxfj(j=1,...,m).

Hoka3zaresbcrBo. B cuny pasnomeproit no ¢ € [0,7] orpanudeHHOCTH OlepaTopa
R (t) B mpocrpanctsax X, p € [1, 00], mepBoe ycoBue B omnpesesiennn 0606IIEHHOTO
perienns BoinosHsgeTcsd. [lokaykem, 9TO BBINIOTHAETCS U BTOPOE YCJIOBHE.

IIpu sirobom @ € D corsacHo Teopeme Pybunu nmeem:

Wl (1) <Zs i) =S S
k=1
rae o*(z) = p(—x), fi(z) = fr(—z). Kpome toro, npu sobeix k € {1,...,m}, t €

€ [0,T], At #0 (t+ At € [0,T]), B cuiy croiicts npeobpazosanusi Pypee u corsacHo
teopeme Pybunu, st Bcex € R BBITOTHIIOTCA PABEHCTBA

At ~ o~
G4 8, " — 5Dt 7)) = f—1|: 0 %gjk(Hr,.) dTKago*] () =

At m
= [ Zp]l.glk t+7,-) drKog" ]( ) =

At

F- 1 [ (t + T, )Kapjlg;;](x) dr =
l 0

_ i/o (s ¢+ 7o) ma(igs )o@ dr =1 m)

[O3BOJIAIONIIE IPUMEHUTD JIEMMY 2, B CHIy KOTOPOi s Beex ¢ € [0, 7]
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Lot E{duerner 8)-E(Ed () )

= =1

_m%, (-2 e (-2

IIpu 5TOM yCTaHABIUBAECTCA U HEIPEPLIBHOCTH B Hyﬂe.
: () — (@) _
tl_lg_l()(uj (), ) = <’LL]- (0), ) = (Ko * fjv ®). 0

Teopema 3. Ecau sexmop—pynruyus u(t) asasemca obobuennvim pewenuem 3a0a4u
(1) dna nawanvnozo eexmopa £ € X7, p € [1,00], mo sexmop-pynwyua Ko * u(t) c
komnonenmamu Ko x uj(t) (j = 1,...,m) asasemca obobuwenmvim pewenuem 3a0a4u
(1) das navarvrozo eexmopa ¢ Komnonenmamu Ko x fj (j==1,...,m).
HokazarenbctBo. B cuny mepasencrsa s ceeprkn mveem ||Ko x u(t)|xm <
< [[Kallx, [[u(®)|xp. Crenosarensno, B cuny orpanudennocru ¢yskuuu u(t) zHa oT-
peske [0, 7], umeer mecro orpanndeHuoctb Gyukunn Ky * u(t).

Hanee, npu mobom ¢ € D (Ko * uj(t), @) = (u;(t) * ¢*, K); upnu sroMm npu 06bIx

€ (0,7], At #0 (t+ At € (0,7]), n Bcex © € R BBIIOJHAIOTCSH PABEHCTBA

At

(w5t + 88) 5" — w5 {6) + 9") o) = [ (st +7) 5 ) ) i =

At

- | e dT_/Ati<m (i )it ) e =
:i/om <uk(t+7’)*pjk<i%>cp*>($)d7_ Gt

k=1
e ¢i(y) = ¢*(x —y) mpu z, y € R. CiaenoBaresbHO, MBI MOYKEM TIPUMEHHUTH JIEMMY 2,
corytacHO KoTopoit st Beex ¢ € (0, 7]

%<Ka wuy(t), o) = %(ug‘(t) * " Ko) = <%(uj(t) ) K;> N
:é@k(t) *pjk<i%)@* | K;> :§<K Fup(t) | Ejk<—i%>so, >

Haxomer, paccMoTpuM MOAY/IBL pa3HOCTH

[(Ka xuj(t), @) — (Ko * fj, )| = [(u;(t), K& * @) — (f5, K& * 9)],
JUIst KOTOPOro, mockosbky K¢ € (] X, nmeer Mecto omeHka
1<p<oo

[(uj(t), K * @) — (fj, K x )| <
< [ui(®), pn) = (findl + (ug (), K @ — on)| + (£, on — K& * @) <
< Kuj(@®), on) — (fjson)| +2M | K5 * ¢ — @nllx,,
rae {¢n}5° | C D — nocaenoBaTebHOCTD, CXoAdImasicsa K K% ¢ 10 HopMe IPOCTpaHCTBa

Xy, 2? +]—9 = 1. OTcroma ciemyer, 94To tLHJ%(Ka xu;(t), o) = (Ko * fj,¢). 0

Teopema 4. Obobwennoe pewenue sadawu (1) 6 npocmpancmse X', p € [1,00], edun-
CMEEHHO.
HokazaresnscrBo. Coracuo [2] (wr. II) cymecrByor upocrpaHcrsa Sg’f C

C Sg’fl (B < B') rakue, uro muddepennuanbublii oneparop 66CKOHETHOTO TOPSTKA
1Q(iZ) . gb.B ﬁ, AN 9 \\™ 9\ _ T - 9
Q03) M — SPY mae QML) = (an(i))]s an(id) = —piy(— i),

B/

paBHOMepHO 10 t € [0, T] orpaHndeH. Tomosornsg TpoCTPaHCTBA Sg’ 4 CHJIbHEE TOIOJIO-
b

ruit mpocrpancTB X, p € [1,00], MO9TOMY KOMIIOHEHTEI 0000IIEHHOTO PEeLIeHIeM 3a1a4n

Bl
(1), B cuyty OrpaHUYEHHOCTH, TMOPOXKIAIOT HA MPOCTPAHCTBE Saﬁ” A DaBHOMEpHO 10 ¢ €
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[0, T'] mermpepbIBHbIE (DYHKIIMOHATBI B BUE / uj(t,x)p(x)de (j=1,...,m), p € Sg’fl
]R K

Orcrofa B pesysibrare repecMorpa Jjokazareabcrsa Teopembl 2 11. 4 §3 rur. 11 [2] mosyuaewm,

9TO A1 OOOOIIEHHBIX PENTeHuii 3a1aam (1) B mpoctpanctse X', p € [1,00], paBencrra

(8) mmeroT MecTo st IOOOTO ¥ € Sﬂ "4 - IlockombKy mpu sTOM Sﬁ 'A B CHIIy JIOCTAaTOq-
HOro OorarcTBa OYHKIMAME ABJISETCS MJOTHBIM MHOXKECTBOM B IIPOCTPAHCTBE X, Ipn
aobom p € [1,00], To Ha ocHoe Teopem §2 ru. II [2], noaygaem, uro s o6o6meHme
pemennit 3aytaun (1) B npocrpancrse X', p € [1,00], uMeeT MECTO €IMHCTBEHHOCTD.

Takum obpazom, eciiu IN(a YZIOBJIETBOPSIET YCJIOBUSAM TeopeMbl 1, a u(t) — obobrernoe
perenre 3agaqan (1) B mpocrpancTBe X' p € [1,00], st mavasbHOrOo BeKTOpa f, TO
npu so0pix f5 Takmx, aro [|f — f5]|x; < 0 pmonmsaerca nepasencTso

[u(t) = Ra()fs]lxp < [u(t) = Ra(®)f|xp + [Ra()f — Ra(t)fs]xp < ©)
< [[u(t) — Ko * u(t)||xp + [Ra(t)[]0.

Ecnu mpu sTom / K, (z) dz =1, 70 B cuty 0606IeHHOr0 HepaBeHCTBa MUHKOBCKOTO 1
R

HepaBeHCTBa /i1 CBEPTKHU, IOJIydaeM CJIeTYIONIYIO OLeHKY:

[u(t) = Ko xu(t)][xp < / [u(t) —uy (1) xp | Ka(y)| dy, (10)
rae uy(t) — BexTOp—DYHKIMS C KOMIOHEHTAMH u(y)(t x) = uit,re —y) (4 =
=1,....m)upute€[0,T], z, y € R.

ITpu dukcnporannom ty € [0, 7] paccmorpum byHKIMOHAI

w(u(to), y) = [lu(to) — uy(to) |l xp,
3aBucamuil or mapamerpa y € R, maa dbysknmm u(t) uz M, p € [1,00], — xac-
ca 0600ImeHnbIX pemennii 3agaun (1) B mpocTpaHCcTBe X", sl KOTOPBIX BBIIOJIHSI-
ercs cyepyiomee: npu kKaxjaom ¢t € [0,7] komnonenTsl BekTopa u(t) — JOKaJIbHO ab-

COJIIOTHO HelpepbiBHbIE (GYHKIUU Ha R; Ipou3BOHbBIE a—uj(t) (j =1,...,m), t €
x
€ [0, T], nmpumaaexar npocTpancTsy X, u orpamndensl Ha orpeske [0, 1.

Jlemma 3. Jlaa moboti dynkyuu u(t) € My, p € [1,00], umeem mecmo nepasencmeo
iyl eyl < s, M S O
sup w(u(ty), Y], - cer 1yl = b 20e
OgtOI;T (ulto): y) < { 2M, ecau |y| > M /My, M, = sup H ‘
0<t<T

JokazareabcTBo. Ilpekme Bcero 3amernm MTPOCTEHIME CBOMCTBA d)yHKuHOHaﬂa

w(u(to), y)'

1) Pasaomepnast mo y € R orpann4enHoCTb:
w(u(to),y) < [[ulto)l|xp + [[uy(to)l|xz < 2M.
2) Yernocrs 1o y € R: w(u(ty), —y) = w(u(to),y). pu srom w(u(tp),0) = 0.
3) lw(u(to),y1) —w(ul(to), y2)| < w(u(to),y1 — y2) mig mobbIx y1, Y2 € R.
Teneps nmockobky dyukims u(t) € My, 1o
[a(to) — uy(to)llxz <

< [l - e ol + gt v e R (0
pu 5TOM, Kak m3BecTHO (§19.5 [4]), iliI(l) H% - %u(to)me =0.

wlulto),y) <25

st mobeix y < 6 (6asa mupykmun). Ilyers w(u(to),yn) < 2Miy, B TOUKE Y, =
=nd, n € N; Torma

CrnemoBarenbHo, cymecTByer d > (0 Takoe, 9TO
0
Soulto)| Iyl < 20y
X;n
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w(u(to),y) < w(u(t())vyn) + ‘w(u(tﬂ)vy) - w(u(tO)a yn)| <
< 2Miy, + 2w(u(to),y — yn) < 2Miy

JJTS JTIOOBIX Y € [Yn, Yn + 0] (1A MHAYKINH).
Orcioma B cuity cBoiictBa 1) u 2) moydyaeM yTBEPKIEHHUE JIEMMBI.

Ha ocroBanum m3imo:kKeHHBIX PE3YyJIbTAaTOB IIOKaXzKEM, 9YTO MMeeT MECTO.

Teopema 5. [Iycmv das pynryuu K evwmoansemca caedyrousee.

1) Yenosue 6 nyae: K(0) = 1.

2) Tnadxocmy: nenpepvishas duddepenyupyemocms wa eeuecmeentoti npamoti, npu
omom npouseodnasn K’ npumnadaexcum npocmpancmey X1, A0KaAHO aOCOMOMHO Henpe-
polera na sewecmeennoti npamot u K" € Xy,

3) Yowsanue na beckonewnocmu: 6 caysae cucmem xoppekmunz no Ilemposcromy

~ 1 ~ 1
K(¢§) = O<W>, K'(§) = O(w) npu  § — o0,

6 CAYHae YCAOBHO—KOPPEKMHBIL CUCINEM

~ _ 1 ~ e 1
K(f) - O<e(b+E)T|§|h’§‘rm>’ K (f) - O<ebT|§h|§‘rm—T+1> npu § — oo.
Onpedeaum K, o > 0, caedyrousum obpasom: Ko(€) = K(af) dan & € R.

Tozda daa ar0bol eexmop-dynryuu u(t) € My, p € [1,00], u arbozo sexmopa f5 €
X" marozo, wmo ||f — f£5]|xm <6 (u(0) = f), cnpasedausa oyenska

~ M 1 3 1/3
Ju(t) ~ Ra(t)fs ]l < <M1 + AR |x, (14 1n M—la)>a + (371 - ﬂ) (AaBa)' %5,

0
ede M = sup ||lu(t)||xm, My = sup H—u(t)H ; A, Ba sadatomces gopmyaa-

0<t<T P o<t<T Il O Xxm
mu (6).

JoxkazareabcTBo. OueBngno, ¢yHKINn K, YIOBIETBOPSIOT YCIOBUAM TeOpeMbl 1.
[Tpw sTom u3 ycnosus 1) u 2) B cuty cBoiicTs npeobpazosanus Pypee ciemgyer, 9To

/RKQ(;U) dr=1 u |Ka(z)| g{

Orcroga B cuty semMser 3 orenka (10) npumer Bus

Ju(t) - Ko+ u(t)]xp < /R sup w(u(t).p)Ka(w)] dy <

a 1 M /M R*// 00 k//
32/ oMy — dy+2/ 2M1ya”72HX1 dy+2/ 2Ma||72”xl dy =
0 2a a Y M /My Y

1/2a, ecn |z| < a
al|[ K" ||x,/x2, ecmm |z| > a.

N M N
= (Ml —|—4M1HK”HX1 lnM— +4M1HK”HX1>O4-
1

Canenosarenbro, B cuty nepasencTsa (9) u ounenku (7), yTBEPKJEHUE TEOPEMBI BBIOJI-
HAETCS.

IIpumep byukium K:
K(¢) =

~ [ (1+& 2)=(rm+1)/2 " g cirywae crereM KOPpeKTHLIX 110 IleTpoBeKoMy,
_¢2
e ¢, B CJIy9ae yCIOBHO—KOPPEKTHBIX CHCTEM.
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VK 517.5
OrJ10B B.II.

O CUJIBHBIX PEINIEHNAX HAYAJIBHQ-KPAEBOM
SAIJAYN JJIA PEI'YJIAPN30BAHHOUN MOJIEJIN

HEJIMHENHO-BA3KO0O BA3KOVYIIPYIO CPE/IBI!

1. BBEJAEHUE

BQ =1[0,T] xQ, rue Q € R" — orpannyvennas 001acTh ¢ raajakoil rpanuneit 02
paccMaTpUBaeTCsd Hada bHO-KpaeBas 3a1a9a,

v+ > v;0v/0x; — pDiv E(v)(t, ) — Div(p1 (S(v)E(v)(t, z))—
Lo Div f(fé'(v)(s,z(s;t,x)) ds + gradp(t,z) = f(t,x), (t,z) € Q; (1)
div (t,z)v =0, (t,x) € Q; [p(t,x)dz, t € [0,T];

v(0,2) = (), € Qo, v(t,x) =0, (t,z) € [0,T] x OQ. (2)

Baecs v(t,x) = (vi(t, z), ..., v, (t, x)) m p(t, ) nCKOMBIE BEKTOpHAS U CKAJISIPHAA (DYHK-

1, O3HAYAOIINE CKOPOCTh JIBUZKEHUsI U JIaB/ienue cpepl, f(t, 2) — II0THOCTh BHEITHUX

curm, € (v) = {€;}};—1 — Temsop cxopocreit redopmari, T.e. MaTpuIa ¢ Kovdummen-
TaMu

Eij(v) = (g;’; + 3 Ov; ) Huseprennust Div £(v) MaTpuimbl onpegenseTcs Kak BEKTOD

C KOMIIOHEHTAMH — JINBEPTeHIUsIMA CTPOK, S(v) = Z” (00 /0x:)%, o > 0, pg >0
~ HEKOTOPBIE KOHCTAHTHI, (i1 (S) HeOTpunarenbuast Gyuknus. Bekrop-byukius z(7;t, x)
onpezensiercs kak pemterne 3agaun Komm (B uarerpasbnoii dhopwme)

T

z2(tit,x) =z + /v(s,z(s;t,x)) ds, 7,t€0,T], =€ (3)
t

[Ipu py = pe = 0 cucrema ypasuenwii (1)-(2) sBagercs cucremoii ypaBuennii Hapbe-
Crokca, OMUCBHIBAIONIEH JBUKEHNE HBIOTOHOBCKUX YKUAKOcTel. [Ipu g # 0, ug = 0 man-
Has CHCTEeMa ONMUCHLIBAET JBUKEHIE HeJMHEHHOBAZKON xuakoctu. B 3] ais n = 2 ycra-
HOBJIEHA, TeOpeMa CYIIeCTBOBAHWs W €JIMHCTBEHHOCTH CUJIBHBIX perrenuii 3amadn (1)-
(2). B caygae p1 = 0 cucrema (1)-(2) ommceiBaeT ABHIKEHHE BSI3KOYNPYTOH JKUIKO-
cru. JlokanabHas Teopema CyIIEeCTBOBAHWs W €MHCTBEHHOCTH CHIBHBIX perreHuii (v €
w, 2(Qr),q > 2) samaan (1)-(2) ars n = 2 yeranosnena B [2]. Henokanpnas reopema
CYIIECTBOBAHUS ¥ €JMHCTBEHHOCTH CHJIBHBIX perneruii (v € W2l ’Q(QT)) yCTAHOBJIEHA B
[1] mpm n = 2 aya perynapusoBannoit 3aga4u (1)-(2), moaywaromeiica u3 (1)-(2) 3amenoii
(3) ma perymspusoBanHyto 3agady Ko

(rita) = o + /ng(s, sitx))ds, T€0,T], (ha)e€Q. (4)

Besenne oneparopa S5 peryasgpusyIoniero moJjie cCKopocreii 00bacHseTCsS TeM (pakToM,
9TO TI0JIE CKOpPOCTEll v, ompejensdemMoe Kak cjiaboe ujau CujibHOe 0DODIIEHHOe pelleHue
samaqn (1)-(2) B kimaccax yHKIumil, CyMMIPYEMBIX € KBaJIPATOM BMECTE C IIPOU3BO/THBI-
MU, He TO03BOJI€T BOCCTAHOBUTH TPAEKTOPUU 2 JIBUKEHUS YACTHIL, WA YKE TPAEKTOPHUH
He 006J1aaroT cBoiicTBamu peryssaprocta (cMm|1l]| ), HEOOXOIUMBIME [T KOPPEKTHOCTH
MOJIEJIH.

Hameit nesbio siBsteTcst 0Ka3aTeILCTBO TEOPEMa CYNMIECTBOBAHUS W €JMHCTBEHHO-
CTU CU/IbHBIX PEIEHU Peryaspu30BaHHON 3ajaqdum B obiieMm ciaydae gas n = 2. [lpnm
9TOM MCC/IEOBAHNE HAYAILHO-KPAEBOH 331491 3aMEHSETCS N3y IeHNEM SKBUBAJIEHTHOTO

Ipagora semomHena upu bunancoBoit moaaepxkke POOU, rpant Ne 04-01-0008.
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OIIEpaTOPHOTO ypaBHeHus. [[jis onepaTopHOro ypaBHEHUsI ONpeJIeseTcs CeMeiicTBO ail-
IPOKCUMAIMOHHBIX ypaBHeHuil. CyIecTBOBaHMEe DEIIeHrs AllIPOKCUMAIMOHHOTO YPaB-
HEeHUsI YCTAHABIUBALTCS C MOMOIIBI0 UTEPAIMOHHOTO IIPOIEcca Ha OCHOBE PEe3yJIbTATOB
[2] u [3]. Pemenne ocHOBHOTO OMepaTOPHOTO ypaBHEHMUsI T10JIyYaeTcsi Kak Caabblii mpe/es
pelleHnii alnpOKCUMAIIMOHHBIX YPaBHEHUNA.

2. OBO3HAYEHUS YU OCHOBHBIE PE3YJIbTATHI

g u = (u1,- - ,up), v=(v1, -+ ,v,) ob03HAIMM UV = u;v;. Tepes |u| Oygem 060-
3HAYATH €BKJINIOBY HOPMY BEKTOpA WM MaTpHIBl. [Ipn 9T0M 371€Ch 1 Jasiee MBI IpuMe-
HsIeM COTVIAINIEHHe O CYMMUPOBAHUMN TI0 TOBTOPSIIONIAMCS HHIEKCAM, H3MEHSIONIMCS OT
1 1o n.

M1 6yem uctoib30BaTh crangapTHele obosuadenus Ly (), Ly (Q), W(f (), qu Q)
s mpocrpaHcTB Jlebera mw Cobosnera dymkmumit Ha ) m () ¢ BENECTBEHHBIMA 3HAUE-
uausMu. IIpm 9TOM 9TH 0003HAMEHHA HCIOJIB3YIOTCA /IS CKAJISIPHBIX, BEKTOPHBIX WJIH
MaTPUYHBIX (DYHKIWIA, 9TO TTOHATHO n3 KoHTekcTa. O6o3Haunm uepes (u,v) CKaJIspHOEe
npoussegenne B Lo(€) mist byukumii u, v € Ly(€2). Hopma dyuxumm u B La(Q), L2(Q),
WE(Q), W2k (Q) B KaXKI0M U3 TPOCTPAHCTB 0D03HAUAETCS COOTBETCTBEHHO CHMBOJIOM
lulo, [[ullo, [ulk, [[ullxm-

IMycrs D(Q) — npocrpancreo dynkuuit kaacca C° ¢ KoMnakTHbIM HOCUTEEM B )
u Ds(Q) = {u € D) : divu = 0}. Obo3uauum vepe3 H 3ambikanue Dg(2) B HOpM™ME
mpoctpancTa Lo(f) u wepes V — zampikanme Dg(§) B mopme mpoctpamctsa Wy (£2).
ITpm sTom HOpMA ||u|ly dyHKIMM B mpocTpancTBe V' ompesensercs paBeHCTBOM: ||ully =

o

|u|1. O6osraumm wepes P oproronasibubrii mpoextop B Lo(Q) ma H. IMycrs Wy (Q) —
sampikarme D(Q) B Hopme mpoctparcta Wi ().
Paccmorpum B H sinHeiiHbIIT HeOrpaHWUYeHHBIN orepaTop A, ompeje/ieHHbII Ha 00J1a-

(o]
cru onpegiesennst D(A) = W2(Q)NHN W3 (Q) dopmyaoit Av = —Awv. Oneparop sisiis-
ercst (cm.[5]) mostoKNTENILHO OLIPE/e/IeHHBIM CAMOCOLPSZKEHHBIM o1ieparopom. Bozmem B
KadecTBe PeryJisipusupyoliero oneparopa Ss apobuyio crenens A% § > 0 oneparopa
A u paccmorpum 3aaady Komm
T
z(tit, ) =x + /(A_‘Sv)(s,z(s;t, x))ds, T€l[0,T], (t,z)€Q. (5)
t
Hac 6yzmer unrepecosars pazpemmumocts 3agaun (1)-(3), B KoTopoii 2 siBasgercs perre-
nnem 3agaan Komm (5).

Onpepesienne 1. Pemenvem 3a1aan naspiaercs napa dyakuuii (v, p), v € I/VQ1 ’Z(QT),
0,1
p € Wy (Qr), yaosiersopsiiomnias upu 1.8. (t,x) ypasuenusm (1) u ycioBusim (2).
Cdopmynupyem 0CHOBHO# pe3yJibTar.
Teopema 1. ITycmo Lo(Q), v € V. ITycmov dynxyua py(s) ydosaemeopaem yciosuim
in() + 204(5) > 0,5 > 0, slur(s)] < M, s> a0, (6)
Tozda sadaua (1)-(2), (5) umeem pewenue.

Hasee roBops o perrennn 3amaan (1)-(2), (5) Mbr 6yaeM, Kak 0OBITHO, UMETh B BHLY
COJIEHOMIATbHYI0 9acTh v mapbl (v,p). Ilpu sroM p HaXOAWTCS Yepe3 v CTaHIaPTHBIM
obpasom (cMm. Hamp. [5]).

Jlna nokazarenbCcTBa TEOPEMBI 1 PACCMOTPUM BCIIOMOTATENLHOE CEMEHCTBO 3aBUCS-
mux OT napamerpa € > () anmpoKCUMUPYIOIUX 33,134

vy + PD.(v) 4+ poAv + B(v)

F, (7)
v(0,z) = %(z), z € D, v(t,x) =0, (t,z) €

[0,T] x 99, (8)
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31ecn
B(v) = =PDiv(p1 (S(v)E(v)(t, x)); (9)
C(v) = pePDiv [ E(v)(s, z(s;t,x))ds (10)
[
D.(v) = v;(1 +¢elv/*)'ov/dxy; (11)
F = ,LLQC(U) + f, (12)

z — pewenue 3agaan Ko (5). OgeBujno npu € = 0 moydaercs UCXoqHast 3a/a4a B
oneparopnoit opme. Obozmaumvm W = Lo(0,T : WZ(Q) N HN Wy (Q)) NW4(0,T : H).

Teopema 2. IIpu arbom & > 0 sadaua (7)-(8) umeem pewenue v € W, das xomopozo
CNPAcedrUB0 HEPAGEHCMEO

[vlli2 <M (13)

¢ me 3agucauet om € xKoucmarwmot M.
CymecrsoBanue pemenns 3aaun (1)-(2), (5) ycranaB/mBaercs ¢ mOMOIIBIO IPEIeTb-
Horo nepexoga B (7) npu € — 0. JTokazarenbctBo Teopem 1 u 2 npoBOAUTCS B pasjie/nax
4 u 5 coorBercTBEeHHO. B pazjene 3 mpuBoaaTcs HEOOXOAMMBIE CBOWCTBA PEIIEHUS 3a-

naun Konm (5). Bosnukaronpe B HENOYKax HEPABEHCTB KOHCTAHTBI, HE 3ABUCSIIUE OT
CYIIIECTBEHHBIX MMapaMeTpoB, OymeMm obo3HadaTh uepes M.

3. CBOWCTBA PELIEHUI 3AAYU KOLIN.

Paccmorpum 3agaay Kot

T

z(tit, ) =x + /U(s,z(s;t,x)) ds, T€][0,T], (t,xz)€Q. (14)
t

O6o3znavanm uepes u, marpuiy kobu BekTop-pyHKINKM u(T), Yepe3 Uy, TEH30D, COCTO-
ST T3 BTOPBIX MPOM3BOHBIX OT KOOPJWHAT BeKTOP-byHKImn u(r), a uepes |uz|3 n
\um]g CyMMY KBaJIpaTOB IIEPBBLIX U BTOPBLIX IIPOU3BOIHBIX COOTBETCTBEHHO.

Jdemma 1. (cm.[2]) Hycmoy v € Li(0,T;CH(R)). Tozda sadana Kowu (14) odnosnaumno
PA3PEWUMA U CIPABEOAUBA OUEHEKA

|22 (75, )] Sexp(l/llv(sw)llm(n) ds), 7.t €0,T]. (15)

ycrs v € V. Torma s obaactu onpenenennss D(A™%) oneparopa A~ umeer mecro
nenpepsiroe Biaokenne D(A70) € W(Q) (cm. [4], ¢.329). Orcioga u u3 HenpepbBHO-
cru Baoxenust Wi (Q) C C(2) upu o > 1 (cm. [8], ¢.408) caenyer, uro

IA™%0]|c1 gy < Moy, (16)
W13 memmer 1 u (16) BeITEeRaeT
JIemma 2. IIycmov v € Ly(0,T;V). Tozda 3adaua Kowu
z(T;t,:L‘)—:E—i—/ (s,z(s;t,z))ds, T,t€[0,T], z€Q (17)

t
0dnosnauno paspewuma u npu ecexr 7,t € [0,T] enpasedausa ouenrka

122 (75 £, 2)l| e o) < Maexp(Ma[vlo.)- (18)
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Bnecy u nasee momaraem A %v = 0.
Iycts z(7;t,z) pemenne samaun Komm (17). Ecim v € Ly(0,T;V N CYQ)), To
divo(t,xz) = 0 npu w.s. (t,z). CregoBarensuo, det z,(7;t,x) = 1, u dbynkuus
y = 2(7;t, ) (19)
onpeenser auddeovopdusm ) wa ). [Ipu sTom cnpaseinBa

JIemma 3. ITycmo g(x) € Lo(Y), 2(75t,x) pewenue 3adawu Koww (17) dan v €
L2(0,T;V N CYHQ)). Toeda g(2(7;t,x)) € La() npun.s. 7,t, u |g(z(7;t,7))|o = |g(x)]o-

JIlemma 4. ITycmo v° € Lo(0,T5V), e > 0 npusem
[0 < M. (20)
Tozda mnooicecmeo 2 (T3 t, x) pewenutds 3adayw Kowu
T
25(rit,x) =x + /@E(s,ze(s;t,x)) ds, 7,t€[0,T], z € (21)
t
komnaxmuo ¢ C(Q), Q = [0,T] x [0,T] x Q.
4. JIOKABATEJILCTBO TEOPEMHEI 2.

Paccmorpum 3agaay

L.(v) = v + PD.(v°) + poAv® + B(v°) = F, (22)

v°(0,2) = °(x), = € Qo, v°(t,2) =0, (t,x) € [0,T] x 99, (23)

B [3] 6bu1a ycranosiena paspemmvocts 3aaa4au (22)-(23). Chopmysupyem 10T pesyJib-
TaT B yA00HO# jid HAC dOpMe.

Jdemma 5. Ilycmo F € Ly(0,T; H), v° € V. Tozda npu awbom € > 0 sadana (22)-(23)
umeem eduncmeernoe pewenue v € W, u cnpasedausa pasnomepnas no € > 0 ouyenka

t t
Juax [v¢ (s, 2)|3 + / 0¥ (s, 2)|3 ds < Oy (|v°)2 + / |F(s,x)|3ds), 0<t<T, (24)
<s<
0 0

¢ xoncmanmoti C1 we 3asucawets om t, e, F, vy, u ouenka

[0°]l1,2 < @(Cul|v[loa) (Wl + [ F llo), (25)
2de p(8) HEKOMOPAA NOAOAHCUMEABHAA MOHOMOHHO 603pacmalowas no s > 0 dynkyua.

Ouesnyno, u3 (24) cremyer, 9ro ||v°||1,2 OIEHUBACTCS HEKOTOPBIM YHCJIOM, 3aBUCSIIIIM
or [v°|; u ||F|lo, HO HaM BaskeH WMEHHO XapaKTep 3TOH 3aBHCHMOCTH, BBIPAYKEHHDI
paBsoil JacTeio (25).

Bocnosibzyemcst 9THM 00CTOATEIBCTBOM [JIst JOKA3aTEIbCTBA PA3PEIIUMOCTH 33/ a4l
(7)-(8). TlocTponwm T0CsI€10BATEIBHBIE TIPUOJIVZKEHNST C TIOMOIIBIO UTEPAIMOHHOTO TTPO-
ecca

t
L.(v"™) = f - ,ugPDiV/S(v")(s, 2"(s;t,x)) ds, (26)
0
"0, 2) = 0%(2), x € Qo; v Tt ) =0, (t,z) €[0,T] x O, (27)
Brece n = 0,1,2...,0%(t,z) = 09 (z), a 2"(7;t,2) — pemenne 3amaam Ko

2Mritx) =+ /@"(s,z”(s;t,x))ds, Tt €[0,T], (t,x) € [0,T] x ON. (28)
t
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JIemma 6. Ilpu awbom n 3adawa (26)-(27) umeem eduncmeennoe pewenue ve W, u
CNPaBedIusa OUEHKD

g 0,2+ [ s, s < Ol @
t t T
/U@m%w+//wwwmwm
0 0 0

¢ koncmanmoti Cs, ne 3asucawet om t, e, ', vg.
N3 nemmbl 6 BBITEKAET

JIlemma 7. B ycaosusaxr aemmove 6 npu mobom n das pewenut v € W sadaw (26)-(27)
CNPABEdAUBH OUEHKA
n+1,2 n+1 <
o o+ [0 R < (30)

¢ xoncmanmoti C ne 3asucaweti om n, € (no sasucawet om f u v°).

Bepremcs k 3agaqe (26)-(27). Mbr ycranosum, aro npu s06om n 3agada (26)-(27)
uMeer eauHCTBeHHOE pemrenue v u cnpasemba onenka (30). DTo o3mauaer, 4TO
MHOKECTBO siBjsteTcst ¢iabo komnaktabiM B Lo(0,7; V). Be3 orpannvenust obmuocTu
MOXKHO cuMTarh, 4ro v" ciaabo cxomurcs B Lo(0,T5 V) k mekoropoit v°. Ymuoxum (26)
B L2(0,T; H) ckanapHo Ha ruaakyio u dunntayio no (t,x) dynkuuio ¢(t, ) u npoun-
Terpupyem 1o dactsam. Mbl mosyunm

T T
—/(U”‘H( x), pi(t, ) dt+/ ""H (t,z), p(t,x)) dt+ (31)
0 0
T T
110 /(5(0"“)(@96)75( dt+/ VTEWN (t, x), E(p) (8, x)) dt =
0 0

/(f(t ), o(t,z)) dt — m// (s, 2(s:¢,2)) ds, E(0) (¢, 2))) dt.

0603H3HI/IM nocsieiamii wHTErpas depes I”. CaenaeM B MOAWHTErPaILHOM BBIDAYKEHUN
3aMEHY I€PEeMEHON

y=2z"(s;t,x) (32)

7, UCHOIB3YS JEMMY 3, MOy INM

T t
=//MWW¢%mM£@WW»%ﬁ=
0 0

/T/t/g(vn)(s’9)75(80)(1572"(75;S,y)))dydsdt.
0 Q

0

N3 cnaboii cxommmoct v™ k v B Lo(0,T;V) u w3 pasHOMepHOii cxomammocTn 2™ K 2
BBITEKAET,9TO

T t
lim I”—/0/!S(va)(s,y),g(cp)(t,zs(t;s,y)))dydsdt. (33)
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Pacemorpum 3amaty Kommu (28). Ymuoxus (28) ckansapuo B Lo(0,7; H) Ha riaxyo u
dbunurnyio no & GyHkuuo @(x), TogyInM

/z”(T,t;:c)go(:U) dr = /:I:go(x) da:+/T/@"(s,z"(s;t, x))p(x) dx ds. (34)
Q Q t Q

CrenaB B mocyieiHeM BBIPDAYKEHUN 3aMeHy mepeMenoii (32), nmeem

/z”(T,t;x) (z )d:c—/a:go da:—i—// (s,9)p(2"(t,s;y)) dy ds. (35)
Q

[IpuarMas BO BHUMaHNUE PABHOMEDPHYIO CXOJUMOCTH 2™ K 2z U3 U CIa0yoi CXOIUMOCTD
v"™ Kk v° B Lo(0,T; V), momyuaem, 9ro

/ZE(T,t;l') (x )dm—/xtp daH—// s, y)p(25(t, s;y)) dy ds. (36)
Q

OrmernM, 9TO ™3 PaBHOMEpHOW cxommmoctd 2" K 2z ®W U3 TOXKIECTBA

2"(s;t, 2" (t;8,2)) = x caemyer, uro 2°(s;t,2°(t;s,x)) = x. Takum obpasom, npe-
obpasoBanus 2°(t;s,x) m 2°(t;s,2) obmactu ) ABAAIOTCA B3aUMHO OOPATHBIMU.
Henast B nocieanem unrerpase B (36) sameny nepemenoit y = z(t;s,x) u yuurbiBag
IPOUBBOJIBHOCTD (0, MMOJIy9IaeM, YTO

T

25(rit,x) =x + /f)‘s(s,ze(s;t, x))ds. (37)

Cnenas B (33) 3ameny nepemenoii (37), momyuaem, 9ro

im 1= /T j / E(0) (s, 2 (5: £, 2))E(o(t, 7)) da dis .
0 0 Q

[Mop3ysach COOTHOIIEHNEM, Jeas TpeIebHbI Tepexol Kak B [3], mmeem

T T

—/W@@wﬁwﬁﬁ+/wwﬂw@w&@MH (38)

0 0

T T
m/ ). (E(9) w+/ (0 (t,2), (E(p) () dt =
0

0
T t
/(f(t ), (b, ) dt+u2// (5, 2(5:t,2)) ds, £(p) (1, 2)) dt.
0 00
U3 nmoy4ennoii panee paBHOMEpHOi cxomuMoctn v" K v¢ B W n c1aboil OJHOTEI BBI-
rekaet, uTo v¢ € W. Kpowme Toro, mpu dbukcupoBaHHBIX s U t z(s;t,2)) uMeeT Hempe-
PBIBHBIE TIPOU3BOJIHBIE 110 Z; B ). DTO M03BOJIFET MPOUHTErpUPOBaTh B (38) 10 YacTsM
1 11epeOpPOCUTD IIPOU3BOJIHBIE C (p HA COJEpZKAIINE v COMHOKHUTETH. BOCIOIB30BABIINCE
Terepb MPOU3BOJBLHOCTBIO ¢, MOIydIaeM, ITO v° ABIAETCs perrenueM 3aadn (22)-(23).
Teopema 2 nokazana.
Bameuanmne. V13 mokazarenncTBa TEOPEMBI 2 CJIEYET, 9TO I Pertenus v° 3a1a9n
(22)-(23) cnpaBesIMBO HEPABEHCTBO

[v¥][12 < C, (39)

rie C He 3aBHUCHT OT €, HO 3aBucut ot f u v°.
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9. JJOKA3BATEJILCTBO TEOPEMHI 1.

Paccmorpum MHOZKecTBO pertenuit 3a1a4 (22)-(23). YumuoxuMm (22) B L2(0,T; H) cka-
JIIPHO HA DVIAJKYI0 u GuauTHYO 10 (t, ) dyHKIWMIO ¢(f, &) ¥ IPOMHTETPUPYEM II0 [a-
cramM. Mbr mosryanm

T

T T
—/(vf(t, x), pe(t, ) dt+/ z), p(t,z dt—HLo/ LE(p)(t, ) dt+
0 0

0
(1)
T T
/(Ml(S(vs))c‘?(vs)(tv33)75(90(1%36)))dt = /(f(t,x))vw(tvw))dﬂr
0 0

T t
" / ( / (E(F) (s, 2(s:1,2)) ds, E()(t, x)) .
0

W13 (39) BBITEKAET, 9TO MHOXKECTBO v° SBJSETCS Cab0 KOMIAKTHBIM B THILOEPTOBOM
npocrpancrtse W. Bes orpanndenns o0IHOCTH MOXKHO CIMTATh, ITO CYIIECTBYET IIOCTIe-
JOBATEILHOCTD £y, (OymeM caurtaTrh &, = €), JJisg KOTOpoii v° cirabo cxomurces B W K
HekoTopoit v. B 3] mokazamo, uro mpezese sieBas gacts (1) maer seByio wacts (1) ¢
samenoit v¢ Ha v u D (v®) ma Dy(v).

Paccmorpum mpasyio gacts. CresraeM BO BTOPOM CjlaraeMoM 3aMeHy & = z°(t;s,y)):

T t
= 12 / / (E(F) (5. 2(5: 1, 2)), E()(t, 2)) ds dt =
0 0

T t
" 0/ 0/ Q/ E(F) (5, )E ()t 22 (t: 5,)) dy ds dt.

Ilepexong x mpemeny Tak Ke, KaK TPU JOKA3ATETHCTBE TEOPEMBI 2 B aHAJTOTHIHBIX
c/laraeMbIX, UMeeM

stgglooQa_,uz/T//t/E )(s,9)E(p)(t, 2°(t; s,y)) dy ds dt.
000

Henas 3ameny y = z°(s;t,2)) uHTErpUpys 10 YACTAM U MOJIYyYAEM, YTO

Q:,UQ/T/T/t/DivS(v)(s,x)gp(t,x)dsdt.
00

0 Q

O6ocHoBaHME TOTO, UTO VU sIBASETCA perernem 3agaan Komm (5) 1 3aKOHHOCTH WHTE-
TPUPOBAHUS [0 YACTSIM MMPOBEPSIETCH TaK YKe, KaK MPU JOKA3ATEIbCTBE TEOPEMBI 2.

Wrax, namu moka3ano, 91o Jir0b0il riia kol pUHUTHON (¢ CIPABEIINBO WHTErPAILHOE
TOYXKIECTBO

T T

T
/ (65 (¢, ), (t, 2)) dt + / (Do () (1, 2), ot 2)) db — g / (Div £(°) (¢, 2), (t, x)) di -
0

0 0
(2)

Rt

T
(Div s (S )W)t ), E() 1)) dt = [ (F(8.2)), (8, ) e+
0
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T t
s / ( / (Div (%) (s, 2(s:1, 2)) ds, p(t, 2)) dt.
0 0

OTcrofa B Cujly MPOM3BOJIBHOCTH (¢ CJIEAYET, UTO U sBJsieTcs pernenue 3agadn (1)-

(2),(5). CymecrBoBanue pemenns 3a1a4n (1)-(2),(5) mokazano. Teopema 1 moxaszama.
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QJIINIITUYIECKUNE
JNOPEPEHITNMAJIbHO-PASHOCTHBIE YPABHEHUM 4
C BbIPO2K/IEHVUEM

Qumunrrueckne and depennmaabHble YPAaBHEHNs ¢ BHIPOYKICHUEM PACCMAaTPUBAINCH
MHOrMME aBTopamu (cM., Hanpumep [1, 2, 3] u umeromyiocst Tam 6ubarorpaduro).

B pabore [4] paccmarpuBasnch — HECAMOCONDSIKEHHbIE  SJUIUIITHYECKHE
mddepenmanbHO-pa3HOCTHRIE  OnepaTopbl Lp mopsaka 2m ¢ BBIPOKICHWEM BH-
na: Lru(z) = LRu(x), tne L-cunbno ssumunruyaeckuii aud depennmanbHblil oneparop,
a R-pasHOCTHBII onepaTop, 3pMUTOBA HYaCTh KOTOPOTO SBISETCS HEOTPHUIATEJbHBIM
BBIPOYKJIEHHBIM OnepaTopoM. HTepec K TakKMM onepaTopaM BbI3BaH IMOSIBJICHUEM Psia,
NPUHIUIIAAJILHO HOBBIX CBOWCTB Jlake MO CPABHEHUIO € CHJIBHO SJIUITHYECKAMUI
muddepeHnnanbHO-Pa3HOCTHBIMU OllepaTropaMu [5], a Takzke IPUJIOKEHUSIMU T10J1Y Y€H-
HBIX PE3Y/IbTATOB K HEKOTOPHIM HEJIOKAJIbLHBIM 3/IUIITHYECKIM 3a0a9aM, BOZHUKAIOIIAM
B Teopuu 1asmbl [6].

B macrosimeit pabore paccMaTpWBAIOTCS HECAMOCOIPsiZKEHHBbIE TuddepeHnna bHO-
PA3HOCTHBIE OIIEPATOPbI BTOPOIO MOPSJKA, B KOTOPBIX KaxKJ0My oOneparopy aud-
(bepennupoBaHnst COOTBETCTBYET CBOW Pa3HOCTHBIN omeparop. IlosydeHbl sHepreru-
YeCKMe HEPAaBeHCTBA, W3 KOTOPBIX CJELYeT M-—CeKTOPHAJLHOCTh PACCMATPUBAEMBIX
nuddepeHImaIbHO-PA3HOCTHBIX OMTEPATOPOB.

1. PABHOCTHBIE OIIEPATOPLI

B macrogamem maparpade Mbl chOpMYIHPYEM CBONCTBA Pa3HOCTHBIX OIEPATOPOB B
npocrparcTBe Lo(Q)), meobxonumbie HaM B JasbHeiinieM. OKa3bIBA€TCsI, STH CBOICTBA
TECHO CBS3aHBI CO CBOMCTBAMU KOHETHOTO UWCJIA MATPWIL, COCTOSIMINX W3 HyJel m KO-
s durmenToB pazuoctHoro oneparopa R. JlokazarebCcTBa 3TUX CBOMCTB COJEPIKATCH B
pa6ore [4].

1. Paccvmorpum pasnoctaeii omepatop R : La(R?) — Ly(R?) | onpegenennbrii mo
dopmyure:

Ru(z) = Z apu(x + h), (1)
heM
r7le a,—KOMILIEKCHBIE UUC/Ia; MHOKECTBO M COCTOUT M3 KOHETHOTO UUCTIA BEKTOPOB h €
R? ¢ mes0umMCIeHHBIME KOOpMHATAME; T = (71, T2) € R2.

Bceroay B masbHeiinemM Mbl OyaeM MpeArnosaraTh, 9TO BBIIOTHEHO CeAYIOIIee YCIOBHeE:

1.1. Tlycte Q C R%2—mpsmoyromsamk (0,a) x (0, b).

Bsegem oneparopnt I, Pg, Rg crepytonmm obpasom.

I : Ly(Q) — L2(R?)-omepatop npomomxenns dbynkmun u3 Lo(Q) nynem 8 R2\Q; Py :
Ly(R?) — Ly(Q)-oneparop cyxenust dbynkuun us Lo(R?) ma Q; Rg = PgoRIg
L2(Q) = Lo(Q);

O6ozHaunm vepe3 M aIIuTuBHYIO abesleBy IpyTIy, MOPOXKICHHYI0 MHOXKeCcTBOM M,

a Jgepes QT OTKDPBITHIEC CBA3HBIE KOMITOHEHTHI MHOXKECTBa

Q\ [J (0Q +h).
heM
Onpegenenne 1. Muoxkecrsa @, Mbl ,0yjeM HazblBaTh N0J0OAACMAMYU, & COBOKYII-
HOCTH R BCeBO3MOKHBIX mogobnacreit @, (r = 1,2,...) wnasoBem pasbuenuem 0b6.aa-
cmu Q.

Jlerko BHUIETH, YTO MHOXKECTBO R KOHETHO.

Jemma 1. J9Q, = ( U (9Q +h)N@.

heM
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Jdemma 2. 1) JQ, =Q

e
2) Oaa ao0bvir Qp, u h € M aubo natidemes Qr, maxoe, umo Qr, = Qr, + h, aubo

Qr +h CRAQ.

Pazbuenne R ecrecTBeHHBIM 00pPa30M pACIaAeTCd HA Kjaacchl. Mbl OymeM cuauTaTh,
yTo nomobsactu Qr,, Qr, € R IpUHALIEKAT OJTHOMY KJIACCY U TOMY K€ KJIACCY, eClTh
cyuecTByeT BeKTOp h € M, g KoToporo Qr, = Qr, +h. Byaem oboznauaTs mogodmsacTu
Qr uepe3 Qg, Tae s—Homep kjiacca (s = 1,2,...), a [—TOpAIKOBBII HOMED JAHHOI
moobacT B s—oM Kutacce. OUeBUIHO, KaXKJIBIi KJIACC COCTOUT U3 KOHETHOTO UNCTA
N = N(s) mogobnacreit Qg .

Jdemma 3. Onepamopw I : L2(Q) — Lo(R?) u Py : L(R?) — La(Q)—
oepanunennvie; npu smom 15 = Pg, m.e. (Iqu,v)p,m2) = (u, PQu)r,@) 944 aobviz

u € La(Q), v € Ly(R?).

Jlemma 4. Onepamopw R : La(R?) — La(R?) u Rg : L2(Q) — La2(Q)—
02PANUEHHVIE;

Ry = PoR'Ig, Rru(z) = > Gpu(z — h).
heM

O6o3naunm yepes Lo(|JQg) nommpocrpancrso dyuknuii B Lo(Q)), paBHBIX HYJIIO BHE
1
UQsi, a gepes Ps : La(Q) — La(|J Qsi)—0mepaTop opTOroHAIBLHOTO MPOEKTUPOBAHMSI
1 1
dbyuximit u3 L2(Q) 52 La(|JQs1) (I =1,...,N(s)). Tak xax p1,(0Qs) = 0, u3 abcosttor-
]

HO¥I HempephIBHOCTH WHTErpaJsa Jlebera cieayer

L2(Q) = P La(|J Qu).
s l

JIemma 5. Lo(|J Qs1) —uneapuanmmoe nodnpocmparncmeo onepamopa Rq.
l

Beemem m3omerputeckuit n3oMopdu3M ruab0epTOBBIX MPOCTPAHCTE

U, : L2(U Qs) — LY (Qs1),
]

onpegenns Bekrop—dyukmuio (Usu)(z) paBeHCTBOM

(Usuhi(z) = ulz + hg) (z € Qq),
e | = 1,...,N = N(s); hg—Takoso, a0 Q51 + hy = Qg (hs1 = 0); LY(Qs1) =
I;IL2(Q51)-

Jlemma 6. Onepamop Rg, : LY (Qs1) — LY (Qs1), onpedeaennwiii no dopmyae
R, = UsRQU, ",

ABAACIMCA ONEPATNOPOM YMHONCEHUA Ha Keadpamnyto mampuyy Ry nopadka N (s)x N(s)
C 2NEMEHMAMU

i {ah, ecauh = hg; — hg € M,

"ij = 0, ecauh=hg —hg ¢ M

Jlemma 7. Cnexmp onepamopa Rg cosnadaem ¢ obseduneruem cnexkmpos KoHEwHO20
wucaa mampuy, Ry, (v = 1,...,n1). Kaowcdas mouxa cnexmpa o(Rg) asaaemca cob-
CMEEHNBIM 3HAYeHUe DECKOHEYHOT KPAMHOCTIU.

Jdemma 8. Ecau onepamop R : La(R?) — Lo(R?)—camoconpasicenviti, mo onepa-
mop Rg : La2(Q) — L2(Q) —makoice camoconpasicermoiil.

JIemma 9. /[las camoconpasicennocmu onepamopa Rg @ La(Q) — Lo(Q) —neobrodumo
u docmamouno, wmobu, 6ce mampuuyn, Ry, (v =1,...,n1) 6viau 9pmMumoss.
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2. Paccmorpum cBoiicTBa pa3sHOCTHBIX omepaTopoB R : La(Q) — Lo(Q), umero-
IX HEeTPUBUAJILHOE SIIPO.
O6ozaaunm N (-) u R(-) COOTBETCTBEHHO s1pO 1 06pa3 HEKOTOPOTO OMEPATOpa.

Jemma 10. LY (Qs1) = N(Rg,) @ R(RG,), LY(Qs1) = N(RG,) ® R(Rq,).
Obosnasmu wepes Ag = (Rg + R)/2, Bo = (Rq — Ry))/2i. Ouesnano,
Rg = Ag +iBg.
Omneparopsr Ag n Bg Ha3bIBAIOTCST COOTBETCTBEHHO 6EUECMEEHHOT U MHUMOT YACTNAMU
onepamopa Rg. Honoxum Ag, = UsAgUs! u Bg, = UsBoU; . B cuny nevuvbr 6

onepatopst Ag., Bg, : LY (Qs1) — LY (Qs1) aBIMIOTCS OMepaTopaMi yMHOMKEHHS Ha
marpunsl As = (Rs + R})/2, Bs = (Rs — RY)/2i coorBercrBenno. Obo3naunm depes

PE PR PA PB . 1y(Q) — La(Q)
%1
P;%v PsR*v PsAv PSI?’ :LéV(Qsl)_)Lév(Qsl)
OIlepaTOPhI OPTOrOHAJIBHOI'O IIPOEKTUPOBAHNUA Ha IIOAIPOCTPAHCTBA
R(Rq), R(RG), R(Ag), R(Bq)
nu
R(Rq.), R(Rg,), R(Aq.), R(Bq.)
COOTBETCTBEHHO.

Jlemma 11. L2(Q) = N(Rq) ® R(RY), L2(Q) = N(Rp) © R(Rq), npu smom

R*
1P w |y < el Bou llLy),
R *
I PP Ly < ¢l Bou | Ly
das moboti u € Lo(Q), 2de ¢ > 0—nocmoannaa, ne 3a6ucausas om u.

OrpaHnveHHBIl  CAMOCOTIPSIKEHHBI omepaTop A w3 ruasbepToBa MPOCTPAHCTBA
H B H nazoBeMm noaoowcumenvroim, ecin (Au,u)g > 0 masa moboro 0 # uw € H, n
HEOMPUUAMEALHBIM,
ecn (Au,u)g > 0 gns moboro u € H. Hazosem omepatop A noaooswcumenvho onpede-
AEHHBIM,
ecn (Au,u)g > c(u,u)y ana moboro w € H, rme ¢ > 0.

Jlemma 12. ITyemo N'(A;,) C N (Bs,) (v =1,...,n1). Tozda N(Ag) C N(Bg) u daa
moboti pynryuu u € Lo(Q)

I Bou lo@ = a1 | AQu Ly

ede c1 > 0 — nocmoannas, e 3a6uUCAUAA OM U.
Ecau, xpome mozo, mampuyw As, (v = 1,...,n1) — Heompuyameaviv, mo onepa-
mop Aq — neompuyamenvnwd, npu smom N (Rq) = N(R) = N(Ag) u R(Rg) =
R(R5) = R(4Q)

3. B sakmodenne 31oro naparpada paccMOTPUM CBOHICTBA PA3HOCTHBIX OIEPATOPOB
Rg B mpocrpancrBax Cobosesa.

O6o3znaxunm gepes W (Q) npocrpancrso Co6oJieBa KOMILTIEKCHO3HAMHBIX (hyHKIHIT C
HOPMOI1

lulws@= (Y [ ID%uta)Pdn) 2,
la|<k g
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rne o= (o,...,on), o] =a1+...+a,, D*=D{"...Di", D, = —ig,;- ‘lepes

WQk —1/2 (") 0603HAUMM MPOCTPAHCTBO €108 HA ' ¢ HOPMOii
: k
Fo =172y = 0 [l w llwgg) (w€ Wo(Q) : ulp =),

rae I' € Q—(n — 1)—mepHoe riajkoe MuOrobpasue. Pasjudibie Criocobbl BBEIEHU K-
BUBAJIEHTHBIX HOPM B mpocrpancTBax CobojieBa HEejoro mopsijka MOXKHO HailiTH, Ha-
npumep, B [9, r. IJ.

Jlemma 13. Onepamop R nenpepwiéro omobpasicaem WQIC(Q) 6 WX(Q), npu smom dan
scex u € WH(Q)
D*Rou = RgDu  (la| < k).

2. DHEPTETUYECKWE HEPABEHCTBA
PaCCMOT‘pI/IM nuddepeHnmaTbHO—Pa3HOCTHBIN omepaTop L ¢ 001acThIO OMIpeeTeHmst
D(LRr) = C*™(Q), aeitcrBytomumii 110 (opmyJie
0 ou(z) 0 ou(x)
Lpu(z) = ——=——Rig———- — —Rog——. 2
R ( ) 6331 1@ 8x1 8%‘2 2Q 8332 ( )
Buece Rig = PoRilg, Rag = PoRa2lg; Ri, Ry : Ly(R?) — Ly(R?)—pasnocTHbie ore-
paTophI, onpee/eHHbIE 10 (POPMYJIAM

Riu(z) = Z apu(z + h), Rou(x) = Z bru(z + h), (3)

heM hem

rje ap, , by - KOMILIEKCHBIE YHC/Ia; MHOKECTBO M COCTOUT U3 KOHEYHOIO YUC/Ia BEKTOPOB
h € R? ¢ meouncIeHHbIMT KOOPMHATAMY; T = (T, T2).

O6osmawmym Ajs = (Rjs + Rj)/2, Bjs = (Rjs — Rj)/2i, j=1,2.

ByﬂeM npeanoJjiararb, 9TO BBIIIOJIHEHBI CJICAYIOIIUE YC/IOBUA :
2.1) Marpunpr Aqs—HEOTPUIIATEIBHDI, & MATPUIIBI Agg—TOJI0KUTENIBLHO OIPEJIEIEHBI.
2.2) Re ap > 0, Re by > 0.
2.3) Muoxecrso S = {s:det Ajs = 0} — ne nuycro, u N'(A15) C N(Bis) (s € S1).

Jlemma 14. Ilycmo obaacms @ ydosaemesopsem ycaosuro 1.1. u nycmv 6uinosHeHD
ycaosus 2.1—2.3, mozda

Re(Lru, u),(q) = ¢1 | AiQuay [1,q) +¢2 | tas 7,0 (Yu € C=(Q)).  (4)
JokazareabcTBO. VHTErpupys M0 9acTaM, MOy IaeM:
Re(Lgu, u)L2(Q) = (A1QUzy, Uay ) 1o(Q) + (A2QUays Usy) 15(Q)-
T.k. Ay — IOIOKHATENILHO OMPEIEICHHLIH OMepaTop, TO
Re(LRru, ) 1,@) = (A1QUay, Uz, ) Lo(Q) + €2 || Uz, H%Q(Q) .

Jlasee BBemeM omepaTop OPTOTOHAJBHOTO MPOEKTHPOBAHUS HA 00pa3 pasHOCTHOTO OTe-
paTopa A1q:

P 1y(Q) — R(A1Q)
(A190,0)1,(q) = (Aigu, (P + (I = PM)v) 1) =
= (A1Qu, P11) 1, () + (A1gu, (I = P1)0) (-
Ucnonways jgemmy 11
(Ale, (I - PAI)”U)L2(Q) = 0.
CnenoBaTebHO,
(4190, V)15 = (A1, P10)1y(q) = (AP0, PA0) 1y 2 e | PUv I, )=
> c3 || AigP* % ||%2(Q)Z cs || Aigu ||%2(Q) .
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Taxum obpazom,
(AlQU,U)LQ(Q) > c3 H AlQU H%Q(Q)? Yv € COO(Q) (5)
13 5 umeem
Re(Lru,u)ry(q) > ¢3 || A1Quay I17,) +¢2 | tas 17,0 -

Jlemma 15. Ilycmo obaacms @ ydosaemesopsem ycaosuro 1.1. u nycmov 6uinosHeHD
ycaosus 2.1 — 2.3.

Tozda cywecmsyrom maxue Koncmanmos cq, s > 0, wmo
OAs 6Cer u, v € C’OO(Q).

|Re (Lru,v) @) < ca || A1Quay o)l A1QUzr 12(Q) +¢5 || was L@ || Vo 22(0)s
(6)
| Im (LRu,v) )| < ca || A1Quay || no0)ll A1QVay 11o(Q) +65 I Uay [y |l Vo | L0Q) -
(7)

JokazarenbcTBo. CHavdajga JoKaxKeM HepaBeHCTBO 6. VIHTerpupys mo 4acTsM U UC-
Hosb3ys JleMMBl 11, 13, a TakxKe OrpaHHYeHHOCTH oIepaTopa Asg, MBI HMeeM

|Re (Lru, v) 1,0 = [(A10Ua;, P02, 1,(0) + (A20Uas, Vay ) 14(0)| <
< k|| AiQuay ||yl A1QUay 1L2(@) + || A2Quas |1yl vaz 1o <
< k1|l ArQuay o)l A1QUay La@) +h2 | ey 12l Vi Loy (8)

a5t Beex u, v € C™°(Q).
AmnamornaHo moyanM

| Im (Lru, v) 1@l < ks | Biuay o)l B1QUey lL2(@) +.4 | vas (2ol Voo 22(Q) -
(9)
B cuny ycnosuga 2.3 u emm 12, 13

I Bigua: [lLo@= s || Aiguar [|Lo(@) (10)
Jutst J1i060# u € C’OO(Q). Takum obpazom u3 9, 10 nosyyaem HEPABEHCTBO 7.

Agrop riyboko bsiarogapen mpodeccopy A. JI. CkybaueBckoMmy 3a BHUMaHUE K paboTe
7 Ps IEHHBIX COBETOB.
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PrixJioB B.C.

O IIOJIHOTE COBCTBEHHBIX ®YHKIIU OJHOT'O
KJIACCA IIYYKOB JUOPEPEHIINAJIBHBIX
OIIEPATOPOB C ITIOCTOAHHBIMU
KOOPUITMEHTAMMN '

B cmamuve uccaedyemes sonpoc 06 00nokpammoii noanome 6 npocmpancemeaz L]0, 1]
u L2[0,0], 0 < 0 < 1, cucmemv, cobemeentnr U npucoedurennus Gyrryud ny.-
Ka 00bIKHOBEHHVLT JUPPEPEHUUAALHBLT ONEPATNOPO8, NOPOHCIEHHHT Jupdeperyuans-
HOLM BLPAACEHUEM € NOCTNOAHHBMU KOIPHUUUEHMAMU, KOPHU TAPAKMEPUCTIUYECKO20
YPABHEHUSA KOMOPOLO NENHCAM, HA OOHOM AYUE, U NOAYPACNAOUOULUMUCH OOHOPOOHBLMU
KPAESHLMU YCAOBUAMUYU CNEYUGALHOT, CIPYKMYPDL.

In the paper the questions of one-fold completeness in the spaces L2[0,1] and L2[0, o],
0 < o <1, of the system of eigenfunctions and associated functions are investigated
for the pencil of ordinary differential operators, generated by a differential expression
with constant coefficients and characteristic equation roots on the same ray, and
semisplitting homogeneous boundary conditions of a special structure.

1. ITOCTAHOBKA 3AJIAYU

B mpocrpanctee Ls[0, 1] paccMorpum 1mydoK OObIKHOBEHHBIX uhdepeHIua bHbIX
oneparopoB L(\), HOpOXK JeHHbIH 0JHOPOAHBIM Jud epeHIua bHbIM BEIPAYKEHUEM N-T0
MOPSIIKA C IMOCTOSSHHBIME K03 durnmenramu

g(ya >‘) = Z Psk)\sy(k), Dsk S (Ca Pon 7é O) (1)
s+k=n

¥ JIMHEAHO HE3aBUCUMBIMU JBYXTOYEYHBIMA HOPMUPOBAHHBIMU OJJHOPOJIHBIMUA KPAaeBbIMU
YCJAOBUAMHU CHEHUAJIBHONR CTPYKTYPbL

Uiy, \) i= > Najuy™(0)=0, j=Tn-1,

S+k:%j (2)
Un(y? >‘) = Z A? (ansky(k) (0) + ﬁnsky(k)(l)) =0,
st+k=sc,
rae A € C — crekrpasbHbIil TApaMeTp, sk, Onsk € C, 3¢5 € {0,1,...,n — 1} — mopsigok

J-TO KPaeBOTO YCJIOBHUSI.
ITycrs xkopuu {wy}} xapakTepucTHyeckoro ypaBHeHust

Z pskwk =0
st+k=n
TIOTIAPHO PA3IUYHBI, OTJINYHBI OT HYJIA W JIEKAT HA OJHOM JIyde, UCXOISIIEM U3 HAYaIa
koopanuar. He mapyras obmHOCTH, MOYKHO CIUTATH

D<w <wsg < ov < wy,. (3)

Pemaercs 3aa4a 0 HaAXOXK/IeHUY yCAOBUH Ha napamerpsl mydka L(A), mpu KOTOpbIx
umeer MecTo uim orcyrersyer m-kparHas (1 < m < n) nosHoTa CHCTEMBI COOCTBEHHBIX
u npucoeuHeHHbIX GyHKuuii (c..d.) sroro myuka B npocrpancrse L0, 1] wiau, ecian
HOJIHOTA He umeer mecta Ha BeeM orpeske [0, 1], xorst 661 B npocrpancree L0, o] npu
0<o<l.

Dra 3a/1a4a aKTyaJbHA TOJBKO JJisi Hepery isipHbIX 1ydkoB L(A) [1, 2] (win Bbipoxk geH-
HbBIX, KaK MX MHOIJA HasbiBator) ¢ "mioxum" nosejenunem dbyukuuu I'puna npu [A| — oo
(Hanpumep, SKCHOHEHIMAILHBIA POCT B cekTopax pacrBopa > 7). Ilpu "xopomem" no-
Besternn Gyukrmn [puna (HAmpuMep, CTemeHHasl OTPAHUYEHHOCTH mpu |[A\| — oo Ha

Ipagora semomHena npu duranCOBOH mommepxkke rpanta PODPU (npoext 03-01-00169).
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HEKOTOPBIX JIydax) 9ra 33jada yzke pemtera |2, 3|. Ilygok (1)-(2) B npennomnoxenun (3)
sIBJIFETCS 3aBEOMO Hepery/isspHbiM. Bormpoc o KpaTHoil 10/IHOTE CUCTeMbI €ro C.1.d. 710
CHX TIOp MPAKTHIECKHN HE MCCIIETOBAH.

OcHoporotararoreii 1o 97oii 3ajgade sipasiercs: pabora [4]. Boabmoii Bkiag B ee pe-
menne BHecan paborhel [5, 6, 7, 8, 9]. Hanbosee nosinoe nccienosanne Bornpoca o6 n- u
m-xpatnoii (1 < m < n) nmosHoTe cucremsl C.11.¢d. MyIKOB € MOCTOAHHBIME KO3(hdhum-
eHTaMu npoBejieHo B paborax [10, 11].

2. OBO3HAYEHUSA U [NPEJABAPUTEJIbHBIE CBEJEHI

Cucrema ynxuuit yx(z, \) = exp(A\wgx), k = 1,n, asnserca npu A # 0 dbyHgamen-
TaIbHOI cucTemoii pemenwit ypasuenust £(y, A) = 0. O6o3naxms

Ujo(y, \) := Y Najuy®(0), j=Tn,
S+k:%j

Un1 (y, >\) = Z )\Sﬁnsky(k)(l)a

s+k=7z,

BBEJIEM B PACCMOTPEHNE BEKTOP-CTOJIONBI JJIMHBL 1 1ipu kK = 1,7

1 1 1 T
Vie = (U1k, V2ky - -+ > Vi) = <FU10(yk, A), %UQO(yky)\), cee )\—%nUnO(ykv)\)> ;

. 1 g
Wk‘ - (wlk:awm% oo 7wnk)T =e€ Ak (0707 oo 707 )\7nUnl(yk‘7>\>> .

C yuerom sTux 0003HaveHMI XapakTepucTuaeckuii onpegenurens nyaka L(A) Gymer
WMeTb BUJT

A(N) = det (U (e, N) ey = N ‘Vl N Vo 4 AWy, L Vi + | =
= NA(N),

e »x = ) _j »j — CyMMapHbIl HOPAJIOK KpaeBblX ycinopmii (2). B cmry Toro, uTo
rank(Wy, W)) =1, 1 < k,l < n, ausa onpegenurens A(N) ClpaBeInBO MpeICTaBICHAE
AN) = [ViVa. . V| + Wi Vo Vol 4. 4+ Vi Vi Wy =

=Ag+ A+ ... A,

re koabdummenter A; = |Vi...V;_1W; Vi1 ... V,|, j = 1,n, me 3asucar or \. Ecin
gepe3 (Ag);x 0003HAUNTD ajarebpantdecKoe JOMOJNHEHIE djeMenHTa (j, k) B onpeenuTese
Ag, TO OYEBHIHO
Aj = wnj(Bo)nj, J=1,n. (4)
TaxmM 06pa3oM, HeHy/eBble COOCTBEHHBIE 3HAYeHNs MydKa L(\) SBISIOTCS KOPHIMI
yDABHEHHUSI
Ag+ e A ... +eMnA, = 0. (5)

Tak Kak BBIMOJHSIETCS YCI0BHE (3), TO XOPOIIO W3BECTHO, YTO MHOYKECTBO KOPHEli ypaB-
Henns (5) obpasyer CueTHOE MHOXKECTBO C €JIWHCTBEHHOI IIpeNeTbHON TOUKOil Ha Gec-
KOHEYHOCTH, KOTOPOE JIEXKUT B HEKOTOpO#l BepTHKajbHOM mmosioce. Touka A = () moxkeT
OBITH C.3., & MOXKET U He ObITh, Ja’Ke €CJIU BBIIOJIHAETCS YCI0BHUE

Ao—l-Al—l——l-An:O

O6o3HaunM uepe3 A MHOXKECTBO HeHyJseBbIX €.3. mydka L(\).
B kauecrse nopoxgaromeit bynkinun s s cucremb ... nyuka L(A), coorser-
CIBYIOLIUX HEHYJIEBBIM C.3., Bo3bMeM bynkuuio (cm. [1], c. 84)

Uio(y1,A)  Uioly2,A) .. Uio(yn, A)

A) = ———
y(z, A) N2 | Up10(y1,A) Un—10(y2,A) oo Un—10(Yn;s A)
exp(Awiz)  exp(Awaz) ... exp(Awpz)
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Packiia/iplBasi OMpeIe/INTeb 110 9JIeMEHTaM [OCIEAHENH CTPOKH, IIOJLYIUM
y(x,\) = a1 exp(Awix) + ag exp(Awax) + - - - + ay, exp(Awp ), (6)

rjae

S

—
~

SN—r

aj = (Do)nj, =1,

npudem u3 (4) u (7) caexyer, uro

Aj = Wnjaj, j = 1,n- (8)

Takum 06pazom, mopoxaiomast pyHknus (6) ectb auHeliHas KOMOMHAILMS SKCIIOHEHT
C [OKA3aTEe/IsIMU, JIEZKAIMUMEU HA OHOM Jiyde. VIMenno takue mopoxkjgaorme OyHKIun
u3ydanucek B paborax (12, 13, 14|. Beio, B 9acTHOCTH, MOKA3aHO, ITO mpu Ji00bIX aj € C
cuctema ..., TOPOXKIEHHAS TaKOi (DYHKIINEH, He IBASIETCS N-KPATHO TIOJHOM HU B Ka-
KOM TipocTpancTse Lo[0, o], 0 > 0, n nMeeT B KazKJ0M TAKOM IIPOCTPAHCTBE GECKOHEUTHBIH
nedeKT OTHOCUTENBHO N-KPATHON TOMHOTEI. HaiiIleHbl TaKKe JOCTATOYHBIE YCJOBUS M-
kparuoit (2 < m < n — 1) menonuorel B Lo[0, 0], 0 > 0, ¢ 6eckonednsiM 1edeKToM, B
YaCTHOCTH, JIOCTATOYHBIE YCJIOBUS JBYKPATHON HETOJIHOTHI.

B nmannoil cTaThe MCCIEYIOTCS BOIPOCHI OTHOKPATHON MOJTHOTHI CUCTEMBI C.11.(. Ty 4-
ka L()\), COOTBETCTBYIOINX HEHYJIEBBIM C.3., B mpocrpancrBax Ls[0,1] u Ls[0, 0] mpu
0 < ¢ < 1. Bynem majee obozunauarh 3Ty cucremy Yp. B ciydae n = 2 omgHOKpaTHBIE
[IOJTHOTA ¥ HEIMOJIHOTA, a TaKKe ONHOKpaTHas 6a3ucHocTh Pucca cucrembr Y wmccieso-
Basace B paborax |15, 16].

3. OLI;HOKPATHAH [TIOJIHOTA B OBIIEM CJIVHAE
HyCTb JaJiee BBITIOJIHACTCA yC.}IOBI/Ie
Ay # 0. (9)

B cuy (8) MOXKHO cumTaTh 18 ONPEAESeHHOCTH (3TO He yMmassier OOIHOCTH), 9T
AMEIOT MeCTO COOTHOIIEHUS

p = Qp—1 ="+ = ams1 = 0, am#& (10)
Am:Amfl:"':Al—l—lzov Al?’éov
rme 2 <m <nmul<|<m. Torma cupaBeInBbl IPEACTABICHNS
AN) = Ag+ TA + . A, (11)
y(x, N) = a1 exp(Awiz) + ... + aexp(Awix) + ajy1 exp(Awi112) + ... + am exp(Awp,x),
(12)
mpudeMm Ag # 0, A; # 0, ay, 0,1 < m.
s kpaTkocTu 0603HAMHM 0 = Wj/wWy,. OdeBrano, 0 < § < 1.
Ecyiu BoInIOTHSIETCS yC/IOBUE
Ao—l-Al—i-...—l—Al;éO, (13)

10 Touka A = 0 He aB/sieTcd HysleM dyHKIAN A()\) Eciu ke BBIIOJIHAETCH yC/IOBUE
Ag+A1+...+4;,=0,

To Touka A = 0 gBagerca myseMm dysxmmun A(M). Ilyers s ecTh KpaTHOCTH 9TOTO HYJIS.
O6o3uatmm gepe3s ® = {p1(x), p2(x), ..., ps(x)} MakCIMATBLHYIO THHEHHO HE3ABUCUMYIO
HOJICHCTEMY CUCTeMbI (DYHKIIHI

dy(x,0) 0 'y(z,0)

y(x70)a T? ) 8AS_1

Tosoxkum Yy = Y J ®. B ciyuae Bommosnenus ycaosus (13) 6yaeMm cauTarh, 9To Y =
Y.
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Teopema 1. Ilycmwv cnpasedausv nepaserncmea (3), ewnosnaomes ycaosus (9)-(10)

u o = ;. Toeda cucmema Yp odnoxpammuo noana 6 npocmpancmee Lo[0,0] 6 mom u
MOADKO MOM CAYYAE, ECAU YPABHEHUE C 0DOUWEHHBIM COBU20M

ay x ag T am—1 x _

()2 (2 B ) g0

01 (51> 02 <52> Om—1" \Om—1 nf () (14)
umeem Mmoavko mpusuasvhoe pewenue 8 npocmpancmee Lo[0, o). Ipu smom ¢ (14)
pynryua f(x) cwumaemes npodossicennoti nyaem 3a ompesox [0, o).

Teopema 2. ITycmv cnpasedausv. wepasencmsa (3), ewnoanaromes ycaosusa (9)—(10) u
o = 0;. Tozda cucmema Y odnoxpammno noana 6 npocmpancmse L0, o).

CraenctBue 1. Ecau 65noanaomcea npeonosodcenus meopemovs u L = m, mo cucmema
Pynruyut Yo odnoxpammuo noana 6 npocmparcmee La[0, 1].

4. OZLHOKPATHAH I[TOJIHOTA B HACTHOM CJIVUHAE

Uccnemyem 0JHOKPATHYIO TIOJHOTY B 9aCTHOM CJIydae, & IMEHHO: MyCTh BBITOJIHIETCS
yeaosue (9), a B yeaoBusx (10) 6yzer | = 1 < m. Torma coornomenns (11)-(12) 6yayr
MMETh B

A(N) = Ag + 1A, (15)
y(x,\) = a1 exp(Awix) + a2 exp(Awaz) + . . . + am exp(Awpx), (16)
mpuaem Ag # 0, Ay # 0, ap, # 0.
Henynesble c.3. myuka L(\) SIBJASIOTCS KOPHSIMU yDaBHEHUsI
Ag + €AW1A1 =0.

Kopau sToro ypasHeHust, oueBuiHO, TpocThie. Yepes A Oymem no-npexxuemy 0603HaIaThH
MHO>KECTBO HEHYJIEBBIX C.3. B mannoM ciyuae

2kmi + dy

A:{Ake<C|>\k: ,k:eZ}\{O},

rae do = Ing ¢o (uepes Ing o6o3HaMaeTCS BETBH HATYPAIBLHOTO Jlorapudma, 1yt KOTOPOii

Ing1 =0), cg = —Ap/A1. Unmeer mecto cieyoniee paBeHCTBO
M =cy, A€EA. (17)
Obosaaunm T4 = wo/wi, a = 1,m. dcno, uro 1 = 71 < 79 < -+ < Ty m 01 =

1/7p,. U3 Teopembr 2 caepyer, uro cucrema dbyHKImi YA SBISIETCS OJHOKPATHO IIOJIHOM
B npocrpancrse Lo[0, 1/7,,] npu mobbix 3navenunsx kodbdurmentos a; 8 (16) (an, # 0).
Cdopmyupyem ycsioBust OJIHOKPATHON MOJHOTHI cucTeMbl Y B npocrpancrse Ls[0, o]
npu o > 1/7p,.

Omnpenennm oneparop A, € La[0, p] — L»0, 1], meiictByromuit o dbopmye

Y5 fla+j), xel0,p—sl,
Sibal flath), weE(p—s,1],

Beaydae s < p < s+ 1, tme s € N|J{0} (ecm s = 0, To momaraem Z;;é = 0), wmn,
60.J1e€ KOPOTKO,

(Apf) (x) = {

S
(Apf) (@) => @’ fz+3), =€[01],
j=0
ecau caurarh Gyuxknuio f(z) npogosrkenHoii mysem 3a orpesok [0, p.
Bgegsiem B paccmorpenune oneparopsl By, € Lo[0,0] — Lo[0,07,], @ = 1, m, neiicrBy-
fotme 110 popmysiam

x
Baf) @) =1 (L), weloom]
IIpeanonoxkum masee, ITO

ai 75 O, (18)
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u obozHaunM by = aq /a1, o =1,m (by = 1).
s npoussosibHoOit dbyukimu f € Lo[0, 0], 0 > 1/7,,, paccmorpum dyHKIUIO

[ g

m
R0 = [ue N = 30 /MMf) (19
9 a=1
npu A € A.
B cityuae Boimosinenusi Hepasencrsa k < o < k + 1 npu nekoropom k € N{J{0} ¢
ydaerom coorHomtenust (17) npu X € A 6y;:LeM nMerhb

(e

1 2
/Wf O/+/+ +/ / /A“”’f ) da—+

0 1 k—

—
o—_ L

+ [ AT T Y de 4+ [ w0 F (k- 1)) dat
0
o—k 1 1
+ e)\wwe)\uukmdx = /eAwlan(:L‘) dx + / 6Aw1$60f($ +1)de+---+
0 0
o—k

+ [ Tk w4 (k- 1)) de +

o _ o
o

1
ANk (x4 k) do = /ekwlm(Agf) () dx
0

(20)

Bocnosnpzosasmmmces (20), mas a-ro uarerpana B (19) momyanv mpr o =2, mu A € A

OTq

g ba JE—
ba/e)‘“’o‘zf(m) de = — / e f (i) dx =
To To
0 0

OTa 1 (21)
_ b_a )\w1:c bOé Aw1m
—m/ Bl Z’ (Ao Bl (@) do

TMoxcrasus (20)—(21) B (19), 6y,L[eM nmerh pu A € A

_al/e ZT—“ Agr. Bof) () dx: (22)
0 o=1

Ecm A(0) = Ag + Ay = 0, o ompegemny F,(0) takzxe dopumymnoit (22) mpu A = 0.
Jemast COOTBETCTBYIONIE 3aMEHBI TIEPEMEHHBIX B KayK/IOM CIaraeMoM crpasa B (22) mpu
A = 0, MOYXKHO TOJIYIUTH

o

- al/ e Bal) (&) da = /tpl(:v) @) da
0
rie p1(x) € Lo[0, 0] ecTh BIOJHE KOHKpETHAS (DYHKIINS, KOTOPas MOYXKET OBITH BBIICA-
ua. Ho BBUIY ee rpomosakocTu, dopmyna st ¢1(x) B JAHHON CTAThE HE TPUBOIUTCS.
B cayuae A(0) = 0 obosmaumy Yy = Yy U{e1}. Ecmm ke A(0) # 0, To canTaem
Yp = Y;.

Teopema 3. [Iycmwv cnpasedausv nepasencmea (3), evnoanaromes ycaosus (9) u (18),
a 6 coomnowenuar (10) 1 =1 < m. Toeda cucmema Y odnoxpammo noana 6 npocmpars-
cmee Ls[0,0], 0 > 1/7p,, 6 mom u moavko mom caysae, ecau ypaguenue ¢ 060ULeHHbLM

c06u20M
m

O'TaBaf =0 (23)

ﬂ’g@‘l
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umeem moavko mpusuasvroe pewenue 6 npocmpancmee Lol0, o). Ipu smom 6 (23)
Pynruyua f(x) cwumaemes npodosscennoti nyaem 3a ompesosx [0, o).

Teopema 4. [lycmwv cnpasedausv nepasencmea (3), evinoanaromea ycaosus (9) u (18),
a 6 coomnowenuar (10) 1 =1 < m. Ecau 1/1,, < 0 < 1, mo daa 00noxpammot noarnomao.

cucmemwvt Yo 6 npocmpancmee Lo[0, 0] docmamouno evinosnenus ycaosus

Em bl Eka ol < 1
(&) )
a— VTa j=1

2de wucaa ko € NU{0}, a = 2,m, makosw, wmo swnoanaomecs nepasencmea ko <
0Ty < ko + 1.

Pa6ora Bbimmosnena npu dunancosoit nogaepxke rpanra PODU (npoekr 03-01-
00169).
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Ckoroxo/jioB C. JI.

TOYKU BETBJIEH Y COBCTBEHHBIX 3HAUEHU
OIIEPATOPA OPPA - SOMMEP®EJIB/IA

Paspaboman mo6wili MemMod SbIuUCAEHUA COOCTNEEHHBLT 3HAYEHUT N, U COOCTNEEHHDLE
Pynryud onepamopa Oppa — Sommepgpervda. Memod ocnosan na npedcmasienuu pe-
WeHUA 8 8Uude KOMOUHAYUY Pa3aodicenuli 6 cmenennste padu, u ux cuueke. Ckopocms
CLOUMOCTNU PADOS UCCAEI0BANHA C NOMOULHIO MEOPUY PEKYPPERMHBLT Ypashenud. s
mevernus Kysmma 6 kanane wUCAeHHO UCCAed0BaHO NOGEJeHUe CNEKINPL NPU YEeAU-
wenuu wucaa Petinoavdca R. Ioxazano, wmo cobemeenmsie 3navenus Ay, (R) umerom
CUEMHOE MHONACECTNBO MOYEK BEMBAECHUL 6MOPO20 NOPAIKG HA MHUMOT OCU.

1. BBEJIEHUE

Omnepatop Oppa — 3omMepdenb/a BO3HUKAET MPU HUCCJIEJIOBAHUN TEUEHUs] BSI3KO
HeC’KIMaeMoil KUJKOCTH B IIocKoM KaHase |1| — [4]. O6o3navtas mpomoJbHYI0 KOOD-
qUHATY KaHaja 4depes © € (—oo, 00), momepednyio — depes y € [—1, 1], a Bpemsa —
gepe3 t > 0, manble Bo3mymienus (ynknun Toka V(z,y,t) OTHOCHTETHHO OCHOBHOTO
CTAIMOHAPHOTO TeYeHUs C TOPU30HTAIBHOI cKopocThio U = U (y) IpeacTaBisaioT B Buje
Gerymeit Bomabr W(z,y,t) = @(y) @M tre o > 0 — 3amaEHEOE BOIHOBOE UNCIO, 2
©(y) 1 A — UCKOMBIE aMILIATY/a U CKOPOCTh.

ITpu srom ypasuenust Hasbe — CTOKCa € yCAOBUSIMY MPUIWIIAHUS KUIKOCTH HA I'Pa-
HUIIAX KaHaja CBOASTCS K JuHeiHOMY ypasHenuio Oppa — 3omMepdenbia IeTBepTOro

nopsijka st byHkmn o(y):

1
ﬁ (gO(IV) - 204280”+04480) o (U* )\) (90” B CYZQD) +U"90 =0, (1.1)
10
C OJHOPOJHBIMH KPa€BBIMHU YCJIOBUAMN
p(-1)=¢'(-1)=0, (1) =¢'(1)=0. (1.2)

B1ech ¢ — MEEMasg enquHuIa, a R — gucao PeitHobaca; 1y NpakTUKU HanboJiee HHTe-
PECHBIMU SABJSIOTCS caydan 6osbimux R > 1.

Omneparop, cooTBeTcTByfONTHii ypaHenuto (1.1), aB/isgercs HeCaMOCOTPAZKEHHBIM 1 CO-
JIepKAIIIM MaJIbIil K03 durment (ozR)_1 IpH CTaplileil TpOU3BOSHOM.

CrekTpoM 3aJ1a4uu SBJISIETCS CYETHOE MHOYKECTBO KOMILIEKCHBIX COOCTBEHHBIX 3HAYE-
uwii (qasee - C3) Ay, KaXKIOMy A, COOTBETCTBYET (C TOUHOCTBIO [0 MHOMKHUTEN) COO-
CTBEHHAsT KOMILTEKCHO3HAYHAS DYHKIHS @y (Y).

Inybokue TeopeTuvecKre pe3yabTaThl 10 ACAMIITOTHIECKOMY TIpu R — 00 TIOBEIEHIIO
crexrpa 3aga4n (1.1), (1.2) nomyqensr B |5] — [§].

Hnga aucnennoro perrerns 3agaqan (1.1), (1.2) ucmosb3yoTcs HepaBHOMEpPHBIE Pas-
HOCTHBIE ceTKH |9|, pasimoxkenns no morowenam Uedsimesa [10|, MeTon pacuierrenus
oneparopa 3azgaqn [11], [12] n apyrue nmoaxomner [13]. Oarako, B cuty HecaMoCoNpsizKeH-
HOCTH OTIepaTOpa 3a4a9M 1 HAIUIHAs MaIoTo Ko3hdUImenTa, mpyu cTapiieil mpon3BoIHOM,
pazpaboTka 3PPEKTUBHOTO METO/Ia, PEIeHNsT W NCCASIOBAHNE CITEKTPA 3a0a4N TIPH THC-
sax R > 1 ocraercs mo-npekHeMy aKTyaJIbHOW 3ajiaqdeii.

2. METO/J PEINIEHUA

s ocroBHOrO cranmonapuoro redenus U(y) paccMaTpuBaioT TPU CJLydast.

I. Teuenue Kysrra U(y) = y, KOrjla CTEHKM KaHA/Ia JBUKYTCS B HPOTHBONOJIOZKHBIE
CTOPOHBI C OJIUHAKOBOI CKOPOCTHIO.

II. Teuenme ITyazeitna U(y) = 1 — y?, Korga cTeHKH TOKOATCA, a HA TOPIAX KaHAIA
UMEeTCs TepenaJi TaB/IeHusl, BHI3bIBAIONINN JBUKEHUE KUTKOCTH.

III. O6mee Teuenne Kysrra — Ilyazeitns co ckopoctsio U(y) = ay? + by + c.

IToctponm metor pemrerns 3agaan (1.1), (1.2) B obmem cayqae 11
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Jlerko ybGexmaemcsi, uTo jro6oe pemenne ¢ = p(a, R, \; y) ypasuenus (1.1) saBjs-
eTCsl peryaapHoit yHkumeit B 000 KOHEUHOM TouKe Yo € C, a 0coboit Oymer JUIIb
beckoHeYHOYIAMeHHAs TOUKa i = 00. Pemmenne ¢(y) 3azaqm (1.1), (1.2) Gymem uckars B
Busie passoxenuii o crenenam (1+y)* u (1 —y)¥, aT0 MO3BOMMT TOYHO yIOBIETBOPUTE
KpaeBbIM ycoBuaM (1.2).

2.1. Okpecraoctb Touku y = —1. Ilpencrasum perenne o(«, R, \; y) ypaBHeHus
(1.1) B okpecTHOCTM TpaHWYHOH TOYKM Yy = —1 B BHJeE, yYUTHIBAIOIIEM TIEPBBIE JIBA
Kpaepbix yciaopust (1.2):

pla, RN y) =Y di (y+ 1), (2.1)
k=0

¢ koapdunmenramu dp = di(a, R, \). Kak Gyzer nokazano janee, pasnoxenne (2.1)
CXoUTCs B JII0001 KOHEUHOI Touke Yy € C.

Huddepennupys psi (2.1) gersipe pasa, 3anuceiBas dynkuuio U(y) B Buje Tpexdie-
wa 1o cremensiv (y 4+ 1)¥ u mogcrapss stu paznoxenns: B ypasuenne (1.1), moaydaem
st K03 duiinenToB dy JMHEIHOE 0IHOPOJLHOE PEKYPPEHTHOE ypaBHEHUE MOpsaka 6:

—iac®R ia®R(2a — b)

@ = (k+2)k(k2—1) -6 + (k+2)k(k2 — 1) di—5 +
iaR|a(k —4)(k — _a2a+c_b_)\ —Oé4
" S (k +)2)k(k§ —1) ) dy—q + (2.2)
’LOKR(/{ — 2)(b — 2(1) ’iOéR(a +e—b— )\) + 2@2
(k+2)(k‘—|—1)k‘ k=3 T (k?+1)(k}+2) dk—Q, k> 2.

Buibupas pazimanbie 3nadenus dg u di u ucnonb3ys (2.2) (¢ yaerom di, = 0 ipu k < 0),
OyseMm mosiydaTh pas3indHble HAOOPHI KO3 uIimeHTon d.

Teneps mocTpouM [Ba JINHEHHO-HE3aBUCUMBIX perrerus ¢1(y) u @2(y) ypaBHeHUs
(1.1), ymoBierBopstrormux mnepBbiM AByM ycaosusam (1.2). Ucnonssyem (2.1), (2.2), a na-
qajibHble KO3 duimeHTs! dg u dy JIJisi peKypPCUU BbIOEpPEM JIByMs HE3aBUCUMBIMU CIIOCO-
Hamu: . . ) )

ai =1, 4" =0; aP=0,aP=1.
OrmernMm 371€Ch, 9TO yKa3aHHBIE JBa BBIOOpa KO3 UIMeHTOR dy U di COOTBETCTBYIOT
IBYM Pa3JndHbIM 3agadam Komm B Touke y = —1.

Hna ypasaenus (1.1) 3amumem o6muii BUI penenust, y0BAeTBOPSIONIErO JIUITh TeP-

BBIM JIBYM KpaeBbiM ycsioBusim (1.2):

o(y) = pre1(y) + p2w2(y), (2.3)

TIe P U po — TPOU3BOJIbHBIE TOCTOsTHHBIE. Jlasiee moKakeM, KaK B 3a/a49e Ha COOCTBEHHBIE
3HAYEHNA HAXOJAATCSH 9TU KOHCTAHTHI.

2.2. OkpecrHoctb Touku y = 1. Iloctpomm amamormuanoe (2.1) mpemacrasierne
perennst ypasuerust (1.1) co BropsiMu aBYMsI KpaeBbiMu ycaoBugmu (1.2):
o
<p(a, Ra >‘7 y) = Z €k (1 - y)k+2 ) (24)
k=0

rie e, = ex(a, R, \). Kak Gy/er nokasano jgasee, pasjioxenue (2.4) cxoaurcest [jist 10601
KOHeTHO# Toukm ¥y € C.

Mg koaddunuenTos ey mosydanM peKyppeHTHOe ypaBHeHue, anajorudnoe (2.2); ero
eIMHCTBEHHOE OTImame OT (2.2) COCTOMT B M3MEHEHWW 3HAKa TMepej mapamerpom b B
k03ddurmenTax ypaBHeHUS.

Awmamornuno npegpiaymemy nocrpomm s ypasuenus (1.1)  gBa  smHeiHO-
He3aBUCHMBIX pernenus ¢3(y) u ©4(y), yI0BIETBOPSIOMNX BTOPLIM IBYM ycaoBusiM (1.2).
st aTOro HavabHBIE KOIMDDUIMEHTHI eg U €1 JJisi PEKYPCUU BbIOEPEM IByMs HE3aBU-
CUMBIME CIIOCODAMMU:

e[()l):l, egl):(); 6(()2):0, 652):1.
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OrmeTum 3j1€Ch, YTO yKa3aHHbIE JiBa BbIOOpa KO3 MUIMEHTOB €9 U €] COOTBETCTBYIOT
IBYM PasJnIHBIM 3agadaMm Komm B Touke y = 1.

Hng ypasuerus (1.1) umeem obmmiuit Bu/| perienust, y10BAETBOPSIOIIETrO JIUIIb BTOPBIM
JBYM KpaeBbiM yciaosusm (1.2):

o(y) = p3ws(y) + pawa(y), (2.5)

rJe P3 U Pg — NPOU3BOJIbHBIE TTOCTOsiHHBIE. [Ipu perennn 3aja4un #Ha COOCTBEHHBIE 3HA-
YeHUd ITU KOHCTAHTHI Oy/1yT HAilI€HBI.

2.3. CmmBka pemennii. O6mue perrenus (2.3) u (2.5) He0OX0IUMO IVIAJIKO CIINTH
B HEKOTOPOIT TOYKE Yy, UTO TIO3BOJINT yJOBJIETBOPUTEH BCEM I'DAHWYHBIM yCaoBusim (1.2).
st aroro mocrarodno, 9robbl B TOUKe Y, coBnasm pemenus (2.3) u (2.5) n ux npowns-
BOJIHBIE JI0 3-T0 TIOPSI/IKA BKJIIOTHTEIHHO.

Banurem derwipe ypaBHenus: crmwBku fgas m = 0,1, 2, 3:

P1 soﬁm) (y«) + p2 wém) (y+) = p3 wém)(y*) + pa wim) (Ys) - (2.6)
Bsemem BeKTOp Z ¢ KOMIOHEHTAMU 2] = P1, 22 = P2, 23 = —P3, 24 = —P4 U IEPEIU-

meM cucreMy (2.6) B BEKTOpHOM BH/I€:

Az =0, (2.7)
riae marpuia A ecrb
e1(ye)  p2(ys)  walye)  palys)
. P1ye)  en(y)  Phys) i)
| Ay oY) es(ue) ey
o' (ys) 93 (g 5 (ye) el ()

J1s HaxoK IeHrsT HeTPUBUAIBHOTO PEIIeHHs CUCTeMBbI (2.7) HeoOX0AMMO BBITIOTHEHTE
YCJIOBUSL

det(A) = 0,

KOTOPO€ SKBUBAJEHTHO PABEHCTBY HYJIO BpoHCKHana Wr(y1, 2, 3, 045 Ys):

WT(SOIaSD2a<P37SO4; y*) =0. (28)

Ypasuenue (2.8) AB/ISLETCSI OCHOBHBIM [IJIsl HAXOXK/ICHUS UCKOMBIX COOCTBEHHBIX 3Ha-
geHuit A\,. OHO permajoch YUCIEHHO C MOMOIIBI0 WTEPAIMOHHOTO MeToma HbioToHa, a
HeoOxozmMasi mpu 3ToM nponssojaHas OWr/O\ Haxoxmiack siBHO ¢ momotbio andde-
peHnmpoBanus paziaoxkennit (2.1) u (2.4) no cnekrpasbHomy napamerpy A. ITpu stom
npounsBojHbie KoadduinerTor ddy /0N BEIMUCISLINCH U3 PEKYPPEHTHOIO yPAaBHEHWUsI, 110~
ayaaemoro quddepennupoBanemM cooTHomenus (2.2) mo \. AHajoruaHbIN M01X01 T103-
BOJISIET BBIYMCJINTH [IPOU3BOIHBIE Jey /0.

Ounpesenus coOCTBEHHOE 3HAYEHUE N,, HaiijgeM KO3(M@UIMEHTHI pp IpecTaBiie-
uit (2.3), (2.5) pemennsi ucxoxnoit 3agaum (1.1), (1.2). Cobersennyto dyHKIuO
on(a, R, \; y) onpegenum, nonoxus py = 1 B npeacrasaennn (2.5), a ocraababie Ko3h-
dbunmenTer p1, po, ps HaligeM u3 AIO0BIX TPEX ypaBHeHuil cucrembr (2.6).

3. ACUMIITOTUKA PEIIEHNN PEKYPPEHTHBLIX YPABHEHUII

PexyppenTHoe ypasuenune (2.2) nmeer mecToil mopsiOK U MOKeT ObITh MCCIEI0BAHO
¢ nomorpio Teopun [layrkape — Ileppona — Bupkroda anHelinbpix pPa3sHOCTHBIX ypaB-
Henuit [14]. Banumem acuMnToTHKy npm k — 00 €ro IMIECTH HE3ABUCHUMBIX DeIleHui

e >m=1,2,...,6; npu sTOM OOJjlee y00HOM JI/Id HAC ABJIAETCA aCUMITOTHKA OTHO-
o g(m)  5(m)
menuit d, 7 /d; .
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Ilorygaem, 9TO IepBbIe YeThIpE pPENIeHus UMEIOT OJIUH XapaKTep aCUMIITOTHKH, a I10-
cjaegHue J1Ba — ApPYTroii:

= + + ..., k—oo, m=1,23,4, (3.1)
am k

(m) (m) (m)
d D D

k- 7L 4 72 4 k— 0o, m=5,6. (3.2)
d(m) k k2

k—1

IIpusenem 3HauyeHust auib epBbix Kosddunuenro Cp u Di:
c™ = (iaRa)"*, D™ = +a, a#0. (3.3)

Yernipe BETBU KOpHS B paBeHCTBE (3.3) 3a/1al0T 9€ThIPE PA3INIHBIX DEMICHUS s

) )

m m m
C’{ -~ MOCJIEYIOUX KO DUITUEHTOB C,(L , & JIBa HE3ABUCUMBIX DEIIeHNs D§ u

rocsie Iy oIux K03 uineHTon ng) OTIPEJIEITIOTCS BHIOOPOM 3HAKA =

B cnyuae a = 0 ypaBuenue (2.2) uMeer mgThIil TOPSIOK, ACHMIITOTHKA €r0 TATH He3a-
BHUCHUMBIX PEIeHU uccieyercsa anajorudno. [logydaem, 4To moc/ieHue JBa perieHust
HE M3MEHSIIOT XapaKTepa acUMOTOTHKHU (3.2), a mepBble TPHU PEIIeHhs, B OTIUYUE OT

(3.1), umeroT HOBBIIT XapakTep:

d(m) Tk2/3 + kA3
k—1

+ .., k—oo, m=1,23, (3.4)

re
2
. 1/3 @
o™ = (iar)"?, oM = -2 . (3.5)
1
Koadduumenrsl ef numeror acumiroruyeckoe mnosejenue, anasorundnoe (3.1)-(3.5).
U3 nostyuennbix pesyibraroB nosegenus koadbdunuentos dy u ey pazioxkenuit (2.1) n
(2.4), cornacuo mpusHaky Jlamambepa CXOAUMOCTH PSIOB CJIEYET, UTO 3T PA3JIOKEHUST
CXOIATCA I J1I000# Komeunoit Touku y € C.

4. CIIEKTP 3AJAYN JIdd TEHEHNA KY9TTA

Paszpaboranublit MeTO/T TOKA3a/I 0YEHB BBICOKYO 3(DHEKTUBHOCTD BILIOTH JI0 3HAYEHU
R = 10° u Bbime. Beum MTePEBBIYUCTIEHBI ¢ TOYHOCTBIO 70 100 mecaTUYHBIX 3HAYAIAX
nudp U CpaBHEHBI Pe3yabTaThl /g Bcex C3, UMEIONUXCS B JUTEPATYpe. DTO MOKA3a-
JIO, YTO YaCTO TOYHOCTH IPUBEJEHHBIX JAHHBIX OKA3bIBAETCS BEChMAa HEBBICOKOM, a B
HEKOTOPBIX caydasx (cMm. [10]) maxe obmapyxken mpomyck C3.

Ocob60 meranbHO OBLT MCCIEIOBAH CIEKTP 3a7a4n Jjisd TedeHnd KysTrra ¢ mOTOKOM
U(y) = y. Jlerko nokasarb, 970 B 9TOM CJiydae CIEKTP 00JiaaeT CUMMETpUel OTHOCH-

TeJTPHO MHUMOU OCH: €C/II TOUKa Ao ABJIAETCA TOUKON CIEeKTpa, TO U A\] = —\( TaKkKe
€CTh TOYKa CIIeKTpPa.
Kaxk mokazano B [6] — [8] (cM. Takxke ccbuiku B 9TMX paborax), mpu OOJIBIUX UHC-

nax R Bech CIekTp A, PacrosioyKeH Ha HECKOJIbKUX BeTBsiX B mostyrosoce {A : Re(\) €
(—=1,1), Im(\) < 0}. [IBe BeTBHU PACIIOIOKEHBI CBEPXY M CHU3Y OT oTpe3ka L1, COenHs-
IOIEro JIB€ TOYKU KOMILJIEKCHOH IJIOCKOCTH A ¢ KOOpAuHATaMu A = —i/ V3u=1; na
9TUX BETBAX COACPZKUTCA KOHEIHOEC YMCJIO TOYEK CIIEKTPa. TpeTbH n JeTrBepTasd BETBU
PACIIOIOXKEHBI CBEPXY U CHU3Y OT OTpe3ka Lo, CUMMETPUYHOTO L1 OTHOCHUTEIBHO MHU-
MO# ocu. HOC.Heﬂ;HHH BE€TBb BKJIIOYa€T YUCTO MHUMBIE CO6CTBeHHbIe 3HAQYCHUA Ha JIy4de
{XA : Re(\) = 0, Im(\) < —1/v/3}, ux cuerHoe MHOKECTBO C NPEJEILHON TOUKOIL
A= —i00.

Ha Puc. 1 BbIYmc/IeH CHEKTp 3aa4u Jisi 3Hadennii napamerpos o = 1, R = 10%; na
MHKMOI ocu 3j1ech nokasanbl C3 ¢ Im()\) > —1, crJjIoIHOM JIHUEN OTMEYEeHbl OTPE3KU
L1 n Lo. Hag Touxkoii fz/\/g 3neck BUAHBI ABa Oam3kux C3 A = —0.545¢ um A\ =
—0.554%. 9Ty KapTUHY HA3BIBAIOT "CIEKTPAJIBHBIH TAJICTYK", JeTaIbHOMY UCCIEOBAHUIO
9TOro mopTpera mpu Gopimux uncaax Peiinonsaca R mocsamensr paborsr [6] — [8]. B
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Puc. 1. Cruexrp s cayuas o = 1, R = 10%.

gacTHOCTH, B |7], |8 BBIBEmEHBI acumnToTHIecKHE Tipu R — 00 (hOPMYJIBI J1/1s KOOD/MHAT
C3 Ha Bcex naTH BerTBgAX. I3 3TUX pE3yJbTATOB CJIEIyer, U4TO [EpBble YeThipe BETBH
CTPEMSTCS K CBOEMY IpeJIeJIbHOMY IOJIOXKEHUI0 — OTMeYeHHBIM oTpe3kaM L1 u Lo, a
PACCTOSIHIE [0 STHX OTPE3KOB mMeer acumuroruky ~ log(R)/v/R.

0 0.2 0.4 0.6 0.8 1

Puc. 2. Toumste C3 (0) m acHMOTOTHKH
(+), nomyuennsie B [7], [8]; mosymiaockocTh
Re(\) > 0, mapaverper a = 1, R = 10%.

Ha Puc. 2 gano cpaBHenmne B oKpecTHOCTH 0Tpe3ka L1 Tounbix C3 (ormeuenst "o") u
acmvmToTuk w3 [7], [8] (ormewens "+") ang a = 1, R = 10%. Buama BbicoKast TOTHOCTD
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pesynbraros [7], |8], mpudem mpu yBenmuenun uncia R 9Ta TOYHOCTH CTAHOBUTCS €IIE
BBIITIE.

OJIHAKO B OKPECTHOCTH TOYKH [IepecedeHns BeTBeil, TO ecThb TOUKH A = —i/v/3, dbop-
mysist u3 [ 7], [8] mepecraror paGorars u 37€Ch HEOOXOANM JeTaJIbHbINH YNCACHHBI aHAIN3
crekTpa. Kak Oymer moka3aHo jgajiee, MMEHHO 3/eCh TPU YBEJIUYIEeHUN InCia, R mpoucxo-
JUT TIepexo/ TOYEeK CIIeKTPa C HUXKHEN BETBU HA YeThIpe TEPBHIX BETBH. I[aﬂee mpuBeageM
Pe3yJIbTATHI PacdeTa CIeKTpa A,,n = 1,2, ... npu PUKCUPOBAHHOM 3HAYEHUU BOJHOBO-
ro unciaa « = 1 u ysenudennn yuciaa R > 0. 3uadenus \, OygeM paccMaTpuBaTh Kak
dbynknun aucna R, To ectb A\, = A (R).

IIpu manbix 3nagenusx R Bech CeKTp A, JIEKUT HA MHUMOW OTPUIATETHLHON OCH.

IIpuBemem mepeble 4 3HAUeHUsT A, g umcaa R = 1: A\ = —9.31481:, Xy =
—20.575961, A3 = —38.94677¢, Ay = —60.055231.
IIpu yBenmduenwn uumciaa R g0 Benumuwmnast R = 49 Bce 3Hadenus A\, HEIPEPHIBHO

npubIMKAIOTCS K Hadaly KoopjuHatr. lagum nepsolie 4 3navenus A, npu R = 49:
A1 = —0.28817i, Ay = —0.66644¢, A3 = —0.75028i, Ay = —1.18513.

IIpu panbueiimem ypesnvyenun duciaa R > 49 3uadenune A\ (R) ocranapiusaercs npu
R, = 49.0570, nocruras sequunnbl A1 (R,) = —0.2881657, a 3arem ypajasercs 0T Hada/1a
KOOD/IMHAT, MeJJIEHHO MPUOIMKAACH K 3HAUCHUIO Ao (R).

[Tapamrensro 3Tomy mportieccy npu uuciae R = Ry = 54.93702 3uauenue A3 Takxke
OCTaHABIMBAETCH, JgocTurasg BeaudawHbl A3(Rp) = —0.715297i, a 3arem ymajasercss or
HAYAJIa KOODAWHAT, MpUOmKasich K 3HaueHuio \y(R). [Ipu uncie R = Ry = 61.917759
suadenns A\3(R) n A\y(R) crankuBaorcst, 06pa3yst mepBoe JIBOIHOE COOCTBEHHOE 3HAUEHNE

A3(Ry) = Ay(Ry) = —0.799834979 i . (4.1)

[Ipu nanpmeitiem ypenuuenun R > Rp 1o asoitnoe C3 pacmagaercs Ha JBa MPOCTHIX,
JBUKYIIAXCS B KOMILIEKCHOHM IIJIOCKOCTH CUMMETPUYHO OTHOCHUTENIHHO MHUMOI OCH U
VAAJISIOMIXCS OT Hee. MOXKHO TOKa3aTh, 9TO /I 9uces R B OKpecTHOCTH TouKu R = R
aBa C3 A\3(R) u A4(R) mveror mosesenne

)\374(R)=)\*:|: Cv/R—R; —l—O(R—Rl), R — Ry, (4.2)

rae A, — suadenne u3 (4.1), a C > 0 — mekoropag koucranTa. OTCIONAa BHUIHO, YTO
dbyukmun A3(R) u Ag(R) umeror ipu R = R; TOYKY BETBJIEHHsI BTOPOTO TIOPSIIKA.

Ananormunoe nosenenne nmeer mapa Aj(R) u A\2(R) mpu gasnbHeiimeM yBeIutIeHnn
qncima R. Ilpn Ry = 65.520229065 3navenus A\i(R) m A2(R) craskusaioTcs, obpasyst
BTopoe nBoiinoe C3

A (R2) = Aa(Ry) = —0.3881609621 , (4.3)

KOTOPOE NpH JaabHelimeM yBenmmaennn R > Ry Takyke pacrnaJaercss Ha JBa MPOCTHIX,
CUMMETPUYIHBIX OTHOCUTEIbHO MHUMOI ocu. Touka R = Ry mpw 3TOM TakKKe SBJISIETCS
TOYKOIl BeTBJIeHUsI BTOPOro nopsijka s dbyaknuii Aj(R) u Az2(R).

Tpaextopun C3 A1(R), A\2(R) u A\3(R), \4(R) npwu yseqndennn unciaa R € [24, 10%]
nokazanbl Ha Puc. 3. Hus marnsgnocru jasuxkenne C3 BBEpX M BHU3 110 MHUMOI ocu
3J1eCh TIPEJICTABJIEHO B BUJE JABYX OJIM3KUX MapaJlle/bHbIX myTeit. Touka A cOOTBETCTBY-
er nepsomy gsoitnomy C3 (4.1), Touka B — Bropomy asoitnomy C3 (4.3). Ilyukrupom
nokasanbl orpe3ku L1 u Lo. Ha Puc. 3 Bugno, kak ¢ yesnuennem R 3navenns A\i(R) un
A2(R) upubimKaroTcs K 9TUM OTPe3KaM cBepxy, a 3HadeHus A3z(R) n Ag(R) — cuusy.

Mocnepytomme C3 A\, (R) ¢ nomepamu n > 4 npu yseauuenun R BegyT cebs Gosee
CJIOKHBIM 00PA30M M MX HA/0 PACCMATPUBATH YETBEPKAMU.

Buauenue \5(R) Beger cebs anasornuno nosegenuto A1 (R) — caavana oHo npubimxka-
eTcd K HadgaJy KOOPAWHAT 10 MHUMO# och, 3aTeM ocTaHaBauBaercd npu R, = 224.300,
MIOTOM YAJISeTCA OT Hadaaa KoopauHatT. [aapHeRIIyo ero IMHaAMIUKY OTMIIeM TT033Ke.

Crenyromee Ba 3uadenns Ag(R) m A7(R) BHauase BexyT cebs aHAJIOTMYIHO IOBe-
nernio A (R) u A\a(R) — 3nauenne \g(R) mpnbamrkaercss K HaYagy KOODIMHAT, 3aTeM
OCTAHABJIMBAETCA, TIOTOM JBUKeTCsl HAaBCTpedy A7(R) m obpasyer Tperbe nBoitHoe C3
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Puc. 3. Tpaekropuun C3 Ai(R), A\a(R) wu
A3(R), A(R) npu ysemmuennn unciaa R €
[24, 104].

upu R = R3 = 205.77778:
A6(R3) = A\7(R3) = —0.665270088 7 . (4.4)

[Ipu ancne R > R3 310 npoitnoe C3 pacmamaerca Ha mBa npocTbix C3, IBUKYIIXCS
CUMMETPUYHO B KOMILJIEKCHON IIJIOCKOCTH, CHadYaja yIaadsaCch OT MHUMOI OCH Ha pac-
crosinue topsinika 0.01, a 3aTem mpubsmkasich kK meil. [lpu R = Ry = 214.4033833 st
nBa mpocThix C3 ONATh CTAJIKUBAIOTCS HA MHUMON OCH U OMATH 00Pa3yIOT CJAEIYIOIIEE,
4qerBepToe, JBoitHoe C3:

Xo(Ra) = Ar(Ry4) = —0.647397672 . (4.5)

Ha Puc. 4 nokasanbl tpaekropuu 3nauenuii A\g(R) u A7(R) npu ysenuuenun R €
[172, 230]. Touka A 37ech coorBercTByer asoitoMmy C3 (4.4), rouka B — apoiinomy C3
(4.5).

IIpu manpueiimem yBenuuenun aucaa R > Ry 310 ueTBepToe aBoitnoe C3 pacnagaercs
Ha jaBa mpocthix C3, JBUKYIIUXCS B Pa3Hble CTOPOHBI MO MHUMOI ocu. asee ozmo
u3 stux C3, ABMXKYIMUXCA OT Hadaja KoopawHaT, mpu ducie R = Ry = 233.273196
crajkuBaercs co 3uadenneM Ag(R) u obpasyer maroe nsoitnoe C3:

As(Rs) = Ag.7)(Rs) = —0.7057495921 . (4.6)

31ech HEODXOAMMO OTMETUTh, 4TO [OoCae pacuasa ABoiinoro C3 Ha JiBa IPOCTHIX, Mbl HE
MOYKET OJHO3HAYHO TPHUIHICATH HOMED Kaxkgomy npocromy C3 — HE0OX0InMO HEKOTOPOE
npaBmio ux wymepanuu. I[losromy B (4.6) y Broporo C3 ucnonnsosan unuexc (6, 7),
LOKa3bIBAIOLIN{T, YTO TOJILKO OJHO U3 MCXOJHbIX 3HadeHuii Ag(R) u A7(R) yvacrsyer B
obpazosanuu apoiinoro C3 (4.6).

ITpu panbHeitmem yBeauuennun uncia R > Ry apoiinoe C3 (4.6) pacnajaercs na asa
MPOCTHIX 3HAUEHUS, ABUKYIUXCA CHUMMETPUYIHO B KOMILIEKCHOW TIJIOCKOCTH ¥ TPUOJIN-
JKAOIINXCST K TTPeesIbHBIM oTpeskaMm L1 u Lo candy. Tpaekropun 3tux C3 aHAIOTHIHBI
mmxanM "ycam" wa Puc. 3.

OTHOBPEMEHHO C OTMCAHHBIM TIOCETHIM TTPOIECCOM, IPU yBeaudeHun ducia R > Ry,
Kak OBLIO CKa3aHO pamee, derBeproe apoitnoe C3 (4.5) pacmagaercs Ha JIBa MPOCTHIX
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Puc. 4. Tpaexkropun C3 A¢(R) u A\7(R) upu
yBesmuenun uuciaa R € [172, 230].

qrCTO MHUMBIX 3Hadenns. Oauo m3 stux C3 >\(6, 7) ABUZKETCs K Hava/Iy KOODJMHAT U
npu aucie R = Rg = 253.42383 crankuBaercs co 3uadenuneM As;(R), obpasys miectoe
npoitnoe C3:

Xs(Rs) = Ag,7)(Rs) = —0.4582366351 . (4.7)

IMpu nanbueimem yBemmuennn uncia R > Rg apoiinoe C3 (4.7) pacnagaercs na asa
OPOCTBHIX 3HAYEHUA, NBUKYIIUXCA CUMMETPUYIHO B KOMILJIEKCHOI IIJIOCKOCTU 1 HpI/I6.HI/I—
JKAIOIINXCST K TIpeieibHbIM orpe3kaM L1, Lo ceepxy. Tpaekropun srnx C3 aHAIOTUIHBI
BepxunM "ycam" ma Puc. 3.

Ha sTom 3akamumpaerca onucamme tpaexktopmii dersepkm C3 ¢ momepamm n =
5,6,7,8; upu 9TOM sicHa B3auMOCBsA3b 31oro "ksaprera' C3.

IIpu paspHeitem yBeandernun ancia R Bce nocaemyronme C3 Begyr cebst aHATIOrAY-
HO 9r10it uerBepke. Cravana aBa C3 Agmi2(R) 1 Agmys(R) craskupaiorcst Ha MHUMOT
ocu, 0bpasys HOoBOe jaBoitHoe C3, 3aTeM OHO pachajaercs Ha JjBa nupocreix C3, jBu-
Kymunuxcsa CUMMETPpUYHO B KOMILJIEKCHOM I1JIOCKOCTH 110 AyraM, aHaJIOT'MYIHbIM Ha PI/IC.
4. Hanee stu C3 0onsTh CTAJKUBAIOTCS HA MHUMOI 0CH, 00pasysi CJeyIoliee JBOHOe
C3, xoTopoe 3aTeM pacmajgaercs Ha aBa NpocTbix uncrto MHMBIX C3. lanee omHo u3
stux C3 cramkuBaercss ¢ C3  A\gp44(R), obpasyer ciemyiomee nBoiinoe C3, KoTOpoe
3aTeM pacrajgaerTcs Ha JBA MPOCTHIX CUMMeTpudHbIX C3, ABMKYIINXCA B MJIOCKOCTH T
npubamKaromuxca npu R — 0o K mpejiebHbIM oTpe3kaMm L1 u Lo CHUZY.

Hamee Bropoe C3 u3 mapbl ¢ Homepamu 4m + 2 u  4m + 3 crankuBaerca ¢ C3
Adm+1(R), obpasyst HoBoe jBoitHOe C3; 3aTeM OHO PACIa AeTCs HA JBa CHMMETPUIHBIX
npocteix C3, mpubsuxkatomuxcst npu R — 0o K mpegeabHbiM oTpe3kam L1 u Lo

CBEPXY.
O1invave B OBEJIEHUN KAXKJIOH CJIe/IyIOIIEil YeTBEPKU COCTOUT B TOM, YTO HOBBIE JIBOIi-
upie C3 pacrosoxKensl Bce G/IMKe K HpeelbHoil Touke \, = —i//3, a TpaekTopun

Mexxay aBymsa asoitabiMu C3, amajormunble Ha Puc. 4, Bce cuabHee MPMKUMAIOTCSI K
MHHMOI OCH.
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Ilomobrnas kapTuHa obpazoBanus u paciaia Asoitaex C3 uMeeT MecTo Ipu n3MeHEHuN
BOJIHOBOI'O YUC/IA (.

IIpoBeienubIil YUCTEHHBIN aHAIN3 TO3BOJSET CIEIATH BBIBOJ, UTO MpU (PUKCUPOBAH-
HoM o > 0 C3 3amaunm (1.1), (1.2) maa reuenns Kysrra, paccmarpuBaemblie Kak (hyHK-
mnm gncaa Peftnonpaca R, nvmeror mpu R > (0 cueTHOe MHOYKECTBO TOUYEK BETBJIEHUS
BTOpOro mopsifika Ry, B okpecTHOCTH KOTOPHIX JBa C3 BeayT cebs anamorudauo (4.2).

OrmeTnM TakKe, 9TO ¢ HeOOXOAMMOCTHIO BBIYUCIEHNST aHATOTUIHBIX TOYEK BETBJICHUS
COOCTBEHHBIX 3HAYEHNUTT BOJHOBOIO ChepOnajibHON0 yPABHEHNsI Mbl CTOJIKHYJIUCH B [15].

Pa6ora Bbmmosinena npu dunancooit moggepxke PODU (koxpr mpoekToB 04-01-
00723, 04-01-00773) u mpu momgepxkke [Iporpammer N© 3 dyHIaMEHTATBHBIX HCCITE-
nmosanuii OMH PAH.
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OBPATHAA 3ATAYA HHITYPM-JINYBNJIJIA

[Mpamag 3amaga [rypm-Jluysusns (LI-J1)

Y —q(z)y = =My,
y(0) = y(m) = 0 M

xoporro u3zydena. ng naxoxenns cobcrBenubix Gyukmuit (C@ ) u cOOCTBEHHBIX 3HA-
gennii (C3) UMEIOTCS CTAaHIAPTHBIE TPOTPAMMBI.

Ob6parnag 3aj@4a COCTOUT B OIPEJe/IEHUN MOTEHINA/IA 110 KOHEYHOMY Habopy cob-
CTBEHHBIX 3HAYEHWIl, M3BECTHBIX C OMHUOKOM. II3BecTHO [l|, 9TO /1 HAXOXK/EHUS MO-
TEHIINAJIa HAJI0 UMETH JBA CIEKTPa, COOTBETCTBYIONINX JIBYM Pa3IUIHBIM TIapaM Kpae-
BBIX ycyioBuii. OHAKO, €C/IM MOTEHINA CUMMETPUIEH OTHOCUTEIBHO CEPEIUHBI OTPes-
ka [0, 7], To obparHas 3ajau4a ¢ KpaeBbIMH yCIOBUsIMU JIMpHUXJjie MMeer euHCTBEeHHOe
pemenne. $ICHO, 9TO 3alTyMJIEHHOMY CIEKTPY COOTBETCTBYET DECKOHEIHOE UMCIIO TIOTEH-
IUAJIOB, C 9€M W CBA3aHA HEKOPPEKTHOCTH 3a1a4W.

B macrostimeit crathbe mpeamoiaraeTcss pu TMTOCTPOEHUN aJrOPUTMa, PEIeHnsT 00paT-
Hoii 3ajaun (I11-JI) npumennrs meros peryasipusanuu A. H. Tuxonosa [2]. O630p pabor,
COJIEPKAINNX PEKOHCTPYUPOBAHUE MOTEHIINAJIA TPU HEKOTOPBIX JTOMOJHATEIBHBIX MTPE/I-
HOJIOKEHUsIX, COjepKuTcs B [3].

[Tperaraemblii METO/I OMUPAETCsT HA BBEJEHUE BCIOMOTATENIbHOrO moTeHtmana ()

B 3aJ1a1e
1

v = Q(l‘)v = —Hv, (2)
v(0) =v(m) =0.
Yumoxas (1) va v(z) n (2) #a y(r), a 3areM BbHUATAA OJHO U3 APYTOTO, HOJYIHM
HHTErpajbHOe TOXK/IECTBO:
™

[ @) - Q@) + A~ weydz =0, 3)

0
Bo3Bosig B KBaJpaT U CyMMUDPYs TOXKACTBA (3) Jist KAXKOTO i, TIOJIYIUM:

p 2

o = Z /(q(ac) —Q(x) + X — pi)viyide | =0. (4)

=1 0

Ecsin uzBectrbr N cobCcTBeHHBIX 3HAYEHUT, & § — NPOOHBINM TOTEHIMAJT WK IPUOJINZKEHNEe
K uckomomy noreanuany ¢(z), To ® B 0 ne obpaiaercs.
[TpunnMas BO BHUMaHUE ACUMIOTOTHKY COOCTBEHHBIX 3HAYEHUi TOTeHImMAIa ¢ ()

™

A=+ (1/77)/61(96) dr +ai(q)  {ai(g)}is, € P,
0
TTOJTY IUM

s s 2

/ i(@) - Q(x) + 1/r /<q—cz>dm+ai<q> vdide | < oo,

1 \o 0

o0

(]

rie ¢; — CDO npobHOTO moTeHInaNA .
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O6parnas 3amaqa [I-JI (1) dopmynupyercsa Kak 3a1ada MUHAIMUAZAINAN: afiTH CyMMI-
pyeMmblii moteHnman §(z) € L2[0, 7| TaKoil, 9To cryaxkuparouwmit OyHKINOHAI

2
2@=Y | [ (@) - Q@)+ X - ) @iz da | +aRli@] @
=1\
JIOCTUTAET TJI00AJTBHOT0 MUHUMYMA, €CJIN Aj, (i, (), Ui, §; N3BECTHBHI.

Bameuanue 5. Pyukunonan $(§) Moxker numerh JOKaAbHbIE MUHUMYMbI 1pu o = 0.

DTO yTBep:K/IEHUE CJIe/IlyeT U3 allpUOPHOiT HH(OPMAIINY 0 HEeTMHCTBEHHOCTH PEIeHU it
HEKOpPpEeKTHOi# obpatnoit 3aaqu [1-J1 nis konewroro nabopa C3.

Bameuganmne 6. [lorenmman (QQ(x) crexyer BuOMparh Tak, arober C3 {,ui}f\il ObLIN B
masioit okpecrnocru C3 {)\Z}fi 1~ Torga smagenne ®(§) Oymer npubIMAKaTBCS K HYJIO.
Taxum 06pa3oM, Cpejin BCeX BO3MOXKHBIX NOTeHIMa 08 Q(x) Ha10 BEIOpATh TOT, KOTOPbIH
LUPUBOJUT K HAMMEHbIeMY 3HadeHuio .

Beesenne crabunmsaropa Q[z], cormacio A.H. TuXOHOBY, OPUBOJUT K €JIUHCTBEH-
HOCTH pellleHus BapuUalMoHHOM 3aja4yu. B jgannoit 3ajade OblL1 BhIOpAH CTAOUIU3ATOP

s
Qz] = [ ¢*(x)dz, « = 1075 + 107", Tlapamerp o NOABGUPAJICH B JMATIABOHE OXKUIACMOT
0

CpeIHeKBaIpATUTIHOM morpernHocTr perienns. Ecan zadbopa C3 HEIOCTATOUHO /TSI BOC-
CTAHOBJIEHUS TTOTEHITNAJIA, HEOOXOAMMO OBLIO YBETMUYNBATH 3HAUEHNE TIAPAMETPA PETYJIs-
PU3AIIE (v, THAYE UTEPAIUH TEPECTABAJN CXOINThCs. Ho TOTIa nCKayKaeTcs 0KUIaeMOe
pellienre u "TOYHBIN TOTeHIUAT’ 3aMEHSIeTCsS PeaJbHO JTOCTUYKUMBIM.

Paccmorpum Baxubiii Bompoc o Berauciaennn C®. B pabore [4] 3amaua na C3 permra-
71ack B (pa30BBIX MepeMeHHbIX: p(2) 1 () MOJINHAINCH COOTHOIIEHUSAM

y(z) p(z) sinp(z), ©)
y'(z) = p(x)cosp(xr) =0, p(x)>0.

Ioncrasnss (6) B (1), moaydnm aBe 331a49u it (A30BLIX [epeMEHHbIX:

¢'(x) = cos®p(x) + (X — q(x))sin® (),

e0) = 0, om=mi, i=12,..; (7
p(x) = p(z)(1+q(x) = A)sinp(z)cos p(z),

p(0) = C.

C TOYHOCTBHIO 0 HOPMUPOBOUHOTO MHOKHTeN s C'. Tak Kax {)\l}f\; | U3BeCTHBI, ¢(z) mpes-
craBJisieTcst pub.IKaroeil pyHuknuei (MHTEPIOAIHTOM) ¢, yeaosue ¢(m) = 7i, i =
1,2,... 3amaun (7) MOXKeT He BBITIOJHATHCA U332 HEOPTOTOHAJBLHOCTH BBIUUC/ISIEMBIX
C®. OnmHako BO3MOXKHO JIOTOJHATEJHHO CKOPPEKTUPOBATH KO(D(DUIUEHTH WHTEPIIO-
JITHTA, pelas 3a7ad9y MUHUMHU3AIUE (HyHKIIHOHAIA

2

N Tt
W@ =Y / gy da | . (8)
ij=1 \0
i#]

Pacuersr mokazaam GBICTPYIO CXOAMMOCTH METOA BOCCTAHOBJIEHUST MOTEHIINAA, HE TTPU-
Gerast K MurnMu3anun Gyrkunonana (8). Snauenne W (q) ncnonn30Ban0Ch J1jisi KOHTPO-
Jist oproroHasbHoCTH pubanKkeHHbix CO.

TTomarosasi cxema agropuT™Ma COCTOUT B CJIELYIOIIEM:

(1) Tomoxmm mpobuerit morermman ¢° = 0 (ecanm meT ampHOpHOH MHMOPMAIHE O
byHKIMOHATBHON 3aBUCUMOCTH HCKOMOTO TIOTEHIIAAIA).

(2) Boraumcasem CO 3?(¢°) mo dbopmynam (7), ncnomszys mabop C3 {)\Z}f\i ;- Kon-
crauty C BbibupaeMm u3 ycjioBuit HopMupoBku |ly;|| =1, i=1...N.
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(3) IlpescTaBuM HOTEHIHAT ¢! HHTEPIOMATHORHEIM OJTMHOMOM IIH PAIHOHATLHOM
UHTEpIoJIsNueil ¢ Heum3BecTHbIME KO3 durmertamu. MunuMusupyeM (yHKITHO-
man @ (¢*) (5). Homysaem k03¢DHUIUEHTD! IOTHHOMOB B §'.

(4) Bosepamaemcs Ha tan 2. Berancasiem y; (G').

(5) Hposepsiem opTtoronamsaocts CO ! (cjl) no dopmyne (8). Murumusupyem
%% ((jl) (8) m moyuaem mojIIpaBaeHABIE KO3DMUIIEHTE B § .

(6) Munumusupyem dynknmonan ((jl) ¥ TIOJTy 9aeM HOBbBIE 3HAYeHUs KOdpduimen-
toB mHTepHossinun. OBO3HAYNM NCIPABIEHHBI moTeHnHax § 2. Bo3sparmaemcst
Ha 9Tall 2u TaK JdaJiee, IIOKa KOS(b(bI/H_[I/IeHTbI MHTEPHOJIAINNOHHBIX ITOJIMHOMOB HE
Oy/lyT MEHATHCs B IPEeIax 33 [aHHOM OTPEITHOCTH.

BoccraHoB/ieHrEe OCHUJLJINPYIOIEro MOTEHIINAIA

B obparubix huzmyueckux 3aadax co CJIOUCTON Cpe1oit BOBHUKAET TPy IHAs Tpob/iema,
PEKOHCTPYKIMKU OhICTPOOCHUIMPYIOMIEr0 MOTEHIHAa . PacCMOTPUM MOJIEIbHBIH TpH-
mep norernuasna ¢(x) = cos(4z). C3 BbIYUCISIIOTC U3 TPAHCIEH/IEHTHOTO ajredpanye-
ckoro ypasaenusi jiass CO Marbe

MathieuC[A\/4, 1/8, 0] MathieuS[\/4, 1/8, 2x] —
MathieuS[A\/4, 1/8, 0] MathieuC[\/4, 1/8, 2x] = 0.

[Ipeamosnokum, 910 Hepsble JieBaTh npudmkenubix C3 morennmana ¢(x) = cos(4z)
W3BECTHBI C TOUHOCTHIO 1075

A = 095849, A, = 3.49231, A3 = 9.02484,
A = 1599848, Xs = 25.006, X¢ = 36.0038,
A7 = 49.0028, As = 64.0021, Xy = 81.0016.

s mpo6HOTO TOTEHIMAIA ¢ UCIOIB3YEM PA3/IoKeHUe B KOHEUHbIH psif Pypbe ¢ Hen3-
BECTHBIME KO3 duimenramm

7
g=ap+ Z a; cos(ix) + b; sin(ix).
i=1

Bribepem nagasibnoe nmpubsimKkenve
¢"=0, Q=0, p=:* i=12...,

onpegemnMm neBarb CP mo dopmynam (7), pemunm gajiee 3aJady MUHUMHABAAN 17
dbyuknmonasa (5) u maiizem Ko3hhOUITHEHTEL a; U b; COTIACHO MIPUBEIEHHOMY BBIIIIE O~
sranHoMy onmcanuio. Ha 4—it nrepannn KBaJpaTuIHAT HEBI3KA

™

0= / ((14 - cos(llnr:))2 dx

0

cocTaBJisia MCKOMYIO TOYHOCTH 107°.

Jnst moHmManusi posin TUXOHOBCKOro crabusmsaropa 2 [¢(z)] Obliu npoBejeHbl pac-
gersl npu o = 0. IIpousomtes B3psiB norpemmsocru § 10 3uadennit 102, Tosbko Ha 30t
ATEPALMH TTOTEHITNAJ OBLI TTOXO0XK HA, UCKOMBIH, IIPX TOM CTAOUIBHOIO IpaduKa J00UThH-
Csl HE YJAJI0Ch, a HEBA3Ka § OCHMJLINPOBAJIA OT 3HAYEHUN 1073 go 101,

Takum 0Opazom, siCHa pOJIb CTAOMIN3ATOPa JIT UTEPAIMOHHOTO aJrOPUTMa, HEKOP-
pekTHO# 3aaun. [eiicrBurensno, ypasaenue (3) oTHOCMTENILHO nOTeHIMaRa ¢(T) BO3-
MOXKHO MHTEPIPETUPOBATHL KaK PellleHre MHTEerpaabHOr0 YPaBHEHUs IIEPBOr0 Poja, II0-
9TOMY HeKOppeKTHast obparnHas 3amada III-JI Moxker OBITH pelreHa ¢ IPUMEHEHIEM pe-
CYJIAPU3YIONMX AJITOPUTMOB, OJWH W3 BapHAHTOB KOTOPBIX IPEIIOXKEH B HACTOAIIEH
cratbe. Ilpumenenne B manHoi 3a7ade pssaoB Pypbe ompaBaaHO, TaK KAK TPUTOHOMET-
pudeckre (DYHKIINE COXPAHSIOT CBOIO OPTONOHAJILHOCTD HA JAUCKPETHOM MHOXKECTBE.
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XoBAHCKum J1.C.

O HE®PEJTI'OJIbLMOBOCTHU OJHOI
HEJIOKAJIbHOM 3AJTAUN

danrunmuneckue 3a0a4u ¢ HEAOKAALHBMU KPALEGHLMU YCAOBUAMU PACCMAMPUBAAUCD

MHOZUMYU MAMEMAMUKAMYU U UMEIOM NPUAOHCEHUA K MEOPUL NAG3MbL, MEOPUU MHO-
20MEPHBLEL QUPPY3UOHHBLT NPOULCCO8, CIMOTLACTMUYECKOT MEOPUU YNPAEACHUS U M. 0.
(em. 6ubauozpaduro 6 [6]) B pabomaz [3], [4] bwau paccmompenns sarunmuveckue
cucmembv, 68 004acmu ¢ 2A60K00 2PAHULET U KPALEHIMU YCAOBUAMU, CEA3BLEAIOULUMU
BHAYEHUE PYHKUUY U €€ NPOUSBOOHBIL HG 2PAHUYE 0DAACTU CO SHAYEHUAMY HA HEKO-
Mopom 24a0K0M MH02006pasuy 6e3 Kpas, Aedcaulem cmpo2o enympu obaacmu. Bouia
doxasana Ppedz0abmo60cmod daHHOT 360a4U 68 NPEINONOHCEHUYU HEKOMOPBLL YCAOBUT
COAACOBAHUA HEAOKANLHBLL U NOKANBHOIL KPaAesvr ycaosudl. Jlanmnvie pesysvmamot
bviau 06obwenss 6 pabomaz [5], [6], 2de maxowce Gvia nocmpoen npasvil pezysapusa-
mop u Jdoka3aHa PpedzosbMOB0CTD HEAOKAALHOT 3a0a4U, HO J0KA3AMEALCMEO0 OVIA0
nPo6edeHO OAA NPOUSBONLHOLL AUHETHOLET HEAOKAALHOLL ONEPAMOPos U Obla0 0CHOBa-
HO MOABKO HA 02DAHUMEHHOCTNU STUL ONEPAMOPO8 8 COOMEEMCMEYIOULUT NPOCTNPAH-
CMBAT U HA OMOICAUMOCTIU HOCUMENA HEHAOKANDHBLL YACHOE O 2PAHULDL.

B nacmoawetli pabome paccmampusaemes sAMUNMULECKOE YPASHEHUE 6MOPO20 NO-
PAOKG C AHANOZUMHBIM HEAOKAALHBIM KPALEHIM Ycaosuem. IIpednosazaemes, wmo ycao-
6UE 0ZPAHUYEHHOCTIU COOMBEMCMBYINULE20 HEAOKAALHOZ0 ONEPATNOPE HAPYywaemcs. B
2MOM CAYUaGe, NPU OONOAHUMEALHLL 02DAHUNEHUAL HA onepamop 3adayuu, J0Ka3aHO,
YMO ANPUOPHAA OUEHKA OAA MAKOT 300a4U HEGEPHA.

1. OCHOBHBIE OIIPEJIEJIEHWS

IIycrs @ € R™ (n > 1) — orkpsitas obsacts. Beegem npocrpancrsa Cobosea—
Crobozenikoro WF(Q), k > 0. Tnsa nesnoro k WE(Q) onpeessiercst kax 1mpocTpancTio
dbynkuuit, nmeomumx Bee 00001IEeHABIE TPOU3BOIHBIE BILIOTH J10 k-0r0 nopsiaka u3 Lo (2)
C HOpMOI1

1/2

g = S [ 1D"uw)Pda

Jist gpoGroro k > 0 WF(Q) oupenensiercs kax npocTpancTso byHKimii u3 WQW (Q),
MMEIOIInX KOHeLIHyIO HOpMy

1/2
_ 2 |Du(x) — Du(y)|?
gy = § g+ 3 [ [P ey
lal=[k] o
riae p =k — [k], || — uenas gacreb uncia, 0 < g < 1 u o« — MyJIBTUMHIEKC.

HaM TaK>Ke HOTpe6yIOTCSI 9KBUBAJIEHTHBIC HOPMBI JIJIdd CJ'[yLIaQB BCETO TIPOCTPaHCTBa 1
TOJTy TPOCTPAHCTBA, 3aMUCaHHble depe3 npeobpazopanre Oypre. YcioBuMcs B maabHed-
mem obo3HauaTh uepe3 4 = F(u) npeobpaszopanne Pypre dyHKIMN U.

B ciyuae, korma €2 coemagaer co BceM mpocTpaHCTBOM R™ HOpMY B MPOCTPAHCTBE
CoboiieBa—C10601€1KOT0 JJIst IPOMU3BOJILHOrO k € R MOXKHO 3anucaTh a 9KBUBAJIEHTHO
dopwme:

ulliyp ey = 1L+ 1122l 1y gny

e @ — npeobpasoBanue Oypbe DyHKINT U, 3aBHUCAIIEe OT TIepeMeHHbIX & = (£1,...,&p).
Ecmu xe Q mpencrasiser u3 cebs moaympocrpanctso: 2 = R x R, To HopMy B
npocrpamcTee CoboseBa—C10604eIKOro Ajs Me0r0 MOJI0KATEILHOT0 k MOYKHO BBECTH
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SKBHBAJICHTHBIM o6pa30M:

1/2

HUHW§(Q) = / <||uH‘2/V2k(R:/1) + Haku/axﬁuiz(R:/l)> d.’L‘n ’
0

snech ¢ = (11,...,%,) = (2, 2,).

IIycts @Q C R? — orpanmuennas obsacts ¢ rpanuneit I € C*. Torga cymiecrByer
nokpeitue I' orkpeirbivu obmactsvu O(x?) (28 € O(2Y) NT, i = 1,...,v) takumu, 910
B Kasxk10it obsactu O(z') onpeeneno 6eckoneuno auddepenupyemoe npeodpasoBaHme
koopaunar y = C;(z), B pesysrare kKoroporo O(x!) NI craHOBATCS OTPE3KOM HMPAMO
¢ ypasuenumeM Yo = 0, a Touxa ' mepexoamrT B Hauano xoopaumuar. lycrs {o;(x)};
x € T, pazbuenne euHAIBI B OKPECTHOCTH [, T.€. DYHKINN YIOBIETBOPSIOIIHIE YCIOBHAM

v
SNa; =1, o € C°(R?), supp a; € O(z'). Uepes WE() 0603HAUMM KOMILTEKCHOE
i=1
npoctparctBo CoboseBa—Crobomerkoro dyuknuit u € Lo(I') Takux, 9T0 B JOKATBHBIX
koopaunaTax y' Mbl mveem C;(azu) € WE(R) (i = 1,...,v). Hopma B WE(T') BBOIMTCA
o opmyiie

1/2

v
lullwgy = § D laiullfy
Wy (T) W (R) '
=1
rJle HOPMBbI ”OéiuHWéq (R) BBIMHMCIISIIOTCS B KOODAMHATAX Y.
B ganbreiiniem Ham morpebyercs eIne OJHO onpejesierne. 3aMKHYThIA ormeparop 1 :

Ly(Q) — Lo(Q) nazwiBaercs dpearoapyosbiM, ecan R(T) samkuyro n dimN(T) =
dimR(T)* < oo, rue N(T) u R(T) — coorsercrsenno sapo n obpas oreparopa 1.

2. IIOCTAHOBKA 3AJTAYU

Paccmorpum ypaBHeHME
Au=fo(z)  (r€Q) (1)

C KPa€BbIM yCJIOBUEM
Bu = u|r + Biju = fi(x) (xel). (2)

31ech

(Au)(z) = Az, D)u(z) Z ao(z)D%u(x)

|a|=2

— nudpdepernuabHbIii OnepaTop ¢ KOMILIEKCHBIME Koddbdurmentamu a, € C(Q); D =
D' D5?; D; = %a%j, Jj=1,2; a = (a1, a2), |a| = a1 + ag; folx) € La(Q). Paccmorpum
TAKZKe XapaKTePUCTUYEeCKUI MHOTIOYJICH

A@,0) = 3 aal@)ce,

=2

rre ¢ = (G1, G), € = (G5

B nanbueiimiem, Oy1em mpesnoarath, 4To onepaTop A yI0BIeTBOPSeT yCIOBUIO Mpa-
BWJIHHOM SJUTUNITHIHOCTH: TIPU = € () JJIsT TIOOBIX JIBYX OPTOTOHAJIBHBIX BEKTOPOB U % 0 1
1 # 0 ypaBrenue oraocuteabHo T A(z, n+7r) = 0 nMeeT 0OUH KOPEHb B BEPXHEil U OUH
KOPeHb B HUKHEN MOJTYII0CKOCTIX. TakxKe, 09eBUIHO, UTO MEPBOE CIaraeMoe KPaeBBIX
YCJIOBHIA (B3sITHE C/Ie/Ia U|r HA TPAHUIE 00/IACTH) YOBIETBOPSET YCIOBUIO JOTIOTHUTE b
HocTu JlomaTwHCKOro (B JasibHEIIeM 9T0 cjraraeMoe Mbl OyIeM Ha3bIBATH A0KAAbHOU
9aCThIO KPAEBBIX ycsioBuii). s Toro, arobsl onpemenuts omeparop B (neaokansvhyio
YaCTh KPAEBBIX YCIOBHIi) BBEIEM BCIIOMOTATeIbHBIN OmepaTrop By:

(B1) By : W(Qs) — 23/ 2(F) — JIMHEHHBI OTpAHWYEHHBIN omepaTop u f; €
Wy (r).
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Baece Qs C Q — obsacts ¢ rpanureit I's € C™ (p(I's,I') > § > 0). Hakonern, Biju =
By (ulg,)-
B pabore [5] 6111 JOKA3AHBI CIIPABEINBOCTE ANIPHOPHOI OIEHKY U (DPeIr0IbMOBOCTE
JTAHHO} 33/[a9u B CJIydae BhIMOTHeHus ycaosus (Bl).
B mammoii pabore paccmarpuBaercs 3agada (1) — (2), HO TPU BBIMOJHEHUN CJIETYIO-
Iero yCJIOBHUS:
(B2) B : W2(Qs) — 23/2(F) — JMHeHHBI HEOTpAHWYUEHHBIH omeparop, Bi
W2(Qs) — ng/z(I‘) — JIMHEWHBI OrpaHWYeHHBIH oneparop u f1 € W;/Q(F)
n Blu = Bl(u\Qa)
To ecTb, MBI GyJeM TPEANoJaraTh, 9TO MOPSII0K HEJOKATHHBIX WIEHOB BBHIIIE, YeM I10-
PSAIOK JIOKAJTBHBIX. [IpIMepoOM Takoro ormeparopa MOXKeT CJIYKHUTh OMEepaTop B3ATHS
HOpMaIbHO TpoussoaHoil Ha I's. B mammom pasjgene Oyger J0Ka3aHO, U4TO B CAydae
BeIOsTHEeHUs yeaoBus (B2) mapymmaercs ampuoprast orenka s 3agadn (1) — (2).
Beesem rusib6epToBbl IPOCTPAHCTBA

Wi(Q,T) = La(Q) x Wi'*(I),
Wh(Q,T) = Ly(Q) x W/*(T)
C HOpMaMu

1/2
IFlwion = {1l + 1A |

2

1/2
IFlwion = {1l + 1Ay )

e F' = (fo, f1). Onpepenum oneparopst £1 @ W2(Q) — Wi (Q,T) u Ly : W2(Q) —
Wa(Q,T') kak oueparopsl 3azaun (1)-(2) upu Beinosnenun yenosuit (Bl) win (B2) co-
OTBETCTBEHHO.

Hanmomunwm, uro B caydae BoimosiHenns yciosus (Bl) B paGore [5| mokasaHo BBITION-
HEHUe alpUOPHON OIEHKH BH/IA

lullwz ) < & (I£1ullwi@r) + lullz,) - (3)

B nannoii pabore Oyjer mokazaHo, 9TO aHAJIOTUYHAs OlEHKa, s ciaydas (B2) mesepna
IPU HEKOTOPBIX JIOTIOJTHATENbHBIX OIPAHMYEHUAX Ha onepaTop A.

3. OCHOBHBIE PE3VJIbTATHI

Jlemma 1. IIyemov 1 < lp < 3/2. Toeda cywecmsyem dynruusa p(t) ¢ Komnaxmmvim
HOCUMEAEM, TNAKAA 4O

Y € Wi(R) npu 1 <1<y, (4)
v EWFR)  npu  lp <k <3/2 (5)
Paccymorpum dyrKIImo
() nput >0
() = { 0 mput <0’ (6)

rie &(t) — G6eckoneuno nuddepennupyemast GyHKIws, onpeaesnennas ua [0, 00), Takas
aro {(t) = 1l mpu t € [0,5] u {(t) = 0 npu = € [3¢/4,00), T7Ie € — TONOKUTEIBHOE
JOCTATOYHO MaJjioe uucao. Ecan reneps BuIOparsh Iy = s+ 1/2 mag npoussosbaoro 1/2 <
s < 1, To merpyxaHo Oymer mokasarb, 9T GyHKIWs (6) OyaeT yIoBJIeTBOPITH YCIOBUIM

(4) — (5).

Jdemma 2. ITycmo ewnoangemca ycaosue (B2) u natidemca maxas x* € T, wmo 6
oxpecmmocmu O(x?) smoti mouku npeobpasosanue Koopdunam C;, pacnpamasrowee 2pa-
nuyy nepesodum onepamop A e omepamop Jlansaca. Tozda cywecmeyem nocaedosa-
meavrocmo {ur} € W2(Q), k= 1,2, ..., ydosaemeopaowas ciedyouum Ycro6UuAM
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(i) [ullwzq) — o0 npu k — oo,
(i) supp up, € Q \ Qs,
(iif) [|Aukl o) < K,
(iv) [urllwy o) < Ka,
2de xoncmanmor K1 u Ko ne sasucam om k.

Hoka3zaresnberBo. Paccmorpum npounssoabhyio dyukuuio 9(t) € C°(R) ¢ Hocuresewm,
HpUHAJIeKAIUM 0Tpe3Ky [—&, ). st rakux dyukuuit nocrpoum oneparop E 1posos-
xernns n3 R B R x Ry Ilycrs omeparop E neiictsyer u3 W5 (R) B W§+1/2(R x Ry) mo
dopmyiie

o0

1 ) -
(BO)(yr,y2) = = [ S0 VEHE (6 dey (7)
V2T
—0o0
3ech s 4+ 1/2 — nenoe umnco (mam norpebyerca s = 1/2 u s = 3/2), 9 — upeolpa-
sosanue Pypne F dyukuun 9, y; € R, yo € R. Boipaxenune (7) MoxkHO 3anmcarh B
SKBUBAJIEHTHON (opme

(B0 (1, y2) = Fg' (emVEF0()) (1)

B nmanbmeitnmiem mam morpebyercs, 9To0bI [jig oneparopa F BBITOJTHSINCH CJIETyIONNe
CBOHCTBA:
(E1) (EY)(y1,0) =7,
(E2) Imeer mecto pasencrBo (A — I)EY = 0.
(E3) omeparop E — orpaHujes.
1) Ceoiicto (E1), oueBunmo, Beinosasierca. Otcioma ciegyer, 4to omepatop EU
MEHCTBUTEIHFHO ABISETCS oTiepaTopoM mpomoskerns dynkmnm 6 ¢ R ma R x Ry,
2) Ceoiicrro (E2) ciemyer n3 cieayromero COOTHOMIEHNST

o 2
(AEY)(y1,y2) = \/% / (—f% + <\/£% + 1> ) ei€1y1—V/Ei+1 2 .@(gl)d& —

= (EY)(y1, 92)-

3) s noxasarenscrsa csoiicrsa (E3) omenum HOpMy

>:/ / (L4 &) T2 2VErt s 6Py dy =
0 —oo

2
[

oo
1

= 1
=5 [ DR - (14 ) = Gy

—00
Paccmorpum Touky o' rpanniel I', Takyio, uto B okpecraoct O(z%) 310it TOUKHM mpe-
obpasosanne koopaunar C;, PaCHpsM/IAIONIEe TPAHUILY TIEPEBOAUT oneparop A B ore-
parop Jlamaca (Takas TOYKa CyIIECTBYeT B CUJLy yCJIOBHs JieMMbl). B cury jemmbr 1
Hafizercs ynkuus 1, yaosnaersopsiomas ycaopusim (4)-(5). Oboznauum 3a 1. CyKenue
dbyukuun 1 Ha orpesok [—e,e]. OueBuuHo, 4r0 ycuoBus (4)-(5) BBIIOJHAIOTCH U LI
dbyukuun . B npocrpancrsax Wi(—¢,¢). Beegem dbyukinmio

_ G (e (y)) (a1, 22) npu (1,22) € O(z") NT,
‘I’(x)_{ i wpu (01, 2) © T\ O(a).

ITo onpegenennto nocuress ¥ cocpegorouen B O(z') NT. Takum obpasom, Tak Kak 1o
onpezenennio C; (V) = 1), noayuaem, 4ro

UeWil) mpu 1<i<ly<3/2 (8)
UgWLT)  mpm  lo+eo<1<3/2. (9)
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PaccMOTPUM [POM3BOIBHYIO TIOCIEI0BATENLHOCTE (yHKImit b, € C®([—¢,¢]), k =

0,1..., cxomgamyiocd K PYHKIUU P IO HOPME B I/V21 / 2(—8,6). Ananorugasiv 06pazom
onpezenumM nocaenoBareabHocTh dbynkmuit ¥y € C(T), cxopsimuxcst k dynkuun W

TaKKe 10 HOpMe B W21 / 2(F). Yepes g, 0003HAYUM TPOOJIKEHNEe (DYHKIINN ) HyJIEM

ua Bce R. OueBuHo, 910 Yo, — 9 MO HOpME V[/21/2(—57 g). Onpegennm uy, o ¢opmysre

ur, = B;C; " (hiBYor) (10)
3/1€Ch
e hi = hi(y1,y2) — Geckoneuno muddepentmpyemas HYHKIUA TBYX MePEMEHHBIX,
ompejiesieHHas B mosymiockoctu R X Ry, Takas drTo
hi(y1,y2) =1 npu (y1,y2) € BY — momykpyr pajuyca €, JexKamuii B IOJTy-
mirockoct R X Ry ;
hi(y1,0) = 0 mpu y; ¢ [—€1,€1] /I HEKOTOPOIO JOCTATOYHO MAJIOIO €] > €,
BOODIIE TOBOPS 3aBUCAIIETO OT £;
Hocuresb byHKIuY Ny (Y1, Y2) IMEJINKOM JIEXKHUT B OJIYKPYTe Bng pajnyca €1;
e 5, = Bi(x1,x2) — Geckoneuno muddepenimpyemast byHKIUS IBYX IEPEMEHHbBIX,
ompenenennas B R?, Takas 4ro
Bi(z1,22) = 1, ecom (x1, x2) J€XKAT B NIEpeCEYeHNN HEKOTOPOIT OKPECTHOCTH
toukn x' u obsactu (Q, IPUYEM JAHHOE TIePeceueHne COIEPKUT MHOKECTBO
C;H(BY)
B1(x1,z2) = 0, eciiu (1, x2) J€KAT BHE HEKOTOPOIl GO/IbIIEH OKPECTHOCTH
'
3& cyer BEI60pa € M &1 MOXKHO CHUTATH, 9YTO HOCUTEJIH d)yHK]_H/H/I 51 JIEZKUT B
Ox") nB Q\ Qs.
OuesnHo, uTO U3 Onpeesenus: MYHKIWA Uy, CIEYeT, 9TO BBINOTHsIeTCa ycaosue (ii)
JIEMMBI.
Hoxaxxem yrepxaenne (i). Ipeamonoxum nporusaoe. [lycTs Haiigercs Takas KOH-
CTAHTa C; He 3aBUCAINAs OT k, UTO ||uk||W22(Q) < ¢5. Torma 13 KOMIAKTHOCTH BJIOYKEHUH

npoctpanctea W(Q) 8 W3 °(Q) ana moboro o > 0 ciejyer, uTo HaieTCs MOIO-
craenoBarTensHOCTh Uy, € W2 (Q) cxomsmmasicss mo mopme B W2~ 7(Q). 3naunt u moce-

3/2—0
ZI0BATEILHOCTD CIEN0B Uy, | cxomures B Wy (T"). Herpyaso nokasarb, 9T0 JaHHAs

3/2—
CXOMMOCTE 9KBUBAJEHTHA TOMY, 9ro W € Wz/ 7(T). Buibupas o = % (% —lp— Eo)

Opuxo UM K mpotuBopednto B cuity (8) — (9). Takum ob6pazom, 10Ka3aHO COOTHOIIEHHE
().

OrnieHuM Terepb HOPMY
~1 ~1
luellwi @) = 18:C; (hiEYor) [lwaq) < allC; ™ (hiEvok) lwio@i) <
< e2flhiBYorllwy sz < call BYorllwg @xry) < calldorlly 12y < e (11)
rie ¢s — He 3aBucut or k. /lokazano coornomenue (iv) JeMMBL
Hakomer, coornomenue (iii) cremyer u3 dopmyns Jleibuuna, coornormenns (11),
OrPaHUYIEHHOCTHU OIEPATOpa YMHOKEHUs Ha TJIAJKYI0 (DYHKIIUIO, YCJIOBHUS JIEMMbBI O TOM,

410 1pu npeobpazopanuu Koopaunar C; oneparop A nepexoxut B oneparop Jlamnaca u
ceoiictea (F2) oneparopa mpomosKenmst.

Teopema 1. ITycmov svinosnsaromes ycaosus Jlemmor 2, mozda anpuopHas ouenra

lullwzg) < é2 (I1L1ullwy o, + lull @) (12)

¢ Hexkomopol Koncmanmot Gz, He 3asucawel om u dan 3adauu (1)-(2) nesepna, mo
ecmo, Kaxaa Ove Hu Ovlaa KOHCTMAHMa Co, He 3asucawas om k, natidemca makas no-
caedosamenvrocmy ug, wmo npasas wacmv (12) ozpanuuena, a aesas cmpemumcs %
beckoneuHocmu.

Teopema 2. B npednoaooicenuar Jlemmo, 2 onepamop Lo 3adauu (1)-(2) ne asasemca
Ppedz0abMOBBIM OTLEPAMOPOM.
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Hoka3zaresibecrBo. B cuty Teopemsr 7.1 paborst 1] u Teopemsr 1 momygaem, 910 Jist
omeparopa Lo HapyIIaeTcs MO KpaifHeit Mepe OHO U3 yCaoBmit: 06pa3 Lo 3aMKHYT H
sapo Lo KoHeunomepro. Torma, B cuty ompejesiennsi, JaHHBIN ONEpaTOp He SBJISIETCS
dPearoIbMOBRIM.

AgTop riryboko 6starogapen npodgeccopy A. JI. CkybaueBCKOMY 3a TIOCTAHOBKY 3aa4u
W ps IEHHBIX 3aMeYaHui.
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[MIKATUKOBA H.A.

O BEJIMYNHE CEYEHU A
CXEM U3 ®YHKIINOHAJIBHBIX 9JIEMEHTOB

ABTOp mpemosaraeT, YTo YUTATETIO W3BECTHO OMPEIETIEHIe CTeMbl U3 PYHKUUOHAAD-
HOLT 2AEMEHMOG, TIDUBEJICHHBIX B padote [1].

PacemoTpuM pon3BoIbHY IO cxeMy 3 (PYHKITHOHATBLHBIX 9JIEMEHTOB. Y MOPSII0UEHHY IO
mapy t = (b;, bj), Te b; BXOIHOI MOJTIOC MK 3JIEMEHT CXeMBI, a bj 3/IeMeHT cXeMbl, OyaeM
HA3BIBATH KAHAAOM CTEMDBL ; €CTTU TTPU 0OPA30BAHUY CXEMBI b; TIPUCOETNHEH K HEKOTOPOMY
BXOJIy 3JeMeHTa b .

Cocrosinnem kanana t = (b;,bj) mpu HEKOTOpOM BXOTHOM HabOpe & OymeM CUHTATH
cocrosiHre 00beKTa b; IMpHu 3TOM BXOIHOM Habope.

CxeMy, B KOTOPO# MHOXKECTBO BXOJHBIX TIOJTIOCOB U 3JIEMEHTOB CXEMbI Pa30UTO Ha /Ba
noamuoxkecTBa M7 u Mo tak, uro M1NMs = O u KaxK10e U3 ITOJMHOXKECTB COIEPKUT II0
Kpaiifeii Mepe OIuH T0JII0C, OyseM HasweiBaTh paccewennot. Kawman (b, bj) paccevennoit
cxeMbl OyJieM Ha3bIBaTh paccedeHmnvim , ecan b; m b; mpuHaiekaT pa3HbIM MHOKECTBAM
M; u My . MuoxkecTBO BCEX PACCEUEHHBIX KAHAJIOB OyIeM HA3LIBATH CEIEHUEM CXEMBI.
Cedenne ecrecTBeHHBIM 00pa30M pasdbuBaeTcs Ha JBa MOAMHOXKecTBa A1 n Ao:

(bi,bj) € Ay, ecimm b; € My, bj € Mo;

(bi,bj) € Ay, ecim by € Mo, bj € M.
Hawm 6yter yio6HO BX0/1HOM HAOOP pacCeueHHO CXeMbI TIPEJICTaB/IsITh B BU/Ie TTapbl HA0O-
pos (&, 3), rae & -nabop cocTosHuii Bx008, npunaexkamux My u 3 -nabop cocrosuii
BXOJI0B, TpuHa iexKammx My . ~

Cocmosnuem cevernus (Ha HEKOTOPOM BXOIHOM Habope (&, 3) 6Gyuem Ha3bIBATH CO-
BOKYIIHOCTH COCTOSIHNIl BCEX PAcCedeHHbIX KaualoB (obosmadenue S(d, (). Cocrosmue
pacceueHHoro Kanasa t upu sxoauom Hadope (@, 3) Gysem oGosuadars Si(d, 3). Coso-
KYITHOCTH COCTOHUI PACCEYEHHBIX KAHAJIOB, NPUHAIIEXKAmMX MHOKecTBam A1 m Ao,
npu BXoaHOM Habope (&, ) Gymem obosmauars S1 (@, B) n S%(a, B), COOTBETCTBEHHO.
JlokaxkeM CJIenyIoliee yTBepIK IeHne.

Jlemma 1. Bo ecaxoli paccenmennoli cxeme maxot , 4mo OA# HEKOMOPUET BTOOHVT ee
nabopos (a, da) u (1, P2) umeem mecmo pasencmeso

S(@1,a2) = S(B1, B2) (1)

BUUINONAHAIOMCA COOMHOWEHUA
S(ay, B2) = S(B1, da) = S(an,a2) = S(B1, fa).

Jdoka3zaresbcrBo. Bynem rosopurs, uro xanan (by,by) HemocpeacTBEHHO cielyer 3a
kanasoM (b;, bj), ecnu j=q.

Bynem roroputh, 9T0 KaHaJ t; CIeiyeT 3a KaHATIOM tj, €CJIN B CXeMe HalIeTCsl IernovKa
kamasoB t1,t2 t3... t" Ttaxas, uro t' =t;, t" = t; m ana 2 < g < n Kagau t? gpngerca
HEIIOCPE/ICTBEHHO cieytomuM 3a Kanaiaom 1971, Coornomenne "xamas t; ciepyer 3a
KanasoM t;"  Oyzem obosHauaTh t; — ;.

Oupesiesium 10 uHYKIMU NOHATHE yPOBHs Kanana. Kawnan t; (t; € Ay) ,Oyzem na-
3LIBATH KAHAAOM YPOGHS 1, €C/in 3TOT KaHAJ HE CJAEJAYeT HU 33 KaKUM KaHAJIOM U3
muoxkecrBa, As  ( T.e. 910 nepblii paccedennbiii Kanaa B J11000i "Haunnaomedics "
MHOXKeCTBe M1 U coflepzKaleil ero mernovke u3 HEMOCPEICTBEHHO CIEAYIONINX KAHAJIOB. )
Jna xanana t; (t; € Ag) ompesesieHne aHAJOTHIHO.

IlycTh ompeneneHbl KaHAILI YPOBHS MeEHBIIE ¢, MpHUHAJIeXKalnue MHOXKecTBaM A u
Ay. Kanman t, (t; € A1) 6yaem Ha3bIBATL KAHAJIOM ypOBHA ¢ (1 0o60o3HavaTh d(t;) =1 ),
eC/IH U3 TOTO, 4TO ty, — t; (tm € A2) caemyer, uro d(ty,) < i — 1 u HalizeTcsa Kamas
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ty (t, € Ag) rakoit, aro t, — ty u d(t,) = i — 1. [yia KaHal0B, IpPHHA/IEKAIIIX
MHOZKECTBY Ag onpesesieHne aHAIOIHIHO.

Jng m0Ka3aTe bCTBa, JIEMMBI JOCTATOYHO YCTAHOBATD, AJId /g JTF000ro KaHaaa ¢ mMe-
IOT MECTO CJIEAYIOIIAE COOTHOTIEHNS.

Si(ar, B2) = Si(dy, da), (2)
Si(B1, B2) = Si(ch, da). (3)

Jokazkem coorrommenus (2) u (3) HHAYKIHeil 0 yPOBHIO KaHAIA .
Paccmorpum npon3BosibHBIN KaHast ¢ Takoii ,aro t € Ay u d(t) = 1. OueBugnO, 9TO 7151

moboro BxoxaHOro Habopa (&, 3) 3nadenue Si(&, ) HONHOCTHIO OIpe/e/seTcs HaOOPOM
a. IlosTomy

o

2

&
!

St(dla d2)7

Si(f1, da).

®n

=

&
I

13 (1) caenyer, aro
Si(an, az) = Si(B1, B2)-

Hnga kanasa t Takoro, uto t € Ay u d(t) = 1, 10Ka3aTEIHCTBO AHAIOTUIHO.

Takum 06pazom, ycranosseHbl cootHomenus (2), (3) s kanana ¢ yposHs 1.

ITycThb jyist KAHAJIOB YPOBHSI MEHbIIIE j, IPUHAJIEXKAIUX MHOXKecTBaM A1 u Ay coor-
Homenus (2) u (3) mokaszansl. JlokakeM UX /IS KQHAJIOB YPOBHS j.

Paccmorpum npousBosibHBIi Kanas t, Takoit uro t € Ay, d(t) = j. OueBumano, 94To s
nmo6oro BxoxHOrO Habopa (d, B) snadenne Si(&, B) [OJIHOCTBIO Olpe/jiesdercd HabopoM
Q¢ ¥ COBOKYIHOCTBHIO COCTOSTHUN PACCEYEHHBIX KAHAJOB t° ypPOBHS MEHBINE, 9eM j Ha
nabope (&, B) O6o3HaunM MHOXKECTBO 3TUX KaHajoB depe3 B. B cuiay mHIyKTUBHOTO
MIPEIOI0XKEeHn /11 JiIoboro kanaa t° u3 B

Sie(d1, B2) = Sie(B1, @2) = Sie (@1, a2) = Spo (B, Ba).

[TosTomy

i
=
@
=
I
@®
=
=

U3 (1) caexyer, aro
Se(dn, az) = Si(B1, Ba).
Tem cambIM yCTaHOBJIEHBI cOOTHOIIEHUs (2) u (3) mas kanaaoB yposHs j u3 Aj. Anaso-

IUYHO yCTAHABIMBAIOTCH cooTHOINEHNs (2) u (3) 1y1s KaHaIoB ypoBHA j U3 Ag .
JleMMa MOJIHOCTBIO JOKA3aHA.

O6ozuaunm 4depe3 F (d,B) HA0Op COCTOSHUII BBIXOJOB CXEMbI IIPU BXOJHOM Habope
&,B) , @ depe3 |S| KOJMUECTBO 2JIEMEHTOB B cedeHmu S paccedenHoii cxembl. Taiee,
aepes F1(a, ) u Fa(a, ) 0603Ha4MM COBOKYIHOCTH COCTOSIHMIT BHIXOJIOB CXEMbI, COOT-
BeTCTByIOHLI/IX BBIXOJaM 3JIEMEHTOB, IIPUHA/IJIE2KaIlINX COOTBETCTBEHHO MHO?KECTBaM Ml
u My upu Bxoasom HaGope (&, ).

Caeacrsue 1. Ecim S(ay,as) = S(ﬂ],ﬁ}), TO

Fi(dy, B2) = Fi(d1, da),
Fy(dy, o) = Fo(f1, B2).

PaccmoTpuM TpOM3BOIBHYIO PACCEUEHHYIO CXeMy U3 (DYHKIIMOHATHHBIX 3JEMEHTOB.
lycts P = {(a},ad), (a2,a3), (a3,a3),..., (A}a%)} mexkoTopoe MHOKECTBO BXOTHBIX
HAbOPOB, TJe af 7 (v HADOPHI, ToTaBaeMble Ha BXO/bI, MTPIHA/IIEYKAIIE COOTBETCTBEHHO
muoxkectBam My u My . Ob6o3naunm depe3 P* MHOXKeCTBO Bcex HAOODPOB (aﬁ,aé) pu
i#j, 1<j, j<n.
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Teopema 1. IIycmwv 0daa pacceuennoti cxemvr ¢ cevenuem S natidemeca MHONCECTNEO
6r00nbLL Habopos P maxux, wmo
1. |P| =mn;
2. Jlaa ecex nabopos &' = (
U pasHel , cragicem, nabopy (’Ny
3. Jas mobozo nabopa (3 )
Tozoa

a4, ad) us P evizodnvie nabopu F(&') cxemwt cosnadarom

P* gunoaneno F(B) # (7).

|S| > logy n.

JokazareabcTBo. O603HauMM 4depe3 K KOIMYecTBO KaHA/I0B, HPUHAIEKAIINX CeYe-
nuio S. PaccMorpum MHOXKECTBO

{8(a1,63), 8(a1,63), 5(a1,63), ..., S(atap)}
JlokazkeM, 9TO TIPW ¢ # j BBITIOJHAETCA COOTHOIIEHNE
S(ai,ap) # S(aq, a).

[Iycte sTo me Bepro. Torma, mpuMeHdAs JOKA3AHHYIO JEMMY JTsl BXOJAHBIX HaOODOB
(&%, a%) u (&, ad), momyaaem

S(ad,a3) = S(ay,ab).

Hasee, u3 cpopMyIUPOBAHHOTO B CJIEJICTBUU yTBEPKIECHUS MOy IaeM

Fl(ala 042) Fl(ah az) (4)

F2(a1= az) FZ(alv a2) (5)
[To yciaoBuio 2 mokaszbiBaeMOit TeOpEeMBbI

F(a},ab) = F(a], ), (6)

[Tosromy u3 (4), (5), (6) crexyer
F(a},a3) = F(a},a) = 7.

DTO TPOTUBOPEUNUT YCIOBUIO 3 JOKAZBIBAEMOI TEOPEMBI.
Tem cambIiM, MBI JIOKA3a/IM, YTO IPU N BXOJHBIX HAOOPAX COBOKYITHOCTU COCTOSHU
paccedeHHbIX KaHas0B pazynynbl. [Iosromy k > logy n, uro u TpeboBasioch Jj0Ka3aTh.
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BOGDANSKY YU. V., TSYTSURA P. V.

THE POINCARE-STOKES FORMULA IN AN INFINITE
DIMENSIONAL SPACE

We obtain a generalization of the Poincare—Stokes formula for surfaces of
codimension 2 in an infinite dimensional separable Hilbert space. For surfaces of an
arbitrary finite codimension, a result is announced.

INTRODUCTION

Let X = R™ and A(X) = A%(X) + A'(X) + A%(X) + ... be the exterior algebra. An
inner product in A*(X) is introduced for decomposable skew-symmetric tensors by
(zly) = (@1 A Azslyn A A ys) = (det(zs,y;))

with a subsequent bilinear extension. Let fi,..., fs be smooth vector fields on X. As
usual, the exterior products (multivector fields) f1 A fa A--- A fs of collections of vector
fields are defined pointwise and, for s > 2, define a divergence of the multivector field
by

div fi A fa A A fs = (—=1)° [Z(—l)l(divfl)fl A ANFIA A Fot

=1

> d A A d
3 (—1yk L N S NN LA ) (1)
P dx dx

where % is the operator field (%,-~- ,ggﬂ) = (ng;), and f means omitting the

corresponding vector field in the formula.

Let M be an orientable smooth surface in X of codimension p with boundary oM
and an orientation on dM be chosen to agree with the orientation on M. Let now f; be
smooth vector fields on X; nyf(z) = n(z) = ni(z) A -+ A ny—p () a normal normed
multivector on M, n;(z) € (T, M)™* for z € M, which agrees with the orientation on M:;
nan (x) a vector field on M, uniquely defined by the following conditions: a) ngys(x) €
(T, M)™" N TuM, b) np(z) = ny(z) A--- A Nm—p(x) A ngp(x) is a normal normed
multivector on OM that agrees with the orientation on M. Finally, denote by dpuas and
dugpyr measures on the surfaces M and OM, correspondingly, induced by the Lebesgue
measure on X.

Statement 1. Using the above notations, the Poincare—Stokes theorem takes the
following form:

/ (FL&) A oo A Frnpi (@) | 71(2) A oo Aty (@) A s () dptons =
oM

/(div (FL) A o A Fren(2)) | 70 (@) A s A 1o ().
M

The idea of the proof of this statement is not difficult and we do not give it here. Of
a fundamental importance is the fact that the embedding M — X permits to consider,
instead of differential forms on M, multivectors, more exactly, their components normal
with respect to M and to replace the exterior differential with the divergence operation.
If the space X is infinite dimensional and the surface M has finite codimension, it is
possible to generalize the div operation. A principle difficulty is that there is no an
invariant measure on X. This difficulty has been overcomed in [1].
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If the dimension is finite, one can give another definition of div.
Denote by (z|y*) the pairing between elements of the spaces A(X) and A(X™); it is
a bilinear operation that is defined for tensors z € A*(X),y* € A'(X*) by

0, £
(zly*) = { °7

det(z;,y7*), s=t.
For u € A(X),y" € A\(X¥), define i, (y*) by the formula

(@lin(y")) = (@ Auly?), Ve \X).

These operations carry over to multivector fields.
If e* =dx' A--- A dz™, then the div operation on tensors in A(X) can be correctly
defined by the formula

idiv f(€7) = d(ig(e?)).

1. SURFACE INTEGRAL

Let now H be a separable real Hilbert space and p a finite measure defined on the
o-algebra of Borel subsets of H.

On a smooth surface S of a finite codimension in the H the measure p induces a
surface measure ug. For surfaces of the codimension 1 in an infinite dimensional Hilbert
space the construction of a surface integral was considered in [1] for the first time. In [2]
was proposed another approach to the problem. For our objects it’s more convenient to
use different construction of the surface integral, that is equivalent in the codimension
1 to the integrals obtained in [1] and [2].

Define a surface S in H to be an open subset of the joint level surface of a finite
collection of C%-functions on H with bounded supports and having the second derivatives
uniformly bounded on H, S C {z|gi(x) =--- = gn(z) = 1}.

An additional condition, iréfl“(g’l(x), <, gh(x)) > 0, where I'(+) is the Gramm

determinant, implies that the codimension of the embedding of the surface S does not
degenerate, codim .S = n.

It also follows from the conditions that S is bounded and the function I'(+) is integrable,
T() € Ly(H, ).

Suppose now that the surface S can be projected in one-to-one way (orthogonally)
onto an (open) subset of the space L C H, Pr, : S — Pr,S C L, and denote by Uy, the
mapping inverse to Pp (the “pull back” operator), Ur : P,S — S. The mapping Uy, is
smooth by the implicit function theorem.

Let ny be a multivector normal to L, it is assumed to have norm one, and n(x) a
multivector normal to S at the point x € S. Let the condition iréf |(n(z)|nr)| > 0 holds,

which can locally be satisfied.

According to [1], denote by M, the set of admissible translations of the measure pu.
A vector a € H was called in [1] an admissible direction for the measure p if Aa € M,
forall A > 0.If n =e; A---Ae, and all vectors +eq,--- , e, are admissible directions,
then the multivector n is called an admissible direction. We will assume that ny, is an
admissible direction.

Similarly to [1], denote by . the projection of the measure u on L, pp the

projection of the measure p onto L, [ = prLXpr, o) = op(-) the density of the measure

pir 1 with respect to the Lebesgue measure on Lt; for a € M, pu(a,z) = %(m).

Let i : R* — L+ € H be an Euclidean isomorphism. Then 1< w and, for all x € H,

Z—Z(x) = o(Pp.x) / pu(i(@), x)da. (2)
fin

A proof of this fact is an immediate corollary of the technique developed in [1]| §20.
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Let t,,(5) be a d-shape sequence of compactly supported functions on R™ at the point
1=(1,---,1). More exactly,

1) tm € O(Rn)atm(;) >0,5€ R
2) [ twl(5)d5=1;
Rn
3) Ve >03M Ym > M, supp t,, C {3]]|5§—1|| <e}.

The conditions on the collection of functions {gx(-)} imply that there exist £ > 0 and
d > 0 such that S C {z € Sp, 5|Vj: |gj(x) — 1| < e}, where St s = {z1 + z2|z1 € S;20 €
Lt ||z < 6}

For a function f bounded and continuous on H, define a surface integral of f by the
formula

[ @ = im [ F@tn(o1@)s o @) PG @) @)l 3
S SL,s

Let us also assume the following'

a) the function x — [ p,(i(d@),x)dd is continuous and bounded from below on
R’I’L
PrS by a positive constant;
b) ing |(n(z) | nr)| > 0, where n(x) is a normed normal multivector.
S

Theorem 1. Formula (3) is well-defined, that is, the limit in the right-hand side ezists,
does not depend on a choice of the sequence {t,,} and a collection of the functions
{91, ,gn} that define the surface. We also have that

/ fwwstan) = [ Ric /(Urz) o (de). (4)

), Urx)da|(n(Urzx) | nr)|
PrLS Rgn

Jlokasameavcmeo. Let us transform the integral in the right-hand side of (3) using (2),

[ @t 51090 ) U6 0. )
S

dpp s dpr,.

//f tm91 oo n (- \/F91 ,->94L(-))

f P# Upzi+z2
P S Bs

Here B; is a é-neighborhood of 0 in the space L.
Since supports of the d-shape sequence contract to 1, without loss of generality, the
inner integral can be taken over the whole space L*. Hence, the right-hand side of (3)

becomes
TL F .y n(:
f pu(i(d), ULa+i(7)
Rn

PrS R

If we will prove that

[0 RO )

Rn
for all x € Pr.S, then we would have that
/f tm gl v 7gn \/F gl : 7941())
f Pl

1
i = e (5
Upa+i(7)  m—oo|(n(Urx)|ng)] )

B f(Urz)
m—00 RJ; pu(i(@), Upz)d7 - |(n(Upz)|nL)|
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everywhere on PrS.

The conditions imposed on the functions f, p,, and {g;} allow to conclude that the
functions h,, are measurable and uniformly bounded on PrS and, hence, applying the
Lebesgue theorem shows that the sequence in the right-hand side of (3) converges and (4)
holds.

Let us now pass to a proof of (5).

Make a change of variables,

1= [ a5 = [ @+ i) - aen 5207

Rr R
Denote by g'(+) the multivector gj(-) A ... A g,,(+). Then is not difficult to check that

det §_€< 7) = (7 (Unz +i(7))ne).

dT.

Hence, for all m,

[ Ui+ i) - |5 s + 7)) a7 = 1. (6)
Rn
Fix z € PLS and consider the function

=4/ ULl‘JrZ ‘ ULac ‘TLL |*| UL$+Z( ))|TLL)|

Then Gx(()) = 0. Indeed, the multivectors §'(Urx) and 7(Upz) are collinear and the
modulus of the collinearity coefficient is the volume of the parallelepiped constructed on
the vectors ¢} (Urx), - , g, (Urz), which is \/T(ULx).

The function G,(7) is continuous and, hence, for a d-shape sequence t,,, with supports
containing I, we have

/tm(g'(ULeri(F)))-Gx(%’)d%' — 0.

m—00
Rn

Comparing this with (6) we get (5).
Since we have two expressions (3) and (4) for f fdus, the second of which depends

neither on the sequence {t,,} nor on the collectlon {91, ,9n}, using a standard
argument we see that formula (3) does not depend on {t¢,,} and {g}. O

Remark 1. The same argument shows that the right-hand side of (3) does not depend
on § > 0. More involved considerations show that the found quantity does not, in fact,
depend on the choice of the admissible space L.

Remark 2. It follows from (4) that, on the surface, there is a measure defined on the
o-algebra of Borel subsets of S and the surface integral is defined for all measurable
functions on S for which the right-hand side of (4) makes sense.

Remark 3. In the case where the surface S can be given as a finite or a countable union
of parts each of which satisfies the condition for formula (3) to be applied, the surface
integral can be defined on the whole surface via the additivity principle. In particular,
if the surface S is defined as a level surface common to a system of smooth functions,

S=A{z|g1(x) = - = gm(z) = 1},
and the functions g satisfy the conditions mentioned above, then S can be split into
a countable number of parts each of which admits a one-to-one projection onto some
subspace L C H. In such a case, the formula

[ f@dus = tim_ [ $@tn(a1(2)s e @) TG @) e (D
S H

can be obtained, for example, by applying the corresponding partition of the identity
technique [3].
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2. THE POINCARE-STOKES FORMULA FOR A SURFACE OF CODIMENSION 2

Let S be a surface of codimension 1 in a Hilbert space H with a measure u, S C
{z]gi(xz) =1}, 0S = {x]gi1(z) = g2(x) = 1}, and the functions g; and go satisfy the
conditions in Section 2 for the integrals over S and 35 to be defined.

Theorem 2. If the surface S and 0S satisfy the above mentioned conditions, then for
any function f bounded on H and a sequence of §-shape functions t,, (see Section 2),
we have

/ f(@)duas = lim / F @) (@) dpss, (8)

where

(g1 (x), g5()) (9)
lop@)l
ZHoxaszameavcmso. Consider a portion of the surface 0.5 that admits a one-to-one projection
onto a codimension 2 subset of the space Lo such that the intersection of an e-neighborhood
of this part of 95 with the surface S is projected in a one-to-one way onto a subset of a
codimension 1 subspace Ly D Lo. In virtue condition 3) on contractions of the supports
of the functions ¢,, to a point and Remark 3, it is sufficient to obtain formulas (8) and (9)
locally. This portion of 05 will still be denoted by 05 and a strip of S in a vicinity of
0S will be denoted as before by S
If Pr, and Pr, are corresponding orthogonal projection operators, then Pr, = Pfle o

Pr,, where PLL; is the operator of projection onto Lo in L1, and Pr,(0S) = 9(Pr,S)
in the appropriate notations. Let the symbols Ur,, Ur,, U LL; denote the corresponding
lifting operators (ULL21 : Pr,(0S) — Pr,(0S)). Here, (P, S) = Pr,SN{x € L1|(g20
Ur,(x) = 1} for a smooth function gy o Uy, .

It follows from (4) that

f(ULzli)
/ fle)duos = / T on(@), Unaa)da - [mo@ymygy) e (0

L, 05 R2

hin () = tm(g2(2))

On the other hand, Theorem 1 gives

. ) UL )hm(UL x)
lim z)hp(2)dug = lim / L y d -
m—o0 f( ) ( ) s m—o0 fpu anr,,Ur,x )da‘ |(nS(UL1x)’nL1)| e

_ / UL1 \/F gl 92(UL1 )) ) ((92 o UL1 )CC) H(QQ © ULl)/xH
mﬂoo fpu aNp,y, ULl )da' |(nS(UL1 )’nL1)| ) Hgi(Ule)H ’ H(g2 © ULl)I'TH

Again, applylng Theorem 1 to the corresponding function on the space L1, we see that
the latter limit exists and equals

f ULz \/F gl ULz ) g,Q(Usz»
fp,u(a nL17UL2$)da' |(nS(UL2x)7nL1)| ’ Hgl(Usz)H : (92 o UL1)/(U£21x)
P08 4
1
[ o (6 UL L)aB | (wp, (UL 0), 0

dMLQ- (11)

Here nf1 denote normal vectors in the space L.
The equality of the expressions (10) and (11) follows from equalities that are easily
to check: for x € Lo,

/pu(i(d'),ULﬂ)do_Z—/p#(a-nLl,ULQx)doz-/puL (8- nLl ULl )dp; (12)

R? R R
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1 _ \/F(gll(ULzm)vgé(Usz))
((no(Ur,x)[nry)l [(ns(UL,x), iyl - 191 (ULy2) |

1
(920 UL WE )| - | b, s(UE22)nED)|

(13)

O

Remark 4. Assuming that the projections of S and 95 to L1 and Lo C L1, correspondingly,
are one-to-one, it follows from the proof of the theorem that

/ ] d,Uz@S = / ( L1 ) dua(P )
L,S)"
8(Py, S) fpu(a nleLle)da' (na(LL1x)|nL1 /\na(PLIS)(‘T)) '

(14)
Indeed, by (10) and (12) we get

/fduas =

oS
f(ULz )

/ fpu Q- nL17UL2 z)da - fpuL L27U£21 )dg - |(n8(UL2 )|’I’LL2)|
PL,(0S) R

dpr,

- / ULV )
) [ pule oy, Un U w)dac [ puy, (80}, UL w)d
PL;a(PLls) R R

1
: ‘(na(ULgm)lnLl Nngcp,, s)(UL x))

B f(Ule) d
- N(‘)(PLls)
a(PL, 9) }{pu(a nr,, Ur,)do- ’(na(UL1w)|nL1 A no(pr, S) (38)))

Ly

duLz
L L
|01, o (ULI2),nE) |

The identity

(o (Una)lng,)| = | (nfip, ) (UF2)nE)

is obtained from the simple geometrical considerations.
The sought formula in codimension 2 has the following form:

: ‘(na(ULgu’UﬂnLl A ”8(PLIS)(ULL;55))‘

/ (1(2) A fol@)|ns(z) Anos(z))dpias

/ (div (F1(2) A fo(@)) + L (@), 2) Fo (&) — Ll Fa(w), @) fa (2), ms(2))dus - (15)

S
Here fi(-) are smooth vector fields; the divergence of the bivector field fi(-) A fa(+) is
given by (1) for s = 2,

div (fi(z) A fa(x)) = =Tr fi(z) - fo(x) + Tr fo(z) - fi(x) + fi(z) f2(x) = fa()fi(2).

ng(x) is the normal to the surface S; {ng(x),nss(x)} is an orthonormal base in the
space normal to 9S at the point x. For x € 95, the normal vector ngg(z) is directed
outward with respect to S (the agreement of the orientations). [,,(a; x) is the logarithmic
derivative of the measure p in the direction a at the point z.

In the course of obtaining formula (15) we will obtain additional sufficient conditions
on the vector fields, the measure, and the surface.

Let us first consider the case fi(x)Afa(z) = f(x)aAb, where f is a number C!-function
on H, a and b are fixed orthonormal vectors.
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We will assume that the surface S can be projected onto the subspace L = L, = (a)*
in a one-to-one way such that a, more exactly +a, is an admissible direction. By (14)
we have

[ (@ nbins(@) nnas(a)duas

a8

(f(Upz)a A blns(Urz) Anas(Ur(z)))
/ Tond ( ))|dMaPLS, (16)

Ta,Upz)dr - |(ns(Ur(x)) Anags(Urz)|a A ngp,s(x
oPLS R

where ng(p, gy is a vector normal to 9(PS) in L.
Lemma 1. We have the following:
|(ns Anasla Anap,s)| = V/(ns,a)® + (nas, a)?, (17)

|(ns Anasla Anap,s)|
(n57 a)

ns Angs =ng A ngp, s (18)

For x € O(PrS), denote
s(x) = sign (ns(Urx) Anas(Urx)|a Anpp,s(z)).

Then by using Lemma 1 and since a and nyp, ) are orthogonal, the right-hand side
of (16) can be rewritten as

/ (f(Urz)a Abins(Urz) A nps(Urz)) J
J pu(ra, Ura)dr - [(ns(Urw) Anos(Upa)la Angp,s@)] 07

3PLS R

— / (f(Urz)a Ablns(Urz) A naPLS(x))S(x)dMaP s

[ pu(ra,Urz)dr - (a,ns(Urx))
8PLS R

_ / f(Urz) - ((a,ns(Urz)) - (b, na(pys)(x)) = (b;ns(Urz)) - (@, ngp,s(x)))
}{pu(Ta, Urz)dr - (a,ng(Urx))

oPLS
s(z)dpopys

_ [ 1) Gnorste)

[ pu(ra, Upz)dr
6PLS R

s(x)dpap,s

f(ULx)

= b d .

| Gtz semor,s@)duos, s
BPLS R

If the vector a is chosen such that (a,ng(z)) > 0 on S, then since the orientations

of S and 0S agree, it follows that s(z) = 1 and, hence, we can apply formula (6) from

§28 |1], which is a generalization of the Gauss—Ostrogradsii formula, to get for the latter

expression the following:

f(ULz) , f(Urz)
/ o (épy(ﬂz, UL:U)dTb l“L(gpu(Ta, ULx)dTb

,:U)duL. (19)
PrS

The directional derivative of a measure is understood in the sense of [1|, which
corresponds to the weak derivative of the measure in the sense of [4], [5].

Lemma 2. 1) If there exists l,(b,-), then there is l,, (b, ) on L and

(b,
L, (b,x) / (b2 + 7a) dr
fpu aa, v + Ta)do

on L.
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2) If there exists p,(b,-), then there is p,, (b,-) on L and

[ pu(ra,z —b)dr
R

[ pulaa, z)da
R

pML(b7 Prz) = pu(bvx)

on H.

The generalized Gauss-Ostrogradskii formula from [1| was used for a vector field of the
form g(x)b. Although the surface integral in the paper is defined differently as compared
with [1], formula (4), in the case of codimension 1, remains true, and precisely this
formula was used in [1] for obtaining the generalized Gauss-Ostrogradskii formula. Hence,
using the result of Lemma 2, applicability of this formula follows from the following
conditions, assumed in addition to the conditions formulated in Section 2:

1) f(z)is a C*-function on H;

!/

2) there exists (f pu(Ta, x)dT> € Li(H, p);
R b
3) the function [, (b, z) is defined and ,,, (b, x — Ab) is continuous with respect to A

for almost all x (mod pu).
Lemma 3. In addition to the above assumptions let the following hold:

1) the function p,(-,-) is bounded on bounded sets;

2) the function l,(a,x) is defined and l,(a,x — Aa) is continuous with respect to X
for almost all x (mod u);

3) the function F(z) = [ pu(Ta,z)dr is differentiable uniformly in the direction b

R
on bounded subsets of H, that is, for every bounded set B C H, the sequence
$(F(z + Ab) — F(z)) converges to F}(z) uniformly in x € B for A — 0.
Then we have the following almost everywhere on H :

00 /
1//pu(7a,a:)d7'

3 / pu(ra,z)dr | = / pu(ra, z)dr - 1, (a, ).

— OO a —0o0

= (I, (b, Prz) — lu(b,x))// pu(Ta, z)dr,
b —o0

Lemma 4. For x € L, we have that

(foUr) (x,b) = f'(Upz,b) — %

(Here and in the sequel, f'(x,b) = f;(x) denotes the derivative of the function f at the
point x in the direction of b.)

f'(Upz,a).

By using Lemma 4 and linearity almost everywhere with respect to the first argument,
let us transform the integrand in (19) as follows:

f(Urz) / f(Urz)
00 b) _ZHL( 00
_f pu(Ta, Urzx)dr _f pu(Ta, Upz)dr

f(ULx) by — f(Urz)
| pu(ra,Upx)dr [ pu(ra,Upx)dr

(b, ns(Urz)) f0)

f()
| pu(ra,-)dr (a,ns(Urz)) [ pu(ra,-)dr

—00 — 00

TI"( bv l’)

=Tr(

l,UL (bv :C)

= ( ) (Upz,b) — ) (Upz,a)
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o AL Ly, (b, ).
7] pu(Ta, Urx)dr
By Lemma 3, the above expression becomes
SOt F) (/Pu(Ta,-)dT)'(ULa;,b)
T outratnayie (] putra, Upadr
(b,ns(Use)) , f'(Unz,a) f(ULz) [ :
- (= - = ([ pu(ra,-)dr) (Urz,a))
(a,ns(ULz)) _f pu(Ta, Urx)dr (_f pu(Ta,Urx)dr)? Z '
S G/ ( / pu(ra,Upz)dr - 1, (b, Upz) — ( / pu(ra,)dr) (Upz,b))
(_f pM(Ta’ ULx)dT)2 —o0o —o0
_ SOz, b) = 1u(b,Urz) f(Ure)  (b,ns(Ure)) f'(Urz, a) = (e, Upre) f(Urz)
_f pu(Ta, Urz)dr (a,n5(Ure)) _f pu(ta, Upzx)dr
(20)

Let us transform the right-hand side of (15). First note that the value of the first term
in div (fi(x) A fa(x)) does not depend on a decomposition of the bivector w into w =
fi(x) A fa(x). Because of (mod p)-linearity of 1,(-,-) with respect to the first argument,

the value of 1,,(f1(x), ) fo(x) — I, (f2(x), x) fi(x) does not depend on the decomposition
too.

Hence, we can take that f1(z) = f(z)a, fo(x) = b, where f(x) is the considered above
smooth scalar function on H. Then

div (fi(x) A fa(2)) = =Tr [(f()a)] b+ (f(2)a)'b = —f'(z,a)b + f'(z,b)a;
(fi(), 2) fa(x) = Lu(fa(), 2) fr(x) = f(2)(lua, 2)b = 1u(b, z)a)  (mod p).

Since the orientations of S and 95 agree, recall that (a,ng(z)) > 0 on S. Hence, with
the use of (4) the right-hand side of (15) becomes

/(f’(I,b) = lu(b,2)f(2)) - (a,ns(x)) — (f'(z,a) = lu(a,2) f(2)) - (b,ns(x))dus

S

= / f'(Urz,b) — 1,(b,Urz) f(Urx)

PLS [ pu(ra, Upz)dr

(b,ng(Urx)) f'(Urz,a) —l,(a, Urz) f(Urx)

— = dpr,
(a,n5(ULz)) f pu(ta, Upz)dr

where the integrand coincides with the function in (20). This proves formula (15) for the
bivector field of the form f(z)a A b.

Both sides of formula (14) are additive with respect to S and, hence, this formula
remains valid if the surface .S is split into a finite or a countable number of parts each
of which can be projected in a one-to-one way onto L, = (a)*. Since both sides of
formula (15) depend linearly on the bivector field, the result remains true if the vector
fields fi(z) and fa(x), which define the bivector fi(x) A fa(z), belong to a fixed finite
dimensional subspace INV,, with V,, C M, for every x € H. We assume that the surface
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S satisfies the following additional condition: for all a € N, it can be subdivided into a
finite or a countable number of parts each of which can be projected onto L, = (a)* in
a one-to-one way.

For a bivector field fi(z) A fa(z) defined by a smooth bounded vector fields f; and
f2 such that f](-) and f}(-) are fields of nuclear operators, following [1] we assume that
there exists an increasing chain of finite dimensional subspaces N, such that the union

o0
N = |J N, is dense in H and N C M,. For every n, the subspace N,, has the above
n=1
mentioned property. For all a € N, [,(a,x) is defined and measurable with respect to
x. Then the bivector field P, fi(x) A P, fa(x) satisfies (15), where P, is an orthogonal
projection onto N, and

/ (Pufi(z) A Py fo(@) () A nos(2))dos
o8

= /(—TI‘ (Pnf{(x)) : Pnf?(x) + Tr (Pnfé(x)) : Pnfl(x)
S
+ P fi(x)Pofo(z) — Pofi(x) P fi(x)
+ lM(Pnf1<x)7x) : Pnf?(x) - l,u(Pan(x)?x) : Pnfl('r)v nS(x))d,U'S‘

Since N is dense in H, P, fi(z) — fi(z) and Tr (P, f;.(z)) — Tr (f;.(z)) converge
everywhere on H. However, we need a condition that would imply that we can pass to
the limit.

Let us now gather sufficient conditions for applicability of formula (15), counting the
result of A. V. Skorokhod [1].

1. The surface S of codimension 1 and its boundary 95 satisfy the conditions
imposed in Section 2, which permit to correctly introduce pug and pgg and have
the orientations that agree in the above sense.

2. There exists an increasing sequence of finite dimensional subspaces N,, such that
their union, N, is dense in H and N C M,,.

3. The vector fields fi(z), fa(x) are C* on H; fi(x) € N for almost all z(mod pu);
Tr f;.(z) exists for almost all z(mod u); fi, || f7.(z)|, Tr f;.(z) are bounded on H
or in a neighborhood of the surface S.

4. The function p,(-,-) is bounded on all bounded sets; the function [ p,(ra,z)dr

R

is continuous on H, inf [ p,(ra,z)dr > 0, for all a € N.
z€H p

5. The function {,(a, ) is defined on H for every a € N and for all b € N, b L a,
the functions [, (a,z — Aa), l#(a)i (b, x — Ab) are continuous with respect to A for

almost all x (mod p).
/

6. For all a, b € N, a L b, there exists <f p#(Ta,l')dT> € Li(H,pn), and F(z) =
R b
[ pu(ra, z)dr is differentiable uniformly with respect to the direction b on bounded
R

subsets of H, that is, for every bounded set B C H, the sequence %(F(a:jt Ab) —
F(zx)) converges to Fj(x) for A — 0 uniformly in z € B.

7. The sequence of functions |l,,(Py, fr(x), )| is uniformly integrable with respect
to the measure p on H, or in a neighborhood of the surface S.

8. For every a € N, the surface S can be split into a finite or a countable number
of parts each of which is projected onto L, = (a)* in a one-to-one way.

Theorem 3. If conditions 1—8 are satisfied, then both sides of identity (14) make sense
and formula (15) holds.
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3. THE GENERALIZED POINCARE-STOKES FORMULA FOR A SURFACE OF FINITE
CODIMENSION

Let us introduce the following notations:

(div,f) (z) = Tr f'(2) = Lu(f(2), ),

where f is a vector field on H;

k:l
k1 dfy. -
+I€Z(—1)+ j%fm- ASjA N i N N A A f),

where f = fi A--- A fn, is a multivector field on H.
Then using (1) we have

A A ) = B (AN f)+

m“Z (@), @) fr A A fe N A fon.

If S is a smooth surface in H of codimension m — 1 with boundary 95, n(x) =
n1(x) A -+ A np—1(z) is a multivector formed from an orthonormal basis in (7,.5)",
nos(x) is an outer normal field to 9 in S, ngs(x) € (T(99))*, no(x) = n(z) Angs(z)
then, making some technical assumptions on .S, u, f, we have the following formula:

/(f|na)dﬂasZ/(divuf]n)dus.

oS S

?
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FREYBERG [.A., MELNIKOVA [.V.

RELATIONS BETWEEN MODERN AND CLASSICAL
SEMIGROUPS

Classification of ’classical’ semigroups: strongly continuous, of class Co, C, Cyy, A,
and growth order o, and 'modern’ ones: integrated, convoluted, and R-semigroups s
constructed according to behavior of their generators.

1. INTRODUCTION

In the end of last century we could see sharp increase of interest to investigation of
solving operators to the abstract Cauchy problem

u'(t) = Au(t), te€[0;T),T < oo, u(0) = f, (1)

as well as to some others operators related to (1) in Banach and locally convex
spaces. There were introduced new families of operators called integrated semigroups,
R-semigroups and convoluted semigroups [1, 2, 3, 4, 5, 6]. Natural development of these
semigroups theory led to the problem of setting relations between new semigroup families
[11, 13] and between these semigroups and well-studied semigroups of class Cy [8].

In the present paper we made an attempt to construct classification of semigroups
by ordering semigroups of class Cgy and those without property of strong continuity at
zero with modern semigroups. The last-named being not semigroups upon a whole are
closely related to semigroups of solving operators and turn out to be important for many
applications.

The basic part of the paper presents a scheme of relations between semigroups
mentioned above upon to inclusions of their generators; that is section 3. In section 2
necessary definitions and properties of semigroups are given. Section 4 presents proof of
the inclusions. Examples reading the structure of inclusions and some semigroup classes
nonemptiness complete the paper.

2. NECESSARY DEFINITIONS AND PROPERTIES OF SEMIGROUPS

Definition 1. A family of bounded linear operators {U(t), ¢t > 0} acting on a Banach
space X and satisfying the conditions

(U1) U(t+h)=U(t)U(h), t,h>0; U(0)=1I;

(U2) U(-) is an operator—function strongly continuous with respect to ¢ > 0;
is called a strongly continuous semigroup. Operator defined by the equality:

U'(0)f = }lbir%lfl(U(h) —I)f, DomU'(0) = {f €X: Elillin%)hfl(U(h) - If } ,
is called an infinitesimal operator, it is closable and A := U’(0), is called an
(infinitesimal) generator of the family {U(t), t > 0}.

If the operator function U(-) strongly continuous with respect to ¢ > 0, it is called a
semigroup of class Cy. Such semigroups and only they are bounded in the neighborhood
of zero [7].

Now we introduce semigroups where the condition of strong continuity at t > 0
(equivalent to strong continuity at ¢ = 0) is replaced by certain weaker conditions.

Definition 2. Let fol U@ flldt < oo, f € X. If U(-) is Cesaro-summable (C—

U
1
summable): lirr(l)C(n)f = f, f € X, where C(n)f = —/U(s)fds, it is called a
n— n
0
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semigroup of class C; if Abel-summable (A-summable): lim) )\(7()\)]" =f felxX,

where C~7()\)f = /eAtU(t)f dt, A € R, then a semigroup of class A.
0

It is known that for any strongly continuous in ¢ > 0 semigroup the generator is
dense in Xo := [J;oo U(t)[X], and for semigroups mentioned above Xy is dense in X
[7]. Hence A is densely defined. Besides, if Xo = X, then due to Banach-Steinhouse
theorem, behavior at zero of semigroup of class Cy, C, and A is relatively described as
follows:

1T @) =t—0 O1),  [CM)I| =0 O1), TN =r—00 O (1/2). (2)

For semigroups of class C ) and semigroups of growth order o defined below, Xo=X
is taken as the preset condition. These semigroups, similar to semigroups of class C and
A, are not bounded in a neighborhood of zero and their main property is defined by
their special behavior at zero.

Definition 3. Let Xy = X. A semigroup {U(t),t > 0} is called a semigroups of class
C) if

(1) Jw: VA > w, operator U(X) is defined on Xy and invertible;

(2) DomA*) € S ={fe X :limy. oU®)f = f}.

A semigroup {U(t),t > 0} is called a semigroup of growth order o (v > 0) if

(1) Vt>0, Ult)f =0= f =0,

(2) [|t*U(t)]| is bounded as t — +0.

In the general case a semigroup of solving operators to the Cauchy problem (1) may
be not only unbounded in a neighborhood of zero, but be defined not on the whole X.
In this case some new families of operators modifying the family of solving operators are
introduced. They smooth solving operators in ¢ (integrated and convoluted semigroups)
or correct them by a certain operator R in X (R-semigroups).

Definition 4. A one parameter family of linear bounded operators {V (¢),t € [0,7)}, 7 <
00, acting on a Banach space X is called an n-times integrated semigroup if
(V1) Gy olls =)WV (t+7) = (t 45— r)" 'V (r)]dr = V() V (s),
t,s,t+s€0,7), V(0)=0;
(V2) the operator—function V(-) is strongly continuous in ¢ € [0, 7);
(V3) (vtelo,7),V(t)f=0)= f=0.

As it is well-known, all strongly continuous semigroups are exponentially bounded
(that is IM > 0,a,w € R : [[U@)|| < Me“',t > a). The introduced integrated
semigroups as well as introduced below convoluted ones and R-semigroups may be not
exponentially bounded, moreover they can be defined only locally.

A semigroup {V (¢),t € [0,7)} is called ezponentially bounded if T = oo and

V() lnxy < Me*t,  t>0,

for certain M > 0, w € R. It is called local if T < oo.

The generator of an exponentially bounded n-times integrated semigroup is defined
as follows. A := A —r(A\)~!, RA > w, where 7(A) = [; eV (t)dt. The generator of a
local one is defined as the particular case from definition 5 given below.

Definition 5. Let A be a linear closed operator on X. Let R(t) be an integrable on
[0,7), T < oo, operator function. A strongly continuous with respect to ¢ € [0, 7) family
of linear bounded operators {Q(t), t € [0,7)} acting on X and satisfying equations

t

A / Q(s)f ds = Q) — 0/ R(s)fds, feX, telo.r), (3)

0
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/Q(S)Af ds =Q(t)f — /R(s)f ds, fe€DomA, tel0,7), (4)
0 0

is called a regularized (R-regqularized) semigroup of operators generated by A, in addition
A is called the generator of the family {Q(t), t € [0,7)}.

A R-regularized semigroup is called nondegenerate if Q(t)f = 0 for every ¢t € (0;7)
implies f = 0.

If R(t) = k(t)I, where k is R-valued continuous function, an R-regularized semigroup
is called k—convoluted semigroup of operators generated by A.

Definition 6. A family of linear bounded operators {S(t), t € [0,7)},7 < oo, acting on
X and satisfying conditions

(R1) S(t+s)R=5(t)S(s), s,t,s+tel0,7); S(0)=R;

(R2) operator—function S(-) is strongly continuous with respect to t € [0, 7);
is called an R—semigroup.

In the case R = I characteristic property of R-semigroup (R1) coincides with
semigroup property U(t + s) = U(t)U(s) which can be continued for each t,s > 0.
Thus I-semigroup is a semigroup of class Cg.

As the basis for definition of a generator of introduced family we take the definition
of infinitesimal generator. Nevertheless in the case of R—semigroups there are some of
such definitions.

Definition 7. Let {S(¢), t € [0,7)} be an R-semigroup. Operators G and Z defined by
equalities

. RSt -1 4. St)-R
Gf=lg———/,  Zf=R"lIg—=—/
with domains
1 _7J
Dom G := {f € RanR: 1%ir%%f exists },

t) —
Dom Z := {f € X : there exists %irr(l) S()fRf € RanR},

correspondingly, are called infinitesimal generators of the family {S(t), t € [0,7)}.
An operator equal to the closure of G: A = G is called (complete infinitesimal)
generator of the family {S(t), t € [0,7)}.

Note that defining such semigroups authors initially called them C-semigroups (see
e.g. [5, 13]. We prefer the notation 'R-semigroup’ due to its regularization property and
unlike Cy-semigroups (semigroups of class Cy), where C stands for 'continuity’.

3. SCHEME OF RELATIONS BETWEEN GENERATORS OF SEMIGROUPS

A is the generator of

I a semigroup of class Co |
\ 4
II  a semigroup
of class C
4 U
II1  a semigroup
of class A
4 4
IV  a semigroup VIII a semigroup
of class Cy, of growth order «

4

4
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XII A% IX
an exp. bounded .| an exp. bounded . an exp.
K-convoluted n-times integrated bounded
semigroup semigroup R-semigroup
\ 4 .
XIIT VI
a K-convoluted — an n-times - X an
semigroup integr. semigroup R-semigroup
4 4 U
XIV a local VII a local
K-convoluted <=| n-times integrated | — XI a local
semigroup semigroup R-semigroup
4 4 )
[ XV a local regularized semigroup |

4. PROOF OF IMPLICATIONS

Before proving the implications we note that in the case of all strongly continuous
semigroups (of class Co, C, C ), A) we deal with very solving operators. Since definitions
of generators for these semigroups are the same, inclusions for classes of generators of
these semigroups in the scheme are really the inclusions for classes of corresponding
semigroups. In the case of integrated and R-semigroups we deal not with solving
operators, but with some their (different) transformations, therefore the inclusions
settled for the generators do not hold for the semigroups. As for integrated and
convoluted ones, they are transformed in a similar manner, and the inclusions again
take place for generators and semigroups.

I = 11 :> III It is evident that if lim, o4+ U(n)f = f for any f € X,
then Ilmn_>()+ fo s)fds = f. Let us show that if lim, o1 C(n)fds = f, then

lim) o0 )‘U( )f = f

[e.o]

t t
AT =X [ e MU@) fdt = Ne ™M / U(s)fds|g — / —Ae M / U(s) fdsfdt] =
0

o0

0
[e¢) t o]
= / My % / U(s)fds]dt = N2 / e MO () fdt,
0 0
[C

hence UN)f — f = )\2 Joo e Mt[C(t) f — fldt. Let 6 > 0. Since C(t),t > 0, is (w-
Jexponentially bounded, then for A > a > w we have

)
2 / eNHC) f — fldt] < sup [CH — fIl
/ 0<t<s
i A2M
22 / IO~ ] < e,
)

Thus the implications are proved. As for the reverse one, it is proved in [7] that a
semigroup of class A belongs to class C, if and only if its generator is closed.

IIT = IV. It was mentioned above that condition Xo = X holds for semigroups of
class A. Existence of operator—function U (A) for A large enough follows from definition
of semigroups of class A, and its invertibility from the fact that U (M) for semigroups
of class A coincides with the resolvent of A: U(A) = R()). Besides, it is proved that
lim, o+ U(n)f = f for f € Dom A? [7]. Hence a semigroup of class A belongs to class
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I = VIII. Ifin definition of semigroups of growth order « to take o = 0, we obtain a
strongly continuous bounded semigroup with densely defined generator. As it was read
in the previous section, a bounded strongly continuous semigroup is a semigroup of class
Co.

For semigroups of growth order « there exists operator (Al — A)~!, but generally it is
not bounded and hence (A — A)~! is not the resolvent of A. That makes the important
difference between semigroups of growth order o and semigroups of class A and C,.

VIII = IX. Inis proved in [11] that if A is the generator of a semigroup {U(t),t > 0}
of growth order «, then family {S(¢) = U(t)R,t > 0}, where

/s”e_)‘SU(s)fds =\ - A" re X n=]al,
0

Rf =

S|-

forms an R-semigroup.

V = IX (VI = X, VII = XI). Proof of the inclusions follows from result on
connection of R-semigroups and n-times integrated semigroups [13]: Let A be a closed
operator on X, A € p(A),n € N, then the following assertions are equivalent:

(1) A is the generator of an n-times integrated semigroup {V(¢),t € [0,7)};

(2) A is the generator of an R-semigroup {S(t),t € [0,7)};

Here construction of an R-semigroup via an integrated one and the inverse construction
are as follows:

t1 tn—1

t
SOf == GV OR S, Vs =or -y [ [ / (ta)f dty .. dt diy,
0 0

feX _
IV = V. It is proved in [11] that for a semigroup of class C;) operator U(\)f =

JoT e MU(t) fdt, X > w, is the resolvent of its generator: U(X) = R()), and the family
{S(t) = U(t)R¥(\g)} forms an R-semigroup with R = R¥(\g) for each Ao > w. Then
due to the assertion in the previous point, A is the generator of a k-times integrated
semigroup.

V = XII (VI = XIII, VII = XIV). It follows from the connection of n-times
integrated semigroups with Cauchy problem (1) that equations (3)—(4) take place with
k(t) = t"/n! and A, the generator of the semigroup [1, 9]. Hence an n-times integrated
semigroup is a particular case of a k-convoluted semigroup.

XIV = XV. Inclusions for semigroups and their generators follows from definitions
of these semigroups.

XI = XV. It follows from the connection of R-semigroups with Cauchy problem
(1) that equations (3)-(4) take place with R(t) = R and A, the generator of the R-
semigroup [5, 9]. Moreover, it is proved in [10] that definition of an R-semigroup as a
particular case of an R-regularized semigroup with R(t) = R is equivalent to definition
6 in a Hilbert space.

5. EXAMPLES READING THE STRUCTURE OF IMPLICATIONS

1. Example of an operator which depends on a parameter v and generates a semigroup
of class Cy, an integrated semigroup, a semigroup of growth order a or an R-semigroup
in dependence on value of 7 [9].

Let X = Ly(R) x L,(R), 1 < p < oo, be the space of vector-functions f(-) =
(f1(+), f2(+)) with norm || f|| = || f1llp + || f2||- Consider the operator A of multiplication
by the matrix

<:Z —Oh)::A’ Dom A={f€X: hfi, gfi +hf2 € Ly(R)},
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where h(z) = 1+ 22, g(x) = 2%, z€R, ~>0.Then

12 A2 tnA™ 1 0
U(t):eAt:I—f-tA—f—T-l-...—l— - —I—...:et(1+x2)<_m27 1),t20,xeR.

U@ Lx) = max {ma]é( e_t(Hz?); ma]é(ﬂx\%e_t(HwQ)} = max {e_t; '77751_76_75_7} .
s €

()
It is proved that if 0 <y < 1 then operators U(t) are bounded on the whole semi—axis
t > 0. Thus the family of bounded operators {U(t),t > 0} with 0 < v < 1 forms a
Co—semigroup.

For v > 1 the condition MFPHY is not true for (A — A)~!. However this operator is
bounded as 1 < 7 < 2 and unbounded as v > 2, therefore, the resolvent of A exists for
v < 2 only.

As it follows from the estimate (5) in the case of v > 1 the family {U(¢),t > 0} has
a peculiarity as t = 0. If, in addition, v < 2, then the peculiarity is integrable. We show
that in the case of 1 < vy < 2 the operator A generates an 1-time integrated semigroup:

t
1 1 — e ht 0
— — _ S
Vo = [Uds= 4 (et ey 4w ) 120
0

The operators V(t) are bounded, V(-) is strongly continuous with respect to ¢ > 0;
the family {V(¢),t > 0} with 1 < 7 < 2 satisfies all conditions of the definition of an
integrated semigroup, and A is the generator of this semigroup.

For v > 1 the estimate (5) implies that the values |[t*U (t)|1(x) are bounded as ¢ — 0
for each o > v — 1. The set Xo := (J;ooU(t)(X) is dense in X since the operator
U(t) with t > 0 maps the dense in X set of finite vector—functions into the set of finite
vector—functions. The family {U(t),¢ > 0} is nondegenerate: if U(t)f = 0 for each ¢t > 0,
then f = 0. Therefore, it forms a semigroup of growth order o« > v — 1. Then, as it was
shown A generates an R-semigroup with R = (Aol — A)™", n = [a] + 1. Note that here
the operator (Al — A)~" is an n—th exponent of the resolvent only in the case of v < 2.
For another v just the operator (A\I — A)~" is bounded, and the resolvent itself doesn’t
exist.

2. Consider a set of operators A = A(ap,b,), and U(t){zn, yn} = ez, yn}

= {e"!(x,, cos byt — yp sinbyt), €™ (y,, cos byt + x,, sin b, t) }

in X, space of pairs {zn,yn}, from [7, 12] demonstrating the structure of some
implications in the scheme. We show that for such operators in dependence on choice of
ap, by, and norms in X, the family {U(t),t > 0} is an example of

(i) a strongly continuous semigroup of class A, but not C;

(ii) a strongly continuous semigroup of class growth order «, but not A;

(iii) operator A is the generator of an integrated semigroup, but not any of strongly
continuous ones.

Let X be the space of pairs {(zy, yn)} such that lim, ...z, = 0and )7, nz [yn| < 00
with norm |[{ (2, yn)} | = sup, lea| + 0, n2[yal.

Define U(t){(zn,yn)} =

3 1in2 3 4+in2
{e—(nz+ )t( ), o~ (n2 )t(

1 .1 1 .1
Tpcosn2t — y, sinn2t Yncosn2t + x,sinnzt)}.

The family {U(t),t > 0} forms a semigroup of bounded operators:

o 3 ©
1T (@, yn} || < sup a1+ n2e ™ +2)  n2|y,l, (6)
n=1 n=1

strongly continuous as ¢ > 0 and not as ¢t > 0. The set Xo = (J, U(#)[X] includes all
vectors, whose components equal to zero for large enough numbers, hence it is dense in
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X. Operators R(A\){xn, yn} =

/e_AtU(t){(l'na yn) bt = {an(N)zn — Br(N)yn, an(A)yn + Bu(Nzn}, (7)
0
A+n2 —in? n3 :
an(A) = Bn(A) = exist, bounded for each

(A+n2 —in2)2+n (A+n2 —in2)2 +n
1

A > 0, and a,(A) < 3, Ba(N) < /\an‘l' Hence [R(\)| < § as A > 1, and
limy o0 AR(A{Zn, yn} = {@n, yn}- Hence {U(t),t > 0} is a semigroup of class A.
From (6) we obtain ||U(t)|| = Otﬁo(t_%). Hence [ U(s)ds exists, nevertheless C(n)
is not bounded as 17 — 0. Thus the semigroup being of class A is not of class C.
Let X be the space of pairs {(zn, yn)} With [[{zn, yn | = D ooe (|zn|* + n\ynP)% and
let ap = —(n+1),b, = n. Then

U(t) = {e~ "V (x,, cosnt + y, sinnt), e ") (y,, cosnt — z, sinnt)},
U] < sup(nze= ") = (2¢t) 3¢
The family {U(¢),t > 0} is a semigroup strongly continuous as ¢t > 0. The set Xj is
dense in X. Operators R(A) defined by (7), where
A+n+1 n
n(A) = . Ba(N) = .
an(A) A+n+1)2+n? fal¥) (A+n+1)2+n?
are bounded for each A > 0. Nevertheless for A > 0,

1 n 1
RN A)|| > sup | n2 > .
1B, A np< (A+n+1)2+n2> 10(A + 1)

Hence, by (2) operator A is not the generator of class A. Since
n 4 4
1

{U(t),t > 0} is a semigroup of class growth order o = 3.

x
Let X be the space of pairs {x,,yn} such that lim, ..z, = 0 and Z |yn|2 < 00
n=1

. 1
with norm [[{, ya}| = sup, [a] + (S22, yal?)?. Let

oo
Dom A = {{(zn,yn)} € X : lim |ie"x, —ny,| =0, Z Ina, 4 ie"y,|* < oo}
n—oo

n=1

A{zxp, yn} = {ie"z, — ny,, nx, +ie"y,} on Dom A, and corresponding family
U(t) = et = {eient ((xy, cosnt = yy, sinnt), eic™ ((yn cosnt 4+ x, sinnt)}.
Operator A is closed linear and densely defined. Consider operator (A — A)~!:
A —ie” n >_1
-n A — e

A= ) o} =

{an()\)xn - Bn()\)ym an()\)yn + lgn(/\)xn}a
A —ie™ n .

O it a2 Bn(A) = O it Operator (A\I — A)~L()) is

bounded for RA > 1, hence it is the resolvent of A, and it may be verified that all

estimates sufficient for the resolvent of the generator of an integrated semigroup are
fulfilled.

Now we show that operators U(t) are unbounded not only in a neighborhood of zero,

but in every point incommensurable with 2. let ¢y be incommensurable with 27. Then

where a,(\) =
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there exists {ny} : |sinngto| > 5,k = 1,2,...; taking z, = k™2 as n = ny, v, = 0 for
others n, and y, = 0 for each n, we have
1 [ SRV
IV to)all = 5 Dol | = 3 > )] =
n=1 n=1

Thus the family {U(t),t > 0} has singularities not only as t = 0, hence it is not a strongly

continuous semigroups. Nevertheless family { fg U(s)ds,t > 0} is strongly continuous as
t > 0 and forms 1-times integrated semigroups.
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ON NONLINEAR GINZBURG-LANDAU BOUNDARY
VALUE PROBLEM FOR A SUPERCONDUCTING
PLATE IN A MAGNETIC FIELD

To the memory of G.F.Zharkov

Revised and complemented presentation of the results of [1] on the analysis and
numerical simulation of a nonlinear Ginzburg—Landau boundary value problem is
given. The problem describes the stationary states of an infinite superconducting plate

of finite thickness in a magnetic field. The accompanying spectral problems relating to
the exzamination of the dynamic (in) stability of solutions in the framework of linear
perturbation theory are studied. More accurate formulations and explanations of some
results of [1] are given.

1. STATEMENT OF THE NONLINEAR BOUNDARY VALUE PROBLEM AND ITS
SOLVABILITY, UPPER AND LOWER FUNCTIONS

The Ginzburg-Landau (GL) macroscopic theory of superconductivity [2] is widely
used to describe the states of superconductors in a magnetic field near the critical
temperature (see, e.g., 3|, [4] and references therein).

In the case of an infinite plate of finite thickness, the GL nonlinear boundary value
problem (BVP) for a system of ordinary differential equations (ODEs), in terms of
normalized dimensionless variables of [4], has the form

' —*a =0, 0<z <D, (1)

V't (=) —a’p =0, 0<w<D, (2)
a(0)=0,  ¢'(0)=0, (3)

a'(D)=h, J'(D)=0. (4)

Here all the magnitudes are real, 0 < D is the half-width of the plate; a is the potential
of the magnetic field; 1) is the effective wave function of the superconducting electrons
in metal (so called the order parameter); h and s are positive parameters, where h is
the magnetic field strength and s is the parameter of the GL theory that characterizes
the material of superconductor.

The quantity 12 is equal to the concentration of the superconducting electrons in the
metal that implies

0<¢? <1,
where ) = 0 corresponds to a normal (n) phase of the state of the plate whereas 1 # 0
corresponds to a superconducting (s) phase (both in the magnetic field, when h > 0,
and without it, when h = 0).

It is easy to prove that this physical constraint is a natural constraint for a -
component of each solution to BVP (1) — (4). Indeed, let a pair {a(z), ¢ (z)} be a solution
to (1), (2) satisfying conditions (3) and let x =z € (0, D] be such that (z) > 1 (resp.,
¥(z) < —1). Then ¢"(z) > 0 (resp., ¥"(z) < 0) Vz > Z so that this solution cannot
satisfy conditions (4).

Moreover, for the solutions to nonlinear BVP (1) — (4) with fixed parameters, setting
¥?(x) =1 (resp., 1(z) = 0) in (1), we obtain lower (resp., upper) function with respect
to a solution a—component.

Due to these arguments and the integral equation

T

V@) = [l = (1= ()] o(s) ds, o)
0
following from (2) and the boundary condition ¢'(0) = 0, first we get



126 Konyukhova N.B., Kurochkin S.V.

Proposition 1. For any fixed h > 0, 3¢ # 0 and D > 0, any solution {a(z, h), ¥(x, h)}
of nonlinear BVP (1) - (4) satisfies conditions

0 < *(x,h) <1, vz € [0, D], (6)

hshz/ch D < a(z,h) < hz, vz € [0, D],
(7)
hchz/ch D <b(x,h) =d (x,h) <h, Vz € [0, D],

and the relation
D
@) = 2 (1= w2 )] (o ) d =0 (8)
0

For nonlinear BVP (1) — (4) with fixed h > 0, we are interested in the principal
solutions {a(z,h), ¥ (z,h)} when

0<w(z,h)<1, Vaeelo,D. 9)

Remark 5. 1) As shown in [1], when s : 0 < 32 < 1, a solution to (1), (2) satisfying,
e.g., conditions (3) and leaving the domain (6), (7) for some = € (0, D), is singular (a
blow up solution): it doesn’t exist globally and has a pole of the first order in some point
zp € (0, D].

2) For nonlinear BVP (1) — (4) with more general restrictions (6), the following
assertions are valid: when h = 0, at least three solutions exist, namely {a(z),¢(z)} =
{0, -1}, {0,0}, {0,1}; for h > 0, existence of the solutions with oscillating -
components (i.e., having some zeroes on the interval (0, D) where a number of the nodes
depends on the parameters) is possible. The reasons of their appearance we discuss below
but we don’t study them in this paper.

Taking into account the physical interpretation, we introduce

Definition 1. Let a pair {a(x, h), ¥ (z, h)} be a solution to BVP (1) — (4) for some h > 0.
We say that it is the "n—solution” iff ¢(x, h) = 0; otherwise, it is the "s—solution”.

The following assertions are evident.

Proposition 2. For any fixed » > 0, D > 0 and h > 0, the nonlinear BVP (1) — (4) is
solvable: it has at least one solution,

a(x,h) = hz, P(x,h) =0, (10)

being a unique n—solution to this BVP Vh. Moreover, for h = 0 and 3¢ # 0, there are
exactly two principal solutions: the trivial n—solution

a(z,0) =0, P(x,0) =0, (11)
corresponding to (10) with h = 0, and the constant s—solution
a(z,0) =0, P(z,0) = 1. (12)

For a principal solution {a(z,h), ¥(z,h)} to nonlinear BVP (1) — (4), the equality
(8) indicates that if a(x, h) is large enough then (8) can fulfill only when ¢ (z,h) = 0,
i.e., for the unique n—solution (10) to this BVP. It implies

Corollary 1. For fized 5*> # 0 and D > 0, there exists hgy, = hgn(2, D) > 0 such
that: for each h > hgay (52, D), nonlinear BVP (1) - (4) has no principal solution other
than the particular ezact n—solution (10). As a result, if a magnetic field is large enough,

namely h > hay (3¢, D), then the plate is found in the normal phase of the state described
by (10).

For different sets of the parameters {5, D}, the values hgy, (3¢, D) were obtained in [1],
[4] by numerical methods.
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For h > 0 small enough, at least one principal s—solution can be obtained as an
extension of a particular constant s—solution (12) on the parameter h. In general, for
each h satisfying restrictions

0 < h < hgn(32, D), (13)
it is naturally to expect either unique or more than one principal s—solution to the
nonlinear BVP (1) — (4). As was found numerically in [1], there are up to three isolated
principal s—solutions (and even there may be a continuum of nonisolated s—solutions (!))
where amount of solutions depends on the values of the parameters h, s and D.

We don’t know the exact proof of this difficult assertion but we may describe a priori
some properties of the solutions permitting us, in particular, to predict or to explain
some numerical results. Moreover, due to the reasons described below, all the solutions
to nonlinear BVP (1) — (4) for fixed h from the interval (13) were found first by the
numerical method of [1] including dynamically unstable and nonisolated solutions which
were not be found and cannot be found by the method of [4].

2. ON THE SOLUTION BEHAVIOR, ITS ISOLATION AND ENERGY STABILITY
For fixed s # 0, D > 0 and h > 0, let a pair {a(z,h), ¥(z,h)} be a principal
s—solution to BVP (1) — (4). Due to Proposition 1, we have the restrictions

0<w(x,h) <1, Veelo,D]
hshxz/chD < a(z,h) < hz, Vz € [0, D], (14)
hchz/ch D < b(z,h) =d'(x,h) < h, vV € [0, D).

As a corollary, introducing notation
bO(h) = CL/(O, h)7 ¢0(h) = T/J(Oa h)a (15)
(ID(h) = CL(D,h), ¢D(h) = w(Dah)v (16)

we also obtain the restrictions on the parameters {by, ©o, ap, ¥p} (as on the lacking
Cauchy data in the points x = 0 and x = D respectively):

h /ch(D) < by(h) < h, 0 <o(h) <1, (17)
h th(D) < ap(h) < hD, 0 <¢p(h) < 1. (18)
The following inequalities are also evident:
—25/(3V/3) < 40, h) = 5 (U (h) — Do (h) < 0; (19)
a’(x,h) >0, a'(x,h) >0, Va € (0, D). (20)

Moreover, as it is known and can be checked easily, the system of ODEs (1), (2) has
a first integral:

2
a*(z) + ¢ (x) + 3 (2) [%2 <1 — @Z)T(:UU - a2(x)} = const, Vr e [0,D]. (21)
Then in particular, for the unknown parameters (15) and (16), we obtain the equation

00 + i (1= 80) <02 upn [ (1- 20 ) ] e

which determines a nonlinear three—dimensional manifold in the four—dimensional space
of the parameters {b3, 13, a%, V% }.
Taking into account the previous assertions and relations, we can formulate

Proposition 3. For fixed 52 # 0, D > 0 and h > 0, let {a(x, h), 1(z,h)} be a principal
s—solution to the nonlinear BVP (1) — (4), so that the constraints (14), (17) — (20) and
the relations (8), (22) are valid. Then a(z, h) monotonically increases and is downward
convex whereas ¢ (x, h) monotonically decreases, having a maximum in the point z = 0
(due to condition 9'(0) = 0 and inequality (19)), a unique inflection point x = zj, €
(0, D) where

U(xin, h) = \/1 — a?(Xin, h) /52, 0 < a(min, h) < », (23)
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and a minimum in the point z = D, where 1)/(D) = 0 and the inequalities
h?D? > 4" (D, h) = [ap(h) — 5*(1 — ¥, (h))]$p(h) > 0 (24)
must be fulfilled.

For fixed s # 0 and D > 0, let {a(x, h), ¢ (z,h)} be all the principal s—solutions to
nonlinear BVP (1) — (4) for different values of h € [0, hg, (3¢, D)]. Then it is convenient
to describe the states of the plate in a magnetic field, including transitions s — n (resp.,
n — s) under amplification (resp., reduction) of the field, by means of the ¢y(h), ¥ p(h)
and M (h) diagrams:

Yo(h) =¥(0,h), Yp(h)=¢(D,h), 4xM(h)=a(D,h)/D—h, 0<h< hﬁn(%,(D)).

25
Here 1o(h) (resp., ¥p(h)) characterizes the order parameter in the center of the plate
(resp., on its edge) whereas M (h) characterizes the magnetization of the plate.

The types of the diagrams (25) depend on the properties of the solutions and their
amount for fixed h € [0, han (3¢, D)]. The solutions of nonlinear BVP (1) — (4) can
significantly vary under small variations of the field strength h considered as a bifurcation
parameter. The important characteristics of the solutions are their isolation and stability.
To look for a solution to nonlinear BVP (1) — (4), in [4] the iterative method is suggested
using a global initial approximation of a required solution on the whole interval [0, D]. In
general, only an isolated and stable solution can be found by similar iterative methods
beginning from sufficiently good initial global approximation of a desired solution. As a
corollary, some solutions to nonlinear BVP (1) — (4) were not found in [4] that implied
in general, for the values (25), inaccurate discontinuous diagrams (in detail, see [1]).

2.1. Concept of a solution isolation. Linearizing nonlinear BVP (1) — (4) on its
solution {ap(z), ¥n(x)}, we obtain linear homogeneous BVP with respect to small
perturbations v(z), w(x) of this solution:

v =)o + 2 (2)an(@)w, 0<z<D, (26)
w” = 29y (x)ap(z)v + [%2 (37,&;21(;1:) -1)+ a,%(x)] w, 0<z<D, (27)
v(0) =0, w'(0) =0, (28)

v'(D) =0, w'(D) = 0. (29)

Following [5], we introduce

Definition 2. Let pair {ay(z), ¥n(x)} be a solution to the nonlinear BVP (1) — (4) for
some h > 0. We say that it is an isolated solution iff the accompanying linear BVP (26)-
(29) has only the trivial solution; otherwise, {ap(x), ¥ (x)} is a nonisolated solution to
BVP (1) — (4).

(1) First of all, let us consider linear homogeneous BVPs corresponding to the
perturbations of the exact constant solutions (11), (12) without magnetic field.
For trivial n—solution (11), we obtain from (26) — (29) two separated BVPs:

v =0, v(0) = (D) =0; (30)
w” + 2w = 0,

w
Then v(z) = 0 whereas w(x) = 0 iff (D)% # (7)?, 1 =0,1,....
For constant s—solution (12), we obtain

v —v =0, v(0) ='(D) = 0; (32)
w” — 2%w = 0, w'(0) = w'(D) = 0. (33)
These BVPs imply v(x) = 0 whereas w(z) = 0 iff >z # 0. As a result, we obtain
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Corollary 2. For nonlinear BVP (1) - (4) with h = 0, the constant s-solution (12) is
isolated iff ¢ # 0 and the trivial n—solution (11) is nonisolated iff

(%D)? = (nl)?, [=0,1,...; (34)
corresponding to (34) nontrivial perturbations are
w(z) = wy(z) ~ cos (nlx/D), l=0,1,.... (35)

(2) Now let us consider homogeneous BVPs corresponding to the perturbations of
the exact n—solution (10) with a magnetic field presence.

For the unique n—solution (10), there are two separated BVPs: the problem for v(z)
is the same as (30) with only a trivial solution; for w(z), we have

w” + (52 = h2x?)w =0, 0<z<D, (36)
w'(0) =0, (37)
w'(D) = 0. (38)
First of all, setting formally D — oo and replacing (38) by limit conditions
xlirgo w'(z) = xlirgo w(z) =0, (39)

let us consider an auxiliary singular linear BVP (36), (37), (39) as a self-adjoint singular
spectral problem (SP) with h as a spectral parameter. Then we obtain the infinite series
of the exact positive eigenvalues (EVs):

hi(se,00) = 52 /(4l +1), 1=0,1,.... (40)

The eigenfunctions (EFs) wi(x,s,00) (I = 0,1,...) corresponding to EVs (40), are
defined by means of the parabolic cylinder functions where w;(x) has [ zeroes on the
interval (0,00) (see, e.g., [6], p.154; in detail, see [1]). In particular,

ho(3¢,00) = 22, wo(z, 22, 00) ~ exp (=22 2%/2). (41)

Let us remark that auxiliary singular self-adjoint SP (36), (37), (39) describes the small
perturbations on the exact solution (10) to the following singular nonlinear BVP: (1),
(2) defined for z € Ry, conditions (3) and the limit boundary conditions at infinity in
the form
lim o'(z) = lim a(z)/z = h, lim ¢'(z) = lim ¥(x) = 0. (42)
Tr—0Q0 Tr—00 Tr—00 Tr—0Q0

For the initial nonsingular self-adjoint SP (36) — (38), with different finite values of
D > 0 and » # 0, the positive EVs (s, D) (I = 0,1,...,N(, D)) were obtained
numerically in [1] by the phase method (see, e.g., [7], [8] and references therein). Here
the index of EV is connected with the following fact: EF @;(z, s, D) corresponding to
EV hy(5, D) has [ zeroes on the interval (0, D).

Let us remark that self-adjoint SP (36) — (38), with finite D > 0 and h as a spectral
parameter, is not standard. In our assertions about discrete spectrum to this SP, we
are based on the case D — oo and on numerical results so that these assertions are in
general of qualitative level of rigor.

As a result and taking into account the bifurcation theory, we obtain

Corollary 3. For auziliary nonlinear singular BVP (1) - (3), (42) with » # 0, the ezact
n-solution (10) is nonisolated iff h coincides with one of the values hy(sc,00) (I =0,1,...)
defined by (40). For fized s # 0 and D > 0, the exact n—solution (10) to nonlinear BVP
(1) - (4) is nonisolated iff h coincides with one of EVs hi(s¢,D) (1=0,1,...,N(s, D))
to self-adjoint SP (36) — (38) where hy(3c, D) — hy(3,00) = 32/ (4l+1) (1=0,1,...) as
D — oo. As a result, the mazimal EVEO(%, D) > 0 to self-adjoint SP (36) — (38) defines
a priori the threshold magnetic field when a transition n — s occurs (in the regime of

the weakening of the field).
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For large enough D > 0, the threshold value of h practically becomes independent of
D tending to the value hg(3z,00):

hen(3¢, D) = ho(3¢,D) ~ 3%, D > D(3) > 1. (43)
For example, due to computations in [1], we have
=05 hp(0.5;3) = 032079,  h,(0.5:5) = 0.25286, Ry (0.5;10)= 0.25000;
w=1: hy(;1)  =180590,  h(1;3) =1.00089,  hy(135) = 1.00000.

Remark 6. The next EVs h;(3, D) (I =1,2,...,N(s, D)) of the self-adjoint SP (36)—
(38) define the threshold magnetic fields in nonlinear BVP (1)—(4) for the nodal solutions
to appear. Moreover, the following situation takes place: when nl < 2D < w(l + 1)
(I =0,1,...) then N(s,D) = [. It is valid because when (34) is fulfilled (so that the
trivial solution (11) becomes nonisolated and metastable) a new small EV appears with
the EF close to (35), that implies in turn an appearance of small s-solution to nonlinear

BVP (1)-(4) (in detail, including a table of EVs /le(%, D), see [1]).

2.2. On the energy (in)stability of the plate states. The system of ODEs (1), (2)
is a system of the Lagrange-FEuler equations for the positive semidefinite functional

D
E(»,D) = /J(a,a’,w,w’,%)(x)dx, (44)
)
where
ola,a ', ) = »%[1 — 1?2 /2 + a®? + 2+ a? (45)

On the solutions {ap(z), ¥n(x)} of BVP (1) — (4), these quantities also depend on the
parameter h, where o = o(ap, a},, ¥, ¥}, ») is the density of free (potential) energy of
the superconductor in the magnetic field and E = E(s, D, h) is proportional to the
surface energy density.

For nonlinear physics problems, different stability criteria of solution are discussed
(see, e.g., [9]). The Lagrange equilibrium stability criterion is the requirement that the
potential energy has an isolated minimum.

Definition 3. For fixed » > 0, D > 0 and h > 0, let a pair {ap(z), Yn(x)} be a
solution to the nonlinear BVP (1) — (4) with the energy E = E({ap, ¥n}, 5, D) defined
by the formulae (44), (45). We say that this solution is "h-energy stable"iff it has the
least energy among all the solutions with given h; otherwise, this solution is "h—energy
unstable".

For exact particular solutions (10) — (12), we obtain:
E({0,1},5,D)=0,  E({0,0},,D)=*D > 0; (46)

E({0, hx}, 5, D) = (»* 4+ 2h?) D > 0. (47)
The formulae (46) imply

Corollary 4. For nonlinear BVP (1) — (4) with fized c # 0, D > 0 and h = 0, the
constant s—solution (12) is absolutely energy stable (in the Lagrange sense) whereas the
trivial n—solution (11) is h—energy unstable, that implies: if a magnetic field is absent
then the plate is found in the superconducting phase of the state described by (12).

Remark 7. The facts on energy (in)stability of the exact constant solutions are well—
known in the nonlinear field theory: for a = 0, we obtain only (2) with the self-action
GL-Higgs potential

W) =" (1-9)*/2
this potential has the global minima at ¢ = £1 and a local maximum at ¥ = 0, the last
corresponds to an unstable state of the field with the nontrivial energy density.



On Nonlinear Ginzburg—Landau Boundary Value Problem 131

In order to establish the h-energy (in)stability of the exact n-solution (10), the
magnitude (47) should be compared with the values of E({ap, ¥}, >, D) on the other
solutions of BVP (1)-(4) with given A > 0. At all events, due to Corollary 1, since for
h > hgn (52, D) there is no solution other than (10), we obtain

Corollary 5. For fived »* # 0, D > 0 and h > hg,(2, D) > 0, the exzact n-solution
(10) to monlinear BVP (1) - (4) is h—energy stable, with the energy (47).

Remark 8. According to the GL theory [2], the density of free (potential) energy of
the superconductor in the magnetic field is proportional (in terms of our dimensionless
variables) to the value

ogl = 0 — V23d (2),

where o is given by (45). Here the additional term —+/2s¢a’ plays the role of the field
gauge; it does not affect the Euler-Lagrange equations and ensures the convergence of
the energy integral in the GL problem for a superconducting half-space. More exactly,
the singular GL BVP for a superconducting half-space bordering on the half-space filled
with the same metal in normal phase is formulated as follows (see [2]): the ODEs (1),
(2) are considered on the entire real axis, x € R, with the limit boundary conditions

i a(@)— lm d(@)=0, lm () - 1= lm ¢/@)=0,  (3)
wlirgo[a(x)/x] = z11_)1r101o a' (z) = heo, xh_}rrolo () = zlingo Y (z) = 0. (49)

Then, from the first integral (21) and the conditions (48), (49), we obtain
hoo = her(32,00) = 2/V/2. (50)

Therefore, this singular BVP (i.e., (1), (2) considered for z € R with the limit boundary
conditions (48), (49)) can have a solution (as a ¢-wall) only if (50) is valid (such solution
is defined within z—translation). Moreover, the exotic case arises when

her(72,00) = 2/V/2 = hq(3¢,00) = 32, (51)
leading to the critical values of s and h:
#er1(00) = V2/2, et (321 (00), 00) = 1/2. (52)

As a corollary, for large enough D and h close to the critical value (50), the nonlinear
BVP (1) - (4) can have the solutions of a transition layer type (¢-walls), when ¢ changes
from ¢ ~ 1, for x ~ 0, to ¢ ~ 0, for x ~ D, that is confirmed in the computations of
[1]. Moreover, as it seems, for D large enough and when (D) = sq1(00) = v/2/2 and
h(s¢,D) = hin(32, D) = heri(5er1(00), 00) = 1/2, the nonlinear BVP (1) — (4) has a
continuum of nonisolated s—solutions. It is a difficult exotic case to explain but it is
practically important (see [1] and references therein).

Propositions 1-3, (non)isolation and the energy (in)stability of the exact partial
solutions lead us to the following preliminary conclusions: for fixed > > 0, D > 0 and
h € [0, hgn (5, D)], nonlinear BVP (1)-(4) must have at least one principal s—solution;
a transition s — n occurs when the field h > 0 appears, becomes more intensive and
achieves the value hgy, (s, D) whereas a transition n — s takes place when h becomes
equal to h, (32, D) < hgn(3¢, D) in the regime of the weakening of the magnetic field;
a magnetic hysteresis phenomenon is possible because the transitions s - nand n — s
can proceed in different ways.

These facts and assumptions were confirmed by the computations in [1|. Moreover,
some numerical results can be explained due to the concept of a solution dynamic
(in)stability.
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3. CONCEPT OF A SOLUTION SPECTRAL (DYNAMIC) (IN)STABILITY

To analyze the (in)stability of the solutions to nonlinear BVP (1) — (4) under small
perturbations, we use an approach similar to those used in [10] and [9], p.39.

Let (1), (2) be considered formally as the steady—state equations for the system of
evolution diffusion—type equations. Then we say that a solution {ap(x), ¥n(x)} of BVP
(1) — (4) is dynamically stable iff it can be obtained by the relaxation method; otherwise,
it is dynamically unstable. More exactly, we discuss the following problem of linearized
stability.

Let {04, 0y} be small perturbations of a stationary solution {as(z), ¢n(x)}. For linear
approach, we obtain the system of the linear evolutionary equations

00y 826
v — Uj(2)6a — 20 () an (z)dy, (53)
S = S = 2n(@an(@)a + [ (1= 36R(0)) — af (@) 8y, (54)
where, for separation of the variables, we put
da(z,t) = v(x) exp(At), Oy(,t) = w(x)exp(At). (55)

Here the sign of X is chosen consistent with the absolute energetic stability of the exact
constant s—solution (12) which all the more must be spectrally stable (see further).

We finally obtain the following self-adjoint SP for the amplitudes of the perturbations
n (55):

v — Pi(x)v — 2¢p(z)ap(x)w = v, 0<z<D, (56)

w” — 2¢p (x)ap (z)v + [%2 (1 - szi(x)) - a%(x)}w = \w, 0<z<D, (57)
v(0) = w'(0) = (58)

v'(D) = w'(D) = (59)

For A = 0, it is the same as linear BVP (26) — (2 ) so that if A = 0 is an EV of the
self-adjoint SP (56) — (59), then {ax(z), ¥n(x)} is a nonisolated solution to nonlinear
BVP (1) - (4).

Definition 4. Let a pair {ap(z), ¥»(z)} be a solution of nonlinear BVP (1) — (4) with
some h > 0. It is called spectrally stable iff all EVs of self-adjoint SP (56) — (59)
are negative; if there exists at least one positive EV then {a(z), ()} is spectrally
(dynamically) unstable; if A = 0 is the maximal EV of SP (56) — (59) then {an(x), ¥n(z)}
is a metastable (or neutrally stable) nonisolated solution to nonlinear BVP (1) — (4).

In general, we solve the self-adjoint SP (56) — (59) numerically by the method of the
boundary condition transfer (see [11], [12]).

3.1. SPs corresponding to the small perturbations of the exact constant
solutions without magnetic field. For trivial n—solution (11), we obtain from (56)
— (59) two separated SPs:

V" = v, v(0) = (D) =0; (60)
w” + 2w = I, w'(0)=w'(D) = 0. (61)

Then we have the following EVs Al(v) and )\l(w) for SPs (60) and (61) respectively:
A = —(@+ Dr/2D)2, A =52 - (m/D)?, 1=0,1,....  (62)

In particular, we obtain

A =52 > 0. (63)

For the constant s—solution (12), we obtain
v — v =, v(0) = (D) =0; (64)
w” — 222w = \w, w'(0)=w'(D) = 0. (65)
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Both for SP (64) and SP (65) all EVs are negative:
A = 1@+ Dr/eD)?, A =—2:2 - (r/D)?, 1=0,1,.... (66)

Corollary 6. For nonlinear BVP (1) — (4) with fited D > 0, » # 0 and h = 0, the
following assertions are true: 1) the trivial n—solution (11) is spectrally unstable with
the instability index \ = »* and it becomes nonisolated iff D satisfies relation (34) for
some | > 1; 2) the constant s—solution (12) is isolated and spectrally stable.

As we might expect, due to Corollary 4, the Corollary 6 is agreeing with energy
instability of trivial n—solution (11) and, that is more important, with an absolute energy
stability of constant s-solution (12) which is a stronger kind of stability.

3.2. SPs corresponding to small perturbations of the exact n—solution with
a magnetic field presence. For the unique n—solution (10), there are two separated
SPs: the problem for v(z) is the same as (60) where all EVs are negative; for w(x), we
have

w” + (5 — h2z?) w = I, 0<z<D, (67)
w'(0) = 0, (68)
w'(D) = 0. (69)

First of all, setting formally D — oo and replacing (69) by the limit conditions (39),
let us consider auxiliary singular self-adjoint SP: (67), defined for z € R, with the
conditions (68), (39). Then we obtain the infinite series of the exact EVs:

M (e, hyo0) = —(4l+ Dh+ 52, 1=0,1,.... (70)

The EFs corresponding to EVs (70) are defined by means of the parabolic cylinder
functions. In particular,

/\(()w)(h, ) = % — h, wo(z, h, 00) ~ exp (—hz?/2). (71)

For finite D > 0, we can compute EVs of nonsingular self-adjoint SP (67) — (69)
numerically by the phase method. Let us remark that this SP, with finite D > 0 and A
as a spectral parameter, is a standard self-adjoint SP with infinite discrete spectrum,
Xo(h,D) > M\ (h,D) > ... (N(h,D) — —o0 as | — o0), where EF corresponding to EV
Ai(h, D) has [ zeroes on the interval (0, D) (see, e.g., [13], p.228). For A = 0, we get a
previous auxiliary SP (36) — (38) with h as a spectral parameter.

Thus we obtain

Corollary 7. For the exact n-solution (10) to auziliary singular nonlinear BVP
described by ODEs (1), (2), for x € Ry, with boundary conditions (3) and (42), the
following assertions are true: 1) this solution is spectrally stable when h > hy(s, 00) =
52 where ho(3,00) is a mazimal EV of the accompanying singular self-adjoint SP (36),
(37), (39); 2) the n—solution (10) is spectrally (dynamically) unstable when h € [0, 5?)
and moreover it becomes nonisolated when h coincides with one of the EVs (40), i.e,
when h = hy(s¢,00) = 32 /(4l + 1) for some | > 1; 8) the indicated unique n—solution
becomes nonisolated and metastable when

h = hyn (32, 00) = ho(32, 00) = 32 (72)

For the exact n-solution (10) to the initial nonlinear BVP (1) — (4) with fized finite
D > 0 and » # 0, by analogy with previous singular BVP the following facts take place:
1) this solution is spectrally stable when h > /ﬁo(%, D) where Eo(%, D) > 0 is the mazimal
EV of the accompanying self-adjoint SP (36) — (38); 2) it is spectrally (dynamically)
unstable when 0 < h < /Ho(%,D) and moreover it becomes nonisolated when h coincides
with one of the EVs /f;l(%, D) of the SP (36) - (38) for some 1l > 1; &) the indicated

unique n—solution becomes nonisolated and metastable when

h = hyn (32, D) = ho(3¢, D). (73)
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3.3. Summing some previous results, we obtain

Proposition 4. For the nonlinear BVP (1) — (4) with h = 0 and each s # 0, the
following assertions are true: a) the trivial n—solution (11) is spectrally unstable, with
the index of spectral instability A = »? > 0, and h—energy unstable, with the the energy
E(3,D) = »*D > 0; it becomes nonisolated iff (sD)? = (xl)? for some [ € {1,2,...};
b) the constant s—solution (12) is isolated, spectrally stable and absolutely energy stable,
with the energy F = 0; c¢) as a result, if a magnetic field is absent then the plate is found
in the superconducting phase of the state described by (12). For the nonlinear BVP (1) -
(4) with fixed h > 0 and s # 0, the following assertions are true: a) the exact n—solution
(10) is spectrally stable when h > ﬁo(%, D) where ﬁo(%, D) is a maximal EV of the
accompanying self-adjoint SP (36) — (38) and ?Lo(%,D) — 2% as D — oo; this solution
is spectrally (dynamically) unstable when 0 < h < ﬁo(%, D), with the index of instability
tending to the value A = »? — h as D — oo, and moreover it becomes nonisolated iff &
coincides with one of the EVs hy(s¢, D) of SP (36) — (38) for some I € {1,2,...}; at last it
becomes nonisolated and metastable (neutrally stable) when h = hy, (5, D) = ﬁo(%, D);
b) as a result, the n—solution (10), with the energy E(s¢, D, h) = [3?+2h?] D, is h—energy
unstable at least when 0 < h < EO(D, ) = hen(5¢, D) so that, for such values of h, the
plate is found in the superconducting phase of the state described by some dynamically
stable s—solution to nonlinear BVP (1) — (4); c¢) for h > hgn(3¢, D) > hen(s¢, D), the
n—solution (10) is the unique solution to this BVP, it is dynamically and energetically

stable, so that for such values of h the plate is found in the normal phase of the state
described by (10).

These facts are consistent with the bifurcation diagrams in [1].

4. A METHOD FOR NUMERICAL SOLUTION OF THE NONLINEAR BVP AND
BIFURCATION DIAGRAMS

Let us return to the initial nonlinear BVP (1) — (4) with the restriction (9).

4.1. The left—sided shooting method with free parameter h. For fixed » # 0 and
D > 0, let {a(z,h), ¥(x,h)} be the principal solutions of BVP (1) — (4) corresponding
to the different values of h > 0. The dependence on h of the order parameter, taken in
the center of the plate and on its edge, and of the magnetization of the plate is of great
interest (see formulae (25)).

The studied properties of the principal solutions to BVP (1) — (4) enable us to suggest
a simple method for constructing these diagrams. Namely, consider h as a free parameter
and solve the Cauchy problem (1) - (3), (15) from z = 0 to = D. For a fixed value of 1y
satisfying restrictions 0 < 19 < 1, we fit the parameter by = a’(0) > 0 in the conditions
(15) by shooting at the boundary value ¢'(D) = 0. This gives a value h = o/(D), and,
therefore, a solution of BVP (1) — (4) for the value of h thus obtained.

When we move along ¢y from top to bottom, we take into account that for ¢y ~ 1
the quantity by > 0 must be small. When we move along 1y from bottom to top, we
take into account that for ¢y ~ 0 the function a(x) must be close to a linear function.

The obtained restrictions to the principal solutions of the BVP (1) — (4) make it
possible to cut off the trajectories when solving the Cauchy problem (1) — (3), (15).
Some a priori indicated relations, e.g., (8), (17), (18), (22), can be used for additional
verification of the correctness of the computations.

42. A brief description of the numerical results of [1]. The analytical
investigation and calculations lead to the following conclusions.

(1) For each D > 0 and s # 0, the following facts are valid:

a) there exists a final h = hgp(s¢, D) > 0 such that for each h : h € [0, han (22, D)),
the nonlinear BVP (1) — (4) has not less than one and not more than three isolated
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s—solutions; for each h > hgy (3¢, D), this BVP has no s—solutions;

b) there exists a threshold value h = hy(s,D) : 0 < hy(s6,D) < hga(32, D),
tending asymptotically, for D > 0 large enough, to hg, (5, 00) = 32, and such that the
particular exact n-solution (10) becomes nonisolated spectrally metastable (neutrally
stable) solution to BVP (1) — (4) and a transition n — s takes place under reduction of
the magnetic field.

(2) For each D > D1 ~ 1.63, the following facts are valid:

a) there exists first critical » = 3;1(D) such that, for h = h(se (D), D),
BVP (1) — (4) has a continuum of nonisolated solutions; for D > 0 large enough, the
quantity s1(D) tends asymptotically to se1(00) = 1/v/2 and hgy, (541 (D), D) tends
t0 her1 = hen(#er1 (00), 00) = 3621 (00) = 1/2;

b) there exists » = s2(D) > 0, tending asymptotically, for D > 0 large enough, to
#er2(00) ~ 0.9195, and such that hy, (s, D) < hgy(s¢, D) for each 3¢ € (0, s¢2(D)) and
hth(%cr27 D) = hﬁn(%cr27 D)

(3) For each D > Dga(s) (where, e.g., Du2(0.2) ~ 1.12, D2(0.935) ~ 1.63,
D12(2.0) ~ 2.36, Der2(3.0) ~ 2.38, Der2(6.0) ~ 2.43), the following facts hold:

a) for each » € (0,542(D)], a transition s — n of the first order occurs for
h = hgn(3, D), i.e., by the jump s — n under amplification of the magnetic field (a
phenomenon known as a catastrophe);

b) for each » > ¢ 9(D), the relation hy (3¢, D) = han(s, D) is valid and a
transition s — s1 — n occurs under amplification of the magnetic field and consists of
a jump s — sl and a transition of the second order s1 — n;

c) for each » # 0 the magnetic hysteresis takes place for the transitions s — n
(or s —sl —mn) and n — s (or n — sl — s2 — s) under amplification and reduction
of the magnetic field respectively; for the values of ¥ (h) (either ¢»p(h) or M (h)) lying
inside the hysteresis loops of the bifurcation diagrams, the corresponding solutions to
nonlinear BVP (1) — (4) are dynamically unstable.

(4) For each s # 0, the following facts are true:

a) for D < Dga(s) and h € [0, hgn(s¢, D)), nonlinear BVP (1) — (4) has a unique
isolated s—solution;

b) for D = D¢a(s) and h = hyy (52, Dey2), nonlinear BVP (1) — (4) has a continuum of
nonisolated solutions;

c) for D < D¢o(#) there is no the hysteresis states for all h € [0, hgy (3¢, D)).
Numerous illustrations to these assertions are given in [1], [4].

5. CONCLUSIONS

For the one-dimensional GL nonlinear BVP, the following results of [1], including
the revisions and additions of given paper, are new:

(1) On the basis of preliminary theoretical analysis of GL nonlinear BVP (1) -
(4) and the estimates of parameters, a very simple new numerical method is proposed



136 Konyukhova N.B., Kurochkin S.V.

allowing efficiently to compute all the solutions to this problem in a wide range of the
physical parameters, including dynamically unstable and nonisolated solutions (these
types of solutions were not found so far using alternative methods).

This makes possible to form more exact continuous bifurcation diagrams for the
order parameter and magnetization of the plate that describe a transition of the plate
from superconducting phase of the state to the normal phase (and vice versa) under
amplification (reduction) of the magnetic field that leads to more detail study of
magnetic hysteresis phenomenon, the evolution of the diagrams for varying parameters
of superconductor material, plate width, etc.

(2) Spectral problems for dynamical (in)stability analysis of solutions in frame of
linear perturbation theory and for a priori detection of threshold levels of magnetic field
were posed and studied.

In particular the reasons were clarified why iteration methods of relaxation type
could not detect solutions corresponding to a branch of the bifurcation diagram lying
inside hysteresis loop, namely these solutions are dynamically unstable.

The authors thank Dr. A.L.Dyshko for her large contribution in the numerical
investigation of considered problems in [1] and Dr. R.S.Makin for useful discussion.
This work was supported by RFBR, project No.05-01-00257.
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